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Abstract

We consider nonlinear diffusion equations with critical exponent as d;u = 92u + u® with
x € R for small initial data in L' N L. It is well known that almost all solutions of this
system explode in finite time. However, we make the observation that in terms of the norm
of the initial conditions it takes an exponentially long time. Moreover, before explosion the
L*>-norm of such solutions becomes exponentially small which makes it almost impossible
to observe the instability in experiments. As an application we consider the long time
transient self similar decay to unstable Poiseuille flow at criticality for exponentially long
times. This, together with a subcritical bifurcation and short time transient amplification,
is a principal obstruction in all attempts to measure the critical Reynolds number for this
experiment more and more precisely.

1 Introduction

There exists a number of situations in the theory of ordinary and partial differential equations
in which an instability manifests after an exponentially long time in terms of the norm of the
perturbation. Famous examples are Arnold diffusion, also called the theorem of Nehorosev
[Ne77], which shows that in nearly integrable Hamiltonian systems it takes an exponentially
long time for a solution to diffuse through the remaining tori in terms of the perturbation para-
meter, the long time existence of solutions on a time interval of length of order O(exp(1/¢))
for nonlinear wave equations [JK84] with initial data of order O(¢), and the exponentially slow
evolution of interfaces in bistable nonlinear diffusion equations with ¢ being the order of the
diffusion coefficient [CP90].



It is the purpose of this paper to outline a similar phenomenon in nonlinear diffusion equations
which to our knowledge has not been documented explicitely before. For nonlinear diffusion
equations as

Ou=0u+uP, uljg=1u, t>0, T€R, u=u(zt) R, (1)

for small positive initial data in L' N L it has been known for a long time that all solutions
explode in finite time for p < 3 [We81]. For p > 3 solutions to small initial data in I! N L*° exist
globally in time, where the L!-norm stays bounded and the L°°-norm decays with a polynomial
rate O(t—1/2); see for instance [BKL94, Wa97, STWO0L1].

Our interest is exactly in the threshold p = 3, where the trivial solution » = 0 has not yet
changed from unstable to stable in L* N L. Our result is as follows. Take an initial condition
in L' N L*> of norm less than € with ¢ > 0 sufficiently small. Then the associated solution
will be less than 4e for all ¢ € [0, exp(q/e?)] with a constant ¢ > 0 independent of ¢, i.e. in
terms of the norm of the initial conditions it takes an exponentially long time for the solution
to leave a neighborhood of the origin. This instability is almost not observable since on this
very long time interval the solution decays with a rate O(¢t=1/2) in L*, i.e. for t = exp(q/c?)
in L the solution has a norm of order O(exp(—gq/c?)). Before the explosion takes place the
solution becomes flatter and flatter until the mass, i.e. the L*-norm, is sufficiently big to start
the explosion.

The proof which is given in Section 2 is remarkably easy and goes along the lines of the global
existence proof for p > 3.

This observation is not restricted to the above equation (1). Another example would be
Oyu = Au + u?

for z € R? or more general
Ou = (=1)*TH(A)*u + uP

forx € R¢, s € Nwithp = 1 + 2s/d. The phenomenon is robust under adding higher order
terms, i.e. it also holds for

O = 02u + u® + H(u, Oyu, 02u)

where |H (u, Ou, 02u)| < C(|ul* + |0,u|? + |u||0?u]), with a constant C, is called an irrelevant
nonlinearity. For the exact definition of an irrelevant nonlinearity see [BKL94]. Adding a term
u0,u affects the asymptotic behavior [BKL94], but not the transient decay rates and the above
phenomenon. However, the proof in this case will be less trivial.



Diffusive behavior is not restricted to obvious diffusion operators [Schn96, Schn98, Uec99],
and whenever the lowest order nonlinear terms are critical in the above sense we can expect
the above long time stability, where after a time O(exp(1/¢?)), for a y > 0, an explosion may
occur.

There are a number of real world applications of this phenomenon. The example which we
consider in this paper in Section 3 is unstable Poiseuille flow at criticality. For this classical hy-
drodynamical stability problem the basic laminar flow becomes unstable at a critical Reynolds
number R, in a subcritical bifurcation which makes the measurement of the critical Reynolds
number R a delicate experiment. Moreover, perturbations are transported by the flow and may
be amplified on a short transient time scale due to the non-normality of the linearization around
the laminar flow, see e.g.[SH94]. Our result is another principal obstruction in all attempts to
measure the critical Reynolds number R, more and more precisely. The better the experiment
is performed the more and more the above observation plays a role and the longer it takes to
observe the growth of localized perturbations. After a short time transient growth due to the
non—normality of the linearization, the solutions seem to decay for a very long time, i.e. at
criticality for an exponentially long time.

Acknowledgment. The authors would like to thank Ralf Kaiser for useful discussions.

2 Formulation and proof of the result for the nonlinear dif-
fusion equation with critical exponent

In section 2.1 we formulate and prove the result for the nonlinear diffusion equation (1) with
critical exponent, using simple L' N L> estimates in order to make clear where the exponen-
tially long times come from. In section 2.2 we reconsider (1) using discrete renormalization to
introduce a robust method which is applicable to Poiseuille flow, too.

2.1 Direct L!-L>-estimates

The following presentation is based on [MSUO1] where the case p > 3 has been explained.

Theorem 2.1 Let p = 3. There exist positive constants ¢ and ¢, such that for all ¢ € (0, &)
the following holds. For initial condition uy with ||ug||r: + ||ue||z~ < € the associated solution
u = u(t) of (1) with u(0) = uy exists for all ¢ € [0, exp(q/e?)] and satisfies

sup  ||u(®)||lpinre < 4e.
t€[0,exp(q/e?)]



Proof. The solution of the linear diffusion equation
O = 02u, Ul =up, T ER, t>0, u(z,t) €R, (2)
can be written explicitly as
u(@, 1) = = [ eV Wy (y)dy = [, Gz—y, t)ue(y)dy 3)

which is abbreviated as u(t) = e 9%ty,. By Young’s inequality for convolutions with p > ¢ we
obtain

[u@)lle < CEYE lugl| e, where 1/p=1/q—1/r, 1 <p,r < oo, 4)

for some constant C' independent of time. Next we consider the variation of constant formula

t
u(t) = e%tuy, +/ %93 (5)ds
0
for (1). With ||u®|| 1 < ||ul|3e and ||ul|3, < |Jul|?e]||ullz1, the abbreviations
a(t) = sup [uls)llr: and b(t) = sup 1(1+8)"u(s) ||
0<s<t <s<t

and the estimate (4) we obtain
t
/ %2903 (5)ds
0 =S

< (140)7? / (t—8) V2(145) s - b()?a(t) < Cyln(1+ b(t)%a()

t
(141)/2 ;g(1+@U{/|m%@ﬂnhlﬂmnu%guﬁds
0

with a constant C'; independent of ¢. Furthermore, we have

/ 2 (t— s)
0

= /t(1+8)_1d8'b(t)2a(t) < CpIn(1+1)b(t)"a(t)

< [ 1o

with a constant C', independent of ¢. Together we obtain
a(t) < a(0) + CiIn(1 + 1)b(t)%a(t), b(t) < b(0) + a(0) + CoIn(1 + )b(t)%a(t).
We introduce a(t) and b(t) by a(t) = a(t) and b(t) = eb(t) which satisfy
a(t)

< a(0) + Ci2In(1 + 1)b(1)%(1),
b(t) <

B(0) + @(0) + Coe? In(1 + £)b(t)%a(?).

If @(0) + b(0) < 1 we have a(t) + b(t) < 4 as long as max{Cy, Cy}e2In(1+1t) < 1/64, i.e. for
all ¢ € (0, exp(q/e?)) for a positive constant q. O

We have additionally proved



Proposition 2.2 Under the assumptions of Theorem 2.1 we have a constant C' > 0 independent
of e € (0,¢p) such that
[u(- t)][ze < Ce(1+1) 2

forall ¢ € [0, exp(q/c?)], i.e.
[u(-, exp(g/e?))llz= < Ceexp(—q/(2¢%))

with another constant C' > 0 independent of ¢ € (0, &).

2.2 Renormalization

To explain the method used later for the Poiseuille problem and to thus make the paper some-
what self-contained, we reconsider the long time behavior of (1) using discrete renormalization
[BK92]. For notational convenience we assume the initial conditions for (1) to be givenat¢ = 1.
Moreover we assume that

u(-,1) € Hy with  lu(-, 1)[luz = O(e), ()

where, for j,m € N, the Hilbert spaces H7" are defined as

H" = {u € H™(R) : |[ull};m = Z ()P |I7: < o0}, plz) = (1+2)Y2.
Fourier transform a(k,t) = Fu(t)(k) = &= [ ¢*“u(z,t)dz is an isomorphism between H"
and HJ .

In Fourier space (1) becomes oyi(k,t) = —k*a(k,t) + 4*3(k,t), where 4*3 = 4 x 4 * 4 and
(6 0)(k) = [pu( ¢)de. With o € (0,1), we let 4, (s, 7) = 4(0™s,0 ") and obtain
Orily, = — 21y, + 073 (6)

due to the scaling invariance of (1). Hence solving (1) on the time interval ¢ € [1,072"] is
equivalent to iterating » times the renormalization process:

solve (6) on the time interval 7 € [0?, 1] with initial datum w,, (0%, 2¢) = u,_1(1,03). (7)

The variation of constant for (7) reads

1

Un(56,1) = e_"?(l_”?)ﬁn,l(o%, 1) +/ e_”2(1_s)u*3(s »)ds. (8)

2

Obviously we have [|4*]| y2(2) < C||@][32(,) and

||@(0'-)||H2(2) S 00'_5/2“@”[.12(2) (9)



with C' independent of ¢. Introducing

pn = llin(D)||lm2@) and Ry, = sup ||Un(7)|lm2(2), (10)

T€[02,1]

a standard contraction mapping argument yields

Lemma 2.3 There exist ¢, > 0 and C' > 0 such that for all n € N the following holds. If
pn_1<¢¢ then there exists a unique solution 4, €C ([0?, 1], HZ) of (8) with R, <Co~%?p,_;.

We now decompose 4,,(-, 1) as
fn(56,1) = Ape ™ + 7, (3¢) with A, = ITd, (-, 1) = ,(0, 1),
where IT : H7 — R is well defined due to Sobolev embedding. Moreover we have
le™ @40 ) |y < Colli()llmg i #(0) =0, (11)

i.e. e=(1=72)%"#(5.) is a contraction when acting on functions that vanish at & = 0. Here
the smoothness in Fourier space is crucial. Applying II to (8) gives |A4,,1—A,| < CR3 and
pni1 < Cop, + CR3 and with Lemma 2.3

[Ans1—=An| < C(0™Ppp_1)® and  ppa1 < Copp + Clo™ppy)®.
By scaling A,, = ¢4, and p, = &/, we obtain
Api1 — An| < C2(07%2p,_1)% and  pyy < Copn +Ce(07%p,_1)®. (12)
For given b > 0 we choose ¢ > 0 such that C' < o~2°. Hence
|Api1 — Ay <Ce? and  ppyq < 0 7p, + Ce?, (13)

as long as A, and j,, stay O(1) bounded. By the last estimates this is guaranteed for n=0(s2).
Doing back the scalings we obtain

Ay
V2
= Co"||ty(3,1) — Ane_MZHsz = Co"[|Fn(3¢)] 2 < Co"e® 4+ Cea®170m . (14)

72n) —o"

lu(c "z, 0 e*w2/4||H22 < Co"|a(o"se,07 %) — Age ™ [P

Since |[u(z)||zee = ||u(c™ )|z < Cllu(o™"x)| #2(2) and

[u(@)ller = o "lulo"2)[|r

< o7 u(o™"2) (1+2%) [l z2]|(1+27) |22 < Co™"[|u(o™"2) ||z



we obtain ||u(-,t)||zr < C, and in particular

814 2
u(z,t) — ——L—e /|0 < Ot 2% + Cet 1P, 15
first for all t = 072" < O(exp(e72)). Since (1) generates a local semi-flow we have that (15)
holds for all t € [0, exp(q/e?)] with some constant ¢ > 0 independent of &, where €A, is
replaced by £ A(t) with a suitable smooth @ (1) bounded function A.

The method of discrete renormalization is very robust, since it essentially only uses the parabolic
form —k? of the spectral curve locally at £ = 0, and it gives the more detailed asymptotics (15)
under slightly stronger assumptions.

Remark 2.4 Another possibility to prove a result similar to Theorem 2.1 or (15) would be to
work with self similar coordinates, i.e.

u(z,t) =t V2wt 2z, logt) = e T Pw(E, T)

and to apply the invariant manifold theorem of [Wa97]. On the one-dimensional center mani-
fold, with coordinate z, we obtain
2 =23 +h.ot,

i.e., for initial conditions less than ¢ it takes a time 7 of order O(1/¢?) to reach 2¢. Doing back
the above transformation for time, i.e. ¢ = ¢” would show our result, too. Moreover, we obtain
that indeed

u(z,t) = et~ 2 A*(e? logt)e " 1* + O(t~/%€?)

with a function A*(7) = ez(e?r) that satisfies  A* = (A*)® + h.o.t.. The assumptions on
the initial conditions to apply the invariant manifold theorem of [Wa97] are similar as for the
discrete renormalization approach, but we consider the latter to be somewhat more robust.

3 Transient self similar decay to unstable Poiseuille flow at
criticality for exponentially long times

3.1 Theequations

Poiseuille flow [HS72, DR81] is a classical hydrodynamical stability problem for the theoretical
and experimental study of the transition scenario from laminar to turbulent flow. The evolution
of the viscous incompressible fluid in a cylindrical domain (z,y) € 2 = Rx 3, with X a boun-
ded cross section, subject to a pressure gradient, is described by the Navier-Stokes equations.



— stable
- unstable

Figure 1: Simplified schematic bifurcation diagram for Poiseuille flow.

The equations describing Poiseuille flow are

U = —Vp+AAU— (U-V)U,
; o ( ) (16
V-U = 0, Ulgxss =0,

where R is called the Reynolds number. For simplicity we restrict ourselves to two-dimensional
flows, i.e., w.l.o.g. ¥ = (0, 7). However, our result also holds for three-dimensional flows for
which a transition to instability occurs, e.g., for elliptical pipes with sufficient ellipticity, see
[Ho77].

We shall assume that there is a basic flow Uy = (y — 4?,0), pp = —%=. The deviation from the
basic flow, defined by U = {§ + U’, p = po + p', satisfies

U = —Vp’+lAU'— u -, - (U, - VU — (U -V)U',
t LAU— (U W)Uy — (Us - W)U — (U - V) an

V-U =0, Ulyor=0,

In the following we will drop the primes 7. In order to solve the problem uniquely for the
velocity field U = U(z,y,t) = (U, Us)(x,y,t) € R? we additionally assume the vanishing
mean flow condition

/ Ul('r: Y, t)dy = Oa
D)

cf. [C194]. There exists a critical Reynolds number R . such that for R < R. the trivial flow is
asymptotically stable, i.e., after some possible transient growth due to the non-normality of the
linearization of (17) perturbations decay with some exponential rate towards this trivial solution.
If R becomes larger than R the trivial solution becomes unstable via a subcritical bifurcation.
See Figure 1.

As usual we eliminate the pressure gradient by introducing a projection P on the divergence
free vector fields by defining © = P f, where u solves

u+ Vp=Ff, V-u=0, U - TRy {on} = 0,

8
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Figure 2: Sketch of the spectrum for Poiseuille flow at the threshold of instability; critical curve
of eigenvalues over the Fourier wave number £ (a), and over the Bloch wave number ¢ (b).

with 77 the outer normal on R x 0X. Then we consider
O = Mu + N (u), (18)
where
Mu = %mu —Pl(u- V)Uo — (To- VY,  N(w) = —P[(u- V),

in a space of functions satisfying V - u = 0, the above Dirichlet boundary conditions and the
vanishing mean flow condition. For the functional analytic properties of the projection P and
the other terms in this equation see below.

3.2 Linear analysis

Since (18) is translation invariant along the z-axis the solutions of the linearized system for

u = u(z,y,t) are of the form
Dkm (y)e/\n(k)teikw

with k € Rn € N, and ¢ ,(y) € C2. Then for R = R, all curves, except A, have strictly
negative real parts. More precisely, there exists a ¢ > 0 such that

sup sup Rel,(k) < —0o .
n=2,3,... keR

The curve k — Re); (k) touches 0 at a wave number k. # 0; see Figure 2. From the form of
k — ReA;(k) close to wave number k., namely

Reli (k) = =Ci(k — ko)? + O((k — k.)*)

for a constant C; > 0, itis clear that the linearized system exhibits some diffusive behavior. For
t — oo the linearized system behaves asymptotically as

(:cfut)2 .
u(gj’ Y, t) = A*t*1/2e4(01+i02)t el(kcwiwot)(,@kc,l(y) + c.c. + O(t*l) .

9



for a constant A, € C, where
ImA; (k) = wo + v(k — k.) — Co(k — k)* + O((k — k.)?)

with real valued constants wy, v, and Cs.

3.3 Theresault

In order to understand heuristically the nonlinear system at criticality we make a so called
Ginzburg-Landau ansatz [Schn99, Mi01], namely

u(z,y,t) = JA(0(x — vt), 52t)ei(kcx_w°t)g0kc,1(y) +c.c. + (’)(62) (19)

with 0 < § < 1 a small perturbation parameter. Inserting this into (18) shows that at criticality,
i.e. R = R., the complex-valued amplitude A(X,T) with X = éz, T = §*¢ satisfies in lowest
order a Ginzburg-Landau equation

OrA = (Cy +iCy)0% A+ yA|AP?,

with Rey > 0 a constant which can be computed by classical perturbation analysis [HS72,
BSvH95, Bol96]. Hence, for 6 — 0 the critical modes concentrate at the Fourier wave num-
ber +k. and corresponding to the curve of eigenvalues \; they satisfy an equation similar to
the nonlinear diffusion equation of the Introduction. This motivates the following result for
Poiseuille flow at criticality, where HZ is defined as

2
H; = {ue H'RxZ,R) : Jullfs = > (8*u)p’|l7. < o0}, plz) = (1+27)'7?,
|a|=0
together with the divergence and boundary conditions. For notational convenience the initial

conditions are taken at ¢t = 1.

Theorem 3.1 Consider (18) for R = R.. For all b > 0 there exist positive constants g, ¢, and
C such that for all € € (0, &) the following holds. For initial conditions ug with ||ug||zz < e
the associated solution u = u(t) of (18) with u|,—; = u, exists for all ¢ € [1, exp(ge®2)] and
satisfies

i) sup lu(®)||zr < 16¢,
t€[1,exp(geb=2)]

i) |Ju(t)||z < Cet2 forall ¢ € [1, exp(ge®2)]; in particular we have
||u|t:exp(qeb*2)||L°° < Ce eXp(_ng_2/2)'

10



Remark 3.2 In order to show this result we prove, similar to (15), the detailed transient asymp-
totic behavior of our solution u(t) for ¢ € [1, exp(ge—2)]. It behaves (which we do not prove in
this optimal (b = 0) formulation) like

(z—vt)

vt 2 .
u(z,y,t) = cA*(® log t)t_1/2e_ A(C1iCs)t e‘(k”w_“"’t)gokc,l(y) +c.c. + 0(52/\/?75) + O(e/t)

where A* = A*(7) = O(1) solves a problem of the form
87—14* — ’?A*‘A*P

on a time interval of order O(1) with initial conditions A*|,_,=0(1) and a constant y=0(1)
with Rey>0, compare Remark 2.4.

Remark 3.3 The approach of Remark 2.4 immediately shows the instability of v = 0 in a
number of spaces, for instance, there exists a §; > 0 such that for all initial conditions v, € HZ
we have a t, > 0 such that the associated solution satisfies ||u(%)|| L=~ > 61 no matter how small
|uol| zz > 0 has been.

Remark 3.4 Due some technical details in our approach we prove a slightly weaker result than
in Theorem 2.1 and Proposition 2.2 with respect to the length of the possible time interval,
namely ¢ € [1, exp(ge®~?)] instead of ¢ € [1,exp(q/e?)]. By including higher order terms into
our analysis it is possible to prove the assertions of the theorem also for b = 0.

Remark 3.5 There exist attractivity results [Eck93] showing that all small solutions of pattern
forming systems, as Poiseuille flow, develop in such a way that after a time of order O(1/46?)
they are of the form (19). Hence an optimal description in terms of § of the set of initial
conditions for which our result holds would be adequate. Here we refrain from such a very
technical description, cf. [Schn98].

Remark 3.6 In case of weak linear instability, i.e. R —R. = 62 > 0 small, the dynamics stated
in the theorem holds for all 0 < ¢ < min(d %, exp(ge ?)), i.e. especially ||u|;—s-2||z= < Ced
which is much smaller than ¢ if 0 < § < e.

Remark 3.7 A physical relevant cross section X where such a behavior could be observed is
for instance an elliptic domain with strong ellipticity [Ho77]. In case of a circular domain no
instability occurs. The case ¥ = (0, ) is an idealization of span-wise independent flows in
¥ = (0,7) x R. For the last unbounded cross section the trivial solution v = 0 at criticality
is stable with respect to small spatially localized perturbations since the nonlinear terms A| A|?
are asymptotically irrelevant with respect to diffusion in R2.

11



The proof of Theorem 3.1 is based on Bloch wave analysis and renormalization theory. It
stands in a line of papers where results about the dynamics of simple nonlinear diffusion equa-
tions have been transfered to the Ginzburg-Landau equation, cf. [BK92, CEE92, BK94], or to
hydrodynamical stability problems [Schn98, ESQ0].

For notational convenience it is advantageous to go into a frame moving with velocity v, i.e.
we introduce the coordinate ' = = — vt. Again for notational convenience we drop the prime
', 1.e. w.l.o.g. we can assume v = 0 in the following.

3.4 Bloch wave analysis

This section is based on [ES02, Section 5] and contains a short summary about the information
needed for the use of Bloch waves.

By rescaling the space variable z, w.l.0.g. we can assume that £, = 1. We suppress the notation
of the variable y throughout this section. The starting point of Bloch wave analysis in case of a
2m-periodic underlying pattern is the (formal) relation

ulr) = kz g k)dk = — / (0T (0 1 0)dl
( ) vV 2 / vV 2w nel 1/2 ( )
( g) 1 1/2 y
= — e t02h(n 4 Al = — e“*u(l, x) de,
vV 27T /1/2 ne ( ) vV 271' 71/2 ( )
where now @ = Fu is the Fourier transform of « and where we define
(Tw)(t,z) = a(l, ) Zelm a(n+¥¢). (20)
neEZ

Thus Bloch wave transform 7" can be seen as a generalization of Fourier transform F. For the
rest of the paper we use the following notation: if f is a function, then f is defined by f=7 7,
and if A is an operator, then A is defined by A=T AT .

Note that by Parseval’s identity we have

1/2
/|u 2dx—/\u Qdk—Z/ i(n + £)[%de

neZ 1/2

1/2 1/2  pon
=/ > la(n+¢) 2de—/ / la(¢, z)|? dede (21)
_ 1/2J0

1/2 neEL
The sum and the integral can be interchanged due to Fubini’s theorem when « is in the Schwartz
space S. By density (21) extends to u € L2. We shall use the following fundamental properties

ull,x) = e*u(l+1,z), ull,z)=a(l,z+2n), and
a(l,x) = a(—¢,x) for real-valued v .

12



Multiplication in position space corresponds to a modified convolution for the Bloch-functions,

1/2
(@) (6,2) = / il —2,2)0(C,2)dt = (axd) (L),

1/2
which follows from

(a-0)(l,z) = Z/Rﬂ(ﬁ—Fm— k)o(k)e™ dk

meZ
1/2 ' '
= / Z @l +m— 0 —n)o(l +n)emmeinzqy,

1/2 m,neZ

We introduce the norms

. =5 % / / O™ £ (z,y) P dyda,

j=0 mi+m2=0,m1,m2>0

Il = > >

J1+j2=0,51,j2>0 m=0

1/2

27
/ / 10 0020 (¢, @) Pdydads,
0 >

—1/2
Similar to (21), from Parseval’s identity we get
C M lullur < llallgs < Cllufluy (22)

for some C > 0. In the following we mainly work with the spacesto s = n = 2 and s = 0,
n = 2. We have

1@ollgs = llaxollgz < Cllllge 9] - (23)

3.5 Thelinearized problem in Bloch space

The linearized problem is given by
ou = Mu. (24)

Since the spectrum of M is well-documented, we just summarized the results in Section 3.2.
Although the linearized problem has constant coefficients it is advantageous to work in Bloch
space. This is due to the fact that the critical eigenvalue curve (k) touches the real axis at a
wave-number k. # 0. Renormalization in Fourier space as in Section 2.2 would be much more
complicated due to the fact that the Fourier modes do not concentrate at the wave numbers
+k. alone, but also at all integer multiples of £.. Working in Bloch space turns out to be more
convenient.

Thus, we consider
oy = M1, (25)



where the operator M = TMT! equals a direct integral [ M,d¢. Each M, acts on the
subspace with fixed Bloch wave number ¢. The eigenfunctions of M, are given by Bloch
waves of the form e*w,,, with 2r-periodic w, ,, where n € N indexes various eigenvalues for
fixed £. For each / € R these are solutions of

(Mowg) (z) = e M (wep(r)e ) = i (0w () -

The spectrum takes the familiar form of two curves p;(¢) = A (k.+£) and pe(€) = A (—ke+£)
with an expansion

pi(€) = iwe — (Cy +iCo) % + O(£%)
for j = 1,2 with C; > 0 and the remainder of the spectrum has negative real part bounded
away from 0. The eigenfunctions associated with 1, (0) and 1, (0) are e**<p ;. 1 (y). There
is an ¢, > 0 such that for fixed ¢ € (—4, ¢o) the eigenfunctions wy ;(x) of the main branches
wi(£) for j = 1,2 are well defined as ¢ is varied away from 0. Corresponding to this we define
the projections P;(¢) by
Pi(0)f(1) = (wiz, f(D)we;
for j = 1,2 and P,(¢) by

P(OF(D) = PO + B0,

where (-, -) is the scalar product in L*([0, 27] x 33) and w; ; the associated eigenfunction of the
adjoint problem. We will need a version of P, that depends smoothly on ¢. Therefore we fix
once and for all a non-negative smooth cutoff function x with support in [—¢,/2, £,/2] which
equals 1 on [—¢,/4, ¢,/4]. Then we define the operators £, and E, by

A A

Ec(g) = X(E)Pc(g) ) Es(g) = 1(@ - Ec(g) :

It will be useful to define auxiliary mode filtersE® and EP by EM(¢) = x(¢/2)P.(¢) and
EMe) = 1(6) — x(20) P.(£). These definitions are made in such a way that

BB, = E,, E'E, = B,
which will be used to replace the (missing) projection property of E, and E.

As already said, our proof of Theorem 3.1 is based on discrete renormalization theory similar
to section 2.2. Thus, with o € (0,1), we let

(Eﬁ) (se,,y) = (o, x,y) .

Note that here, and elsewhere, the scaling does not act on the (z, ) variable, only on the Bloch
wave number s¢. The integration region over the ¢ variable is finite and it will change with the
scaling. Therefore, we introduce

K, = {a : ||allc, < oo, dive =0, ulgxox =0, / widy = 0},
>
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where

1/(20) 27 .
/ / 070y 0 (¢, z,y)|*dydzdl.
o Jz

=y 3 /

n=0 n/+n"=0n'n">0 ¥ 1/(20)

For the nonlinear terms we need a space

Ko = {a - |lal

g

xz < 00, divu =0, u - fi|gxox = 0, / urdy = 0},

P

where 7i is the outer normal on R x 9% and where

i =y Y

n=0 n/+n"=0,n',n">0 —1/(20’)

1/(20) por y
/ / 070 0 (L, z, y)|*dydzdl.
0o Jx

From (22) we have that 7, as defined in (20), is an isomorphism between H; and &C;. As in (11)
we have

1L 1 i, < Co 21 il (26)

on—1 7

for 0 < o < 1 and similarly for K, cf. [ES02].
Because of the nature of the spectrum p;(¢) and 4 (¢), the critical part of the solution satisfies
Ecﬁ(t_lﬂe, z,v, t) — e—(C1—|—iCz)£2 (alei(kcz_WOt)(pkc,l(y) + a,—le—i(lccan—wot)gp_kc,1 (y)) + O(t_1/2)

with a; € C a number depending on the initial conditions. Using this observation and the
fact that the E,-part is exponentially damped, we obtain the following result for the linearized
system.

Proposition 3.8 The solution @ of the problem (25) with initial data |,—; = 1, satisfies
” (a(t—l/Zg’ z,v, t) _ e—(C1+iC2)£2 (pl (O)eiwgt + p_1(0)€_iw0t)ﬂ0(0) (33, y)) ”’Cl/\/;
< Ot e
for a constant C' > 0 and all ¢ > 1. Moreover, there is a constant v_ > 0 such that

(6,2, y) = (Esa) (726,29, 1) ||

e S O gl

forall ¢t > 1.

3.6 Therenormalization processfor thefull problem

Here we start the proof of our main result. In addition to the statement in Theorem 3.1 we give
the detailed asymptotic behavior for large t.

15



Theorem 3.9 For all b>0 there are positive constants ¢4, ¢ and C' such that for all €(0, o)
the following holds. Assume [[uq||z < € and let u be the solution of (18) with initial condition
ulm1 = uo. Letp(£) = exp(—C1£2). Then the rescaled solution 4" (¢, z, y, t) = 4(t~/%¢, z, 1, 1)
satisfies
||(£,x,y) — ﬂr(é,x,y,t) _ (€A*( 2— b]ogt) i(kcz—wot) 1 kc( )1/;( ) + C‘C')chl/ﬂ
< Cet’ Y2 4 0t (27)

for all ¢ € [1, exp(qe®~2)], where A, = A, (7) is a function with A, |,—o = O(1) and
sup [P A, (1) < C=0(1), j=0,1

T€[0,q]

Remark 3.10 Similar to (15), this means that a spatially localized initial perturbation uq(z) of
order O(¢) behaves like

u(z,t) ~ e [A, (e Plogt)t 2 exp (—2%/(4(Cy +iCy)t)) eitker0D gt ce],

for ¢ — 0, uniformly for z € R, for all ¢ € [1,exp(e®~2)], cf. [Schn98]. The function A, is
denoted different from the function A* defined in Remark 3.2 due to the different time scales.
On the interval [1, exp(ge®~2)] the function A* does not make any O(1) change.

Proof. The idea of the proof is similar to [Schn96], i.e. the solution 4 is split into a diffusive
part 4. and into an exponentially damped part 5. In Bloch space the initial conditions satisfy
ol ;2 < e. The system for the variables i and @, with initial conditions c|;—o = Ectll—o,
2

ts|t—0 = Esti]s—o is given in Bloch space by

Qe = Mie + EN (e, @) ,

(28)

atﬁs = Mﬁ:s + ESN(?lc, ﬁs) )

where with 4@ = 4. + U,
M=TMT" and N(ic,is)=TN(T'4).

We start with the renormalization process by introducing the scalings

72n7_) ,

Us (36, 2,y,7) = o’”ﬁs(o”%,x,y,O’Z"T).

ﬁ'c,n(%axayaT) = ﬂc(O'n%,iU,y,O'

The variation of constant formula yields now

ten(e,@,y,7) = € T Men=Ng(03e,a,y,1)

_{_0_7271 / eo'_2nMc,n(T*T ) (./\/A'c,n (ﬁc,n, /&/s,n)) (%, z,Y, TI) dT, ’ (29)

2

~ _ 02" Mg p(1—02) —1
Usp(2e,2,y,7) = e sin( o Usp1(0¢, 2,9, 1)

—{-073" / eg_mﬂs’"(’ri’r’) (-/vs,n (ﬁ'c,na ﬁ's,n)) (%a T, Yy, TI)dT’ ’ (30)

2
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with

3.7 Boundson thelinear and nonlinear terms

Lemma 3.11 For all p; > p, > 0 there exist C,, ,, > 0 and y_ > 0 such that for all n € N,
forall1 > 7> 7" >o¢?andall o € (0,1) one has

oo " Men=D LU BR LG,
||ea_2nﬂs’"(7_71)EHE;IE_HQHKM

”ea—m/ﬂs,n('r—ﬂ")EnE-ShE—ng”KUn

IN

Cllgllx,n »
Ce =" 5]k,

Ce 1= "T="") max(1, ‘73”/2(7' - 7")_3/4)||§||’C2n :

IN A

Proof. The first estimate follows directly from the fact that

Mea(Of = m(OPUO ] + 12O Po(0) f = =CLLL(O)f + O(£) .

The last two estimates follow from the fact that the real part of the spectrum of M\S,n(ﬁ) as a
function of £ can be bounded from above by a strictly negative parabola. It is easy to see that the
estimates can be chosen independent of n. For more details see [Schn98, Lemma 7.1] which is
based on estimates of [lo71]. O

Lemma 3.12 Suppose max{||tc,n|
for all o € (0,1] one has

Kons ||Usnllc,» } < 1. Then there exists a C; > 0 such that

ki, < Cro"(||denl

_

INen
A

[

Ko < C10”"(|[ticn

o sl + 0" [l nllk, )

Kon T 0" lenllic allsnllic,n + o™ ltsallk,.)

Proof. The projection P on the divergence free vector fields is estimated in [Schn98, Lemma 8.1
and Lemma A.8] and is a bounded operator in all spaces considered with bounds independent
of n € Nand o € (0,1). Using the equation divu = 0 the nonlinear terms can be written as

N (u) = =P[V(u"u)].

Since H?(R x (0, )) is a Banach algebra, i.e. ||uv|| g2 < C||ul|z2||v]| 2, the nonlinearity maps
K~ into K%,. Since P,(¢) has a finite dimensional image and a compact support w.r.t. £ the
part /\A/’Cn maps Ko still in ICyn.

The estimates for /\Afsn follow directly from

(L(f %9))(9) = o ((LF) * (L)) () - (31)
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The estimates on J\A/’cn follow from the fact that the quadratic interaction of critical modes
etiket0z with |¢] < ¢, gives non critical modes, i.e. PC/\A/Q,C(ac,n,ﬁc,n) = 0. This is the crucial
property used in the proof. O

Next we estimate the integrals in the variation of constant formulas (29)-(30) in terms of

Rep = sup |liea(7)llxe, — and  Rgn = sup [ldgn(7)lxs, -
T€[02,1] T€[02,1]

Lemma 3.13 Assume R.,, + Rs, < 1. Thenforall 1 > 7 > o? and all o € (0, 1] one has

_ T —2n AA ! e ~ ~
”0 2 / e’ Men(r=r) (M,n(uc,na us,n)) ('7 ) TI) dT’”ICO.n S C(Rc,nRS,n + UnRg,n),
o

2

T —_— ~
||O__3n / eU ZnMs,n(T—TI) (-/\/’S,n (ﬁc,n, ﬂs,n)) ('7 "y 7-,) dT’ ||}Ca"
a

< C(R:,+ 0"RenRsy + 0™ RE,).
Proof. Using Lemma 3.11 and Lemma 3.12, we bound the integral in (29) by

T - A
sup | ”0—271 / eg—2nMC,n(T_T’) (M,n(ac,n; ﬁs,n)) (.’ . 7_/) dT,”ICan
a

T€[02,1 2
1

< Co *"C(RepnRsp + J”Rin)o%/ dr' < C(RenRsp + a”R;n).

o2

For the integral in (30) we find similarly

T — ~
sup ||O'_3n / eaians’n(T_Tl) (A/;,n (ac,na as,n)) ('a K T,)dTI”Kf,n
] o?

T€[02,1
1
< CJ2"C’(Rf,n—l—ach,nRs,n+U2nR§,n)/ g Co7m(1-1) max(1, c*"/2(1—7')~3/4)dr’

o2

S C(Rin + O'ch,nRs,n + UQnRz,n)'

d
Lemma 3.14 Forall1 > 7 > ¢? andall o € (0, 1] we have
o M=) £ B2 Bl < Co 2l s
||e”_2"/‘75’"(7*02)2"177;‘2’”0*129”,@1 < Qo T2 Co(r=0?) 13l -
Proof. These bounds follow immediately from Lemma 3.11 and (26). O
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3.8 A priori bounds on the non-linear problem

To state a priori bounds on the solution of (29)-(30) we use the quantities
Pen = ||ac,n|'r:1||lcgn and Ps;n = ||as,n|7':1||l€an .

Lemma 3.15 For all n € N there is a constant n, > 0 such that the following holds: If
Pen1, Psmn1 @nd o > 0 are smaller than 7, the solutions of (29)-(30) exist for all = € [02, 1].
Moreover, we have the estimates

Rc,n < 0075/2pc’n71 + C(Rc,nRs,n + O'nRg,n)’
Rs,n < CU?7/2PS,'H*1 + C(R(Qly’ﬂ + UchvnRS’n + Uangan)’

with a constant C' independent of o and n.

Remark 3.16 There is no need for a detailed expression for 7,, since the existence of the solu-
tions is guaranteed if we can show R, ,, + Rs, < co. By Lemma 3.15 we have detailed control
of these quantities in terms of the norms of the initial conditions and o

Proof. For the derivation of the estimates we assume in the sequel, without loss of generality,
that R, + Rs, < 1.

Using Lemma 3.14 the first term in (30) is bounded by Co~7/2p;,, 1 with C > 0 independent of
o € (0,1] and n € N. For the second term, Lemma 3.13 yields a bound C(R?:,n + 0" Re p Rs n, +
o®RZ,). Again by Lemma 3.14 the first term in (29) is bounded by Co%/?p,,_1, and the
second term by C' (R, Rs,, + J"Rgm) due to Lemma 3.13.

The proof of Lemma 3.15 now follows by applying the contraction mapping principle to the
system consisting of (29) and (30). For p.,—1 > 0 and ps,,—1 > 0 sufficiently small, the
Lipschitz constant on the right hand side of (29), (30) in C([o?, 1], K. x K2..) is smaller than
1. An application of a classical fixed point argument completes the proof of Lemma 3.15. O

3.9 Theiteration process

We decompose the solution 4., (-, -,7) for 7 = 1 into a Gaussian part and a remainder. Let
P(3) = e (Cr+iC2)=" and write

2n

(36, 2,9,1) = An () (2,9)

F A, (30)Wgr e 1 (z,y)e 07" £ 7 (36, 2, y)

where 7, (0, z,y) = 0, and the amplitude A, is in C. Moreover we definell : K,» — C by
(LLf)wo, = Pr(0)f|,_, - Since f is in H? as a function of £ we have

0f| < Cllflk,n (32)
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and I1 is well defined. Then (29) can be decomposed accordingly and takes the form

1 o A~
A, = A, +ei°’°"_2nﬂ(/ e"_QnMC'“(lT’)(UQ"(Nc,n))>dT', (33)

2

Fa(e,z) = & " Menl=0Mp (03¢, 7) + K, (3¢, 7)
1 A A
+O'_2n/ <eo'_2n./\/lc,n(1—7' )(-/\/’c,n)) (%7 x) d/7_l7 (34)
0—2
where
Xo(emy) = GU_MMC’"(l_az)An—ﬂ/;(J%)wa—nz,l(x, y)eiwor 7Y

—2n

—And;(%)w(,fn%,l(x, y)ei“’o"
+8072nMC’n(1_02)1471—11;(0-%)71)0'_"%,—1 (l', y)e—iwoa

—A_RQL (%) wa—"%,f 1 (.’L’, y)eiiwoa_zn

—2(n—1)

If we define next p.,, = |||k, then the above construction implies p., < C(|An| + prn)-

Our main estimate is now

Proposition 3.17 There is a constant C' > 0 such that for sufficiently small & > 0 the solution
(Vens Us,n) OF (29)-(30) satisfies

|An - An—1| S C(Rc,nRS,n + O-nRg,n)a (35)
pr,n S Capr,n—l + C(Rc,nRs,n + O-nRz,n) + COch,n ’ (36)
psn < Co e po i+ C(R2, + 0" RepRop + 0™ R2,).  (37)

Proof. The bound on |A,, — A,_1| follows from (32), (33) and Lemma 3.13.
Next we bound 7, in terms of #,_1, using (34). As in (11), the first term is the one where the
projection is crucial. For o > 0 sufficiently small and , ; € KC,»-1 with 7, ;(0) = 0 we have

(7_2“/\7@71(1702) ~

|56, 2) = e Pn1(036 1), < Collfnallc,, . =Copraa

The last term in (34) has been bounded in the proof of Lemma 3.13 by C(R. ., Rs ., + a”Rg,n).
Finally we have

||Xn||lCan S C(Rc,nRS,n + O-nRg,n) + CU”RC,’H )
where the last term is due to u;(¢) = —C1£? + O(¢%) not being exactly a parabola. For details
see [Schn96]. Collecting the bounds, the estimate (36) for p, ,, follows.

The estimate in (37) for ps, is immediately clear. Hence, the proof of Proposition 3.17 is
complete. O
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Proof of Theorem 3.9: The proof is an induction argument, using repeatedly the above esti-
mates. We write C' for constants which can be chosen independent of ¢ and n. From Lemma
3.15 we obtain that for C; > 0 sufficiently small, there exists a G; > 0 such that

Rc,n S 02(0'_5/2pc,n71 + (0_7/2ps,n71)2)a
Ry < Co((07pe1)’ + 07 pspr),

07 pep1] + |07 psu1| < C1. (38)
Using Proposition 3.17 we find

|An - An—1| S C [02( ,Ocn 1 + ( 72 ps,n—l) )02(( ,Oc n—1 )2 + 0-77/2ps,n—1)

+o" (02((0_5/2,0c,n—1)2 + 0_7/2,0s,n—1))2] ;

Capr,n—l

I [02(0_5/2/%,71—1 + (0_7/2/)5,71—1) )02(( Pc n—1 )2 + 0_7/29s,n—1)

IN

p'l‘,'fl

+0n (02((0_5/2pc,n—1)2 + 0-_7/2/0s,n—1))2:| ’
C(|An‘ + pr,n) )

0077/26700—%,05’”_1
C [(02<a—5/2pc,n_1 (0 2py 1))
+0"Co(07 pej1 + (072 s 0-1)?) Co((07 pesn1)? + 072 ps 1)

+‘72n(c2((‘775/2:0c,n—1)2 + ‘777/2:08,71—1))2 .

VAN

Pe,n
Ps,n

IN

In a first step we show p,,, = O(e?) for n > 2. We introduce A,, = €A, prn = €prn, and
Ps.n = €Psn- We obtain

|4, — Ay < Oe),
)57",2 S Co-ﬁr 1 + O( )
Gz < Co %7751 4+ O(e).

For given ¢ and b we choose o > 0 so small that
Co 2 0" < ¢ and C<o®

Since o goes logarithmically in ¢ the assumption (38) is still satisfied if o.; + ps1 = O(e) for
e — 0. Then we obtain gs» = O(¢'7?), or equivalently ps» = O(27?) with an arbitrary small,
but fixed b > 0, due to the nonlinear terms.
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In a second step we prove the assertions of Theorem 3.9. We introduce A,, = eA,, Prm = EPe,n
and ps, = €275 ,. This time we obtain a system of the form

|An — An—l‘ 0(827()),
prn < Coprnoy +OE") +Co™
Psn < 00_7/26_0‘7—2,53,”_1 + Cﬁf,n_l-

AN

Thus the sequence g, is mainly bounded by Cﬁ'g’,n_l. The sequence p, , shows some decay as
(Co)™ from the first term leading to #~! by the choice C < ¢~2° and some growth of order
O(£2%) from the second term. The sequence | A,| can be bounded by | A;| + nO(>*). Hence
|A,| is of order O(1) for n < ge2t? for a ¢ > 0 independent of . Doing back the scalings as
in (14) shows the estimate (27) for ¢ € [0, exp(ge®2)]. O
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