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Abstract

In suitable parameter regimes the Integral Boundary Layer equation (IBLe) can be formally derived as
a long wave approximation for the flow of a viscous incompressible fluid down an inclined plane. For
very long waves with small amplitude, the IBLe can be further reduced to the Kuramoto—Sivashinsky
equation (KSe). Here we justify this reduction of the IBL to the KSe. Using energy estimates we show
that solutions of the KSe approximate solutions of the IBLe over sufficiently long time scales. This
is a step towards understanding the approximation properties of the KSe for the full Navier—Stokes
system describing the inclined film flow.

1 Introduction

For typical flow conditions the so called Nusselt flow of a viscous incompressible fluid down
an inclined plane is subject to long wave surface instabilities and trains of solitary waves
develop on the free surface. Starting from the Navier—Stokes equations, a number of reduced
equations have been formally derived to describe the evolution of the free surface and in
particular to understand the formation of these wavetrains.

Here we study analytically the relation between two of the approximate equations. The
first one is the so called Integral Boundary Layer equation (IBLe) which is derived from
the Navier—Stokes equation using a long wave expansion followed by an averaging over the
film height. In Appendix B we briefly review this derivation of the IBLe; see also [3] for an
extensive review and [10] for experiments on inclined film flows.

By a small amplitude and second long wave expansion in the IBLe, corresponding to
a small amplitude and very long wave expansion of the Navier—Stokes equation, the IBLe
can be further reduced to the Kuramoto-Sivashinsky equation (KSe). This second reduction
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is justified in this paper; we show that the KS-dynamics can be observed in the IBLe, see
Theorem 1.1.

Using the time and space scales of the Navier—-Stokes equations, the IBLe we consider
reads
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where x € R, t > 0, h is the film height, g describes the flow, 0 < § < /2 is the inclination
angle, R is the Reynolds number, W is a normalized Weber number and 0 < € < 1 is a small
parameter. In the derivation of (1.1) it is assumed that the Weber number W, = W2 =
O(¢72), while R = O(1) and cotf = O(1). The latter means, that the plane may not be
close to horizontal. However, a vertical plane, i.e. cot§ = 0, is allowed. As already said, see
Appendix B for the underlying scalings. The parameter W could be adsorbed into €, but we
think the analysis becomes more transparent by keeping W.

In the IBLe the Nusselt solution of the inclined film problem corresponds to (h,q) =
(1,2/3). Since we are interested in the instability of this solution we will assume throughout
that R is larger than the critical Reynolds number, i.e.,

R>R.= Zcot 6. (1.2)

With an abuse of notation we set h = 14 1,q¢ = 2/3 + ¢, and expand (1.1) up to quadratic
terms, since from previous work, e.g. [8], it is well known, and it can also readily be seen in
the analysis below, that cubic and higher order terms play no role in the justification of the
long wave/small amplitude approximation for (1.1). See however Remarks 1.3, 3.2 and A.5
for changes in the function spaces in this case. We write this quadratic expansion as

= —(qx
@ = ao(n)n+ai(n, Q)ne+az(n, Q) neet+e 2az(M)Nezz — bo(1)q—b1(1, ¢)qe+b2qss, (1.4)
where
ao(n) = (6=6n)/R, as(y = (5 & cot 0—En+Eq+gn.),
az(n,Q) =£(=3+3n— ) az(n) ZW(1+77) (1.5)

() = £(1—20), bi(n.0) = S=Sn+L2q+ an, by = k.
Splitting (1.3) and (1.4) into linear and nonlinear terms we write

U, = AU + F(U), (1.6)

U] 0 -0,
= A :A T = _ bl
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where agp = ag(0),a19 = a1(0,0), ..., and where F contains the quadratic terms.
Inserting U = e **2{J(k) into (1.6) we obtain the dispersion relation
,LLLQ(k) = —%(%kg-i—%ik‘-i—%) (17)

/4 (k4 Bkt )P ik (32 cot O) k2 + k3~ We 2k,

This spectrum of the operator Ag(ik) is sketched in figure 1. From p; we obtain a long wave
instability with maximum growth rate Reu(k.) = O(2), k. = O(e).
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Figure 1: The dispersion relation p; = pjr +ipji, j = 1,2, for the IBLe, ¢ = 0.2, W =1, R = 10,
0 = m/2; a) the two curves of eigenvalues p; 2; b) blowup of p1,(k) near k = 0.

It follows that Ay generates an analytic semigroup e4° with
[ Uy < Ce“= Uy (18)

where as phase-space Y we choose, for instance, the Hilbert space Y =H ?(R)x H'(R) equipped
with the norm

1 _
U} = 5/R{q2+01772—262q77—20377xq+64q§+5 2W(n2+eam?,)} du. (1.9)

Here we must choose ¢y = 2, and ¢y, c3, ¢4 can be chosen as
=9, c3=—11R/5+2cotf/3, c4=R2, (1.10)

see Section 2.1, where we also motivate the choice of ||-||y. The strong weighting of derivatives
of nin (1.9) represents the fact that in (1.6) the small parameter € appears in a rather unusual
way, namely as an inverse power in front of the damping by the surface tension. This is
inherited from the fact that in the underlying Navier—Stokes equations we consider the limit
of large surface tension, see Appendix B.2.

Assuming very long waves with a small amplitude the Kuramoto—Sivashinsky equation
for the film height n can be formally derived from the Navier—Stokes equation. Accordingly,
the KSe can also be derived from the IBLe, namely by the ansatz

n(t,x) = em (T, X) + O%), qlt,x) = eqr(T, X) +q2(T, X) + O(%), (1.11)



Approximation of the IBLe by the KSe 4

where
T=c* and X=x—ct (1.12)

are the very slow time scale and the very long space scale in a frame moving with the speed
c. These time and space scalings follow directly from the dispersion relation (1.7) for Aj.
Plugging (1.11) into (1.6) we obtain the following hierarchy of equations

O(e(1.4)) : q1 = 2m,

O(3(1.3)) : —emx = —qix = —2mx = c¢=2,

O(E2(14)) : —cqix = —Sqix+(3—3 cot ) x+ WOk m—2a+2 (ma1—n?),
= q2 = (% - %Cot 9)7]1)(+%RW8§’(771+277%,

(1.13)

that is, q1, g2 are given as functions of n;. At O(e3(1.3)) we find d7n1 = —0x¢qe which gives
the Kuramoto-Sivashinsky equation

SR 2 1
— —cot 9> 8§(m - gRW(?}l(m — 4dmOxm (1.14)

Orm = — (E 3

for m1. Note that the coefficient of 03(771 is less than zero iff R > R..

Obviously (1.14) is a much simpler equation than (1.6) since it is a semilinear scalar
parabolic equation while the IBLe is a quasilinear system. Moreover, the KSe is a generic
long wave equation; see, e.g., [11] for a basic review, and, e.g., [12] for the existence and
smoothness of solutions 1, € C([0,Tp], H™(R)) to initial conditions 7;(0) € H™(R).

We define the approximation

2
eb(t,z) = ( 5ql(T7§7)1&:5;)2(T7X) ) (1.15)

with ¢1, g2 given by (1.13) and the spaces
H"™((0,t0) x R) = L*((0,t0), H" (R)) N H*((0,%0), L*(R)),
and show the following result.

Theorem 1.1 Assume that 11 € C([0,Tp], H?(R)) is a solution of the KSe. Then for all
C1 > 0 there exists 9, Cy > 0 such that for all € € (0,e¢) the following holds. If

1U(0,) = ew(0,)[ly < Cre®2, (1.16)
then there exist a unique solution U = (n,q) of the IBLe,
ne H3>32((0,t0) x R), qe H>'((0,t0) xR), to=Tp/e>. (1.17)
For t > 0 the solution is smooth, and it fulfills

sup [[U(t,-) — ep(t, )[ly < Cac®?. (1.18)
0<t<tp
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Remark 1.2 The properties of the spaces H™*((0,t9)xR) are reviewed in App.A. Here we
remark that H33/2((0,to)xR) x H>1((0,t9) xR) C C([0,t],Y) such that (1.18) makes sense.
The constants g, C7, C in Theorem 1.1 depend on R and W in such a way that for instance
Ro > Ry gives e9(R1) < g9(R2) and similar for C, Cs, but we do not work this out in detail.
From (1.18) we obtain supg<i<, [|U(t,-) — e¥(t,-)||L~ < Cye3/2. Thus, the error is
small compared to the size of the solution. Moreover, the error for 7, is much smaller,
i.e., supg<i<t, [|0z0(t, ) — €0x1(t,-)||co < Cye™/2. On the other hand, we must impose the
same condition on the initial condition. This means that 7y must be a long wave in a much
stricter sense than ¢g. For gy we may allow small perturbations of €¢); on the original scale.
Such ’fast’ oscillations in 79 would violate (1.16). This situation is sketched in figure 2.

(1)(53/2}.

Figure 2: Sketch of initial data. For gy we may allow small oscillations on the original scale.

Remark 1.3 Theorem 1.1 also holds in higher order Sobolev spaces, see Remark 3.2. In
fact, if cubic terms were included in (1.6), then in order to control the nonlinearity we would
have to work in H3x H?, due to the term 72, 7,, cf. Remark A.5.

Remark 1.4 Our IBLe differs from previously derived hyperbolic Integral Boundary Layer
equations IBLj, (see, e.g. [3] and Appendix B.3) in that the linearization of (1.1) around the
Nusselt solution is sectorial. Since this is also the case in the free boundary problem for
Navier—Stokes equations [1, 21], we can use similar methods as will be required to prove an
approximation result similar to Theorem 1.1 for the reduction of the Navier—Stokes equation
to the KSe.

Remark 1.5 Numerical simulations of the Navier—Stokes equations, of IBLj, and of the KSe
suggest that for high but of course finite Weber numbers, corresponding to finite ¢ > 0, IBLy,
is valid as an approximation for the Navier—Stokes equations up to intermediate Reynolds
numbers. We conclude that this also holds true for our IBLe (1.6), since (1.6) is derived as
a higher order approximation of the Navier—Stokes equations than IBL. On the other hand
the KSe only gives good results for smaller Reynolds numbers; for details see [3] and the
references therein. See also [14] for comparison of solutions of the IBLe with experimental
results and extensive numerical studies of the inclined film problem.

Remark 1.6 One major reason for the reduction of the inclined film problem to the IBLe
or to the KSe is to gain understanding of the formation of solitary and periodic waves on
the free surface of the film. For the existence and properties of solitary waves for IBLj,
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and the KS see, again, [3, Section 4] and the references therein. In a somewhat different
scaling, a generalized KSe or KdV-KS equation for the free surface can be derived from the
Navier—Stokes equations, see [22]. For this KdV-KSe there are analytical results and extensive
numerical studies concerning the stability and dynamics of solitary waves, see [13, 6, 4].

Finally we remark that a result like Theorem 1.1 is not obvious. There are counterexam-
ples where formally derived amplitude equations make wrong predictions about the dynamics
in the original system, see [17, 7]. Moreover, the question which simplified equation, depen-
dent on the parameter regime, still describes the inclined film problem is not settled. Here
we contribute to the answer in the sense that for O(1) Reynolds numbers and in the limit of
(very) large Weber number the KSe accurately captures the IBLe dynamics for long waves
over the right time scale. We expect the same to be true for the reduction of the NSe to the
KSe.

Similarly to our result, the validity of multiple scale approximations to the Navier—Stokes
equations in a fixed domain where the instability is located at a finite non—zero wavenumber,
has been shown in [15, 18]. See also, e.g., [19] for the water wave problem, and [16] for such
approximation results in simpler settings, i.e., for scalar semilinear parabolic problems.

To explain the difficulty for the proof of Theorem 1.1 we write the IBLe (1.6) as

U, = AyU + B(U,U) (1.19)

where B(U, V) is a symmetric bilinear form representing the quadratic terms in (1.6). For a
6 > 1 we set

U=cy+ePR, (1.20)
and obtain the equation
R = AgR + 2¢B(), R) + e’ B(R, R) + ¢ °Res(ey) (1.21)
for the error R, where the so called residual

Res(ey)) = e(—=0up + Aoy + eB(¢,v)) (1.22)

contains the terms that do not vanish after inserting (1.11) into (1.6). We essentially have to
show a) that solutions to (1.21) for initial conditions Ry = R|i=¢ of order O(1) exist locally,
and b) that the solutions exist and stay O(1)-bounded up to times t = Tp/?. In order to
show a) for the quasilinear parabolic system (1.21) we use the maximal regularity techniques
from [9]. To achieve b) we first define an improved approximation et such that the residual
is sufficiently small and then derive an energy estimate similar to (1.8). Note that a priori
we would expect a growth rate like Ce“e* for solutions of (1.21) due to the term 2B (1), R)
in (1.21). Moreover, because of the term e ®Res(e1)) we would like to choose § small while
in order to handle the term °B (R, R) we would like to have 3 large. The approach turns
out to work with = 3/2.
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In Section 2 we give the calculation leading to the energy estimate (1.8) for the linearized
problem and define the improved approximation. The proof of Theorem 1.1 follows in Section
3. The local existence of solutions to (1.6) is shown in Appendix A, which also yields the
local existence of solutions to the error equation. In Appendix B we give a brief overview of
the physical problem and show how the governing Navier—Stokes equations can be formally
reduced to the IBL.

2 Preparations

2.1 The linearized energy estimate

Here we show the straightforward calculations leading to the energy estimate (1.8). In section
3 we extend these to the quasilinear problem (1.21). We fix ¢;=9, co=2, ¢4=R? in (1.9) and
show how cs= — 11R/5 + 2 cot 0/3 yields (1.8). Using

1
lab| < da® + —b%, ¢ >0, (2.1)
46
it is clear that, for e sufficiently small, || - ||y is equivalent to || - ||y, with

1 _
003, = 5 [ a2+t 720+ ) e

and hence a norm on H?(R) x H'(R). By Fourier transform it is obvious that the solution
U of the linearized equation U; = AgU with Aj from (1.6) exists and is smooth. We then
obtain

d
101 = [ {a-2r-can—Ro0wn) | fre (ot 0, — s
+5_2W77xxx_%q_§QI+%Qxx
—9ngzte W (Neade + R277mqm)—03q§} da
= /R {—%q2+%qn—%n2+ (%—% cot —15)—6+9+%03>172,q
(e —3R g )2+ (OReSes + 1) auma+(—ea(d—2 cot)— )i
+(R2(%—% cot 0) + %)anmﬁ_ngx‘kﬁ;{%mnxx + 5_2WC37732737} dz.

The quadratic form in 7, ¢ without derivatives is nonpositive. For ¢3 = —11R/5 + 2cot 6/3
the coefficient of 7,q vanishes. Moreover, the coefficients of ¢2, ¢2, are negative definite and
the coefficient of 72, is negative definite with strong weight e~2. Note that c3 < 0 due to
(1.2). The terms with 7,,q, yield &||U||3 < Cilng||22, but since n2 appears in |U||y with
weight €72, we nevertheless obtain

d
F VI < CEPlUly = Cllgal7n- (2.2)
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On the other hand the coefficient of g7, has to vanish identically since we have no negative
definite term in ¢2, and can not have one as is clear from the dispersion relation. Therefore
we have to introduce cs in (1.9). From (2.2) we get (1.8) using Gronwall’s lemma. The

dissipation in ¢ in (2.2) will be important for the quasilinear problem (1.21).

2.2 The residual

For notational convenience and without loss of generality for our purposes we assume in the
following that we have a vertically falling film such that cot # = 0. Then the critical Reynolds

number is R, = 0, and we may further assume w.l.o.g. that
R=W-=1.

In order to get a small residual in (1.21) we define an improved approximation by

e(t,x) = < Egi?lggz;;QX) ) , T=¢2 X=¢c(x-2t).

Plugging (2.4) into (1.3),(1.4) we first obtain (1.13) and (1.14) as before, and then

8 7
O@E3(14) 1 @7 —2qax = —mxM + =q1xx + MMxXX — 3Nxx — 3¢3

5 2
46 8 12 n 8
171492 5Q2X 5 Q1d1x 5771771)(
1/4_, 52 112 3
=q3 = 3 53)(771—1-37]1)(771 + %UIXan‘F?annl‘Flin :

With g3 given by (2.5) all terms up to order O(e?) vanish in the residual

Res(e)) = e*f = &* <f1> .
f2

To leading order in derivatives we have

fi = —asx = —750%m + fu, ) 3
fo=—eqsr + fo = —E£0%0rm + fo = EKXm + fo.

Later we need
(f1, f2) € C([0,Tv /<], H*(R) x H'(R))
and therefore

m € C((0,To], H*(R))

(2.3)

(2.4)

(2.5)

(2.8)

(2.9)

in Theorem 1.1. The (nonlinear) functions fi o in (2.7) contain lower order derivatives of 7
and it can be easily checked that (2.8) holds if (2.9) does. In order to estimate the residual in Y’
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we finally need to take care of how scaling affects the L? norm, i.e., |[u(e-)||z2 = e~ Y2||u(-)| 2.
This loss of e~1/2 is the reason why we can not choose § = 2 in (1.20), which would be more
convenient in order to control the nonlinear terms in (1.21). We summarize our results as
follows.

Lemma 2.1 Assume that 1 € C([0,Tp], H*(R)). Then

sup  |let —eplly < Ce%?  and sup  ||Res(ed)|y < Ce7/2.
0<t<Tp/e2 0<t<Tp /2

Due to the first estimate in Lemma 2.1 we can use 51/; instead of €t in the proof of Theorem
1.1, and in order not to proliferate symbols we drop the ~ in the following. Also we write

¥ = (Y1,92) and ¥ = Ox ;.

3 Proof of Theorem 1.1

From the local existence of solutions to the IBLe in Theorem A.l we directly obtain the
following local existence of solutions to (1.21).

Corollary 3.1 Let Ry € H*(R) x HY(R) and 0 < t; < Ty/e2. Then there exists an e1 > 0
such that for alle € (0,1) there exists a unique solution R € H>3/2((0,t1)xR)x H>'((0,t,)x
R) of the error equation (1.21) with R(0) = Ry.

Proof. For ¢ sufficiently small we have

1Tl g2 ir = 11(€% + €2 R)|icoll 2w < p

for all € € (0,e1), with p > 0 from Theorem A.1. Therefore there exists a unique solution
UeH33/2((0,t)xR) x H>1((0,t;) x R) of (1.6). Using the smoothness of 7; we find that the
solution R = ¢~ 3/2(U — £4) of (1.21) has the same regularity. 0

The proof of Theorem 1.1 now works as follows: due to Corollary 3.1 we have a lo-
cal solution R € C([0,t1), H?> x H') of (1.21). Thus we may choose t; so small that
supg<i<t, |Rlly < 2[|Rolly < 2C1. This implies

sup ([[7floc + [1€lloc + 7 102€]lo0) < 2CC1. (3.1)
0<t<t1

Using this, we derive an energy estimate that implies ||R(t1)||y <Ce“s*#||Ro|ly. Thus, using
Corollary 3.1 again, the solution can be continued and stays O(1) bounded in Y until t; =
to = TO / 62.

It will be convenient to write (1.21) as

Ry = A(t,R)R + £%f, (3.2)
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where, with ag,...,b; from (1.5),

_ (€ . 0 =0
R = < >, A(t7R) - < do+610 —|—&202—|—5_26~L303 —bg—b18 —|—b262 )

.
do = ao(t, &) = ag(ewr+e%/2€) — B2+ 53] +ety+6erpg+ By +33Y
ay=a1(t,R) = a1(e +3/2R) — 252¢1, Gy = ag(t, &) = as(ey + 3/2¢€),
as = as(t, &) = az(eyy +3/2¢),

bo = bo(t,€) = bo(ewn +€%/2¢) — 5 + 2’ + §ePuy,
by =bi(t,R) =bi(ep +32R) — %), by =by =T7/2.
The main idea to obtain the energy estimate is to define an equivalent norm Ny (R,t) on
Y that depends on time and the solution itself in such a way, that the high order and strongly
weighted mixed product as e ~202¢d3n still cancel after integration by parts in 5 dIR|2 Ny (Rot)"
This can be achieved by dividing all terms in (1.9) involving r by as. Moreover, we need
correction terms that eliminate terms of order O(g) and O(e%/?) in %HRH N(t,r) Without

derivatives that come from 2¢B(¢, R) 4+ ¢%/2B(R, R) in (1.21).
Thus, with coefficients 7v1,...,74 € R to be determined, we define

IRy ) = B+ Fi + P, (33)
p=d [{L e e ot e
R

) 1
P = / em[nr® + tr]de, By = / 7o+ de

where for notational convenience we keep writing c¢3 for —11/5. Due to (3.1) we have

1-Ce< sup lag|= sup |L4ep +e¥2%¢| <1+ Ce. (3.4)
0<t<tg,z€R 0<t<tp,z€R

Therefore Ny (t, R) is still an equivalent norm on Y if ¢ is sufficiently small. Moreover, space
and time derivatives of ag,aq, .. bg produce terms of order O(e 3/ 2), and in particular we
have

d d -

—ay = 6e%2¢, + e2hy, —by = 3e%/%¢, + 52h2 (3.5)

dz dz

d d

L= tehy, Tas=c"G e wl ry + hy, (3.6)

with ||hj]| L = O(?), j = 1,2,3,4. Hence we can estimate terms like for instance (G{i—x %) ré

that show up during integration by parts in %HRH?\W R 8S

d (b b
/ = < 0) ré du = / 3 57/ 26are)—6 a3< e2r,1€)+0(%)|re| da

< C\{HOO/E§§+€r§+€2(§2+r2)dx+062/r2+§2 dz, (3.7)
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and similar for ( %%)(rz — 4rf), see (3.10). The first term on the right hand side of (3.7)

is estimated by e3¢ 2¢2 and the second term is well behaved since we will have an O(1)
negative definite term —Cr2 in %HRH?\W(L gy~ This is essentially the first reason why the
estimate (2.2) can be carried over to the quasilinear problem (3.2). The second reason is,
that the coefficients ~1,...,74 can be chosen in such a way that the terms r2,£? without
derivatives in L[R]3 Ny (1,r) have O(£?) coefficients. This is possible again due to the fact
that the small parameter ¢ does not as usual enter (1.6) as a coefficient of the low order

terms but in inverse power as coefficient of the high order damping term.
We start with %E. Using 2 [ gf.fdx = — [ g, f? dz we obtain

d
B =di+dy+ds+d, (3.8)

dy = /{[T‘—Qf —c38pr—Taz— (Igd (1/(13)7%}
|:§_g£+g_;£$+g_§£xx+5_ gxxx_b_or__ra:"i' Ta:x"i'gz f2:| } dx,

as

d2 = /_9§Tx+€_2(§xxrx+§xxxrxx) + 9552f1 + 6_262 (gxfla: + fa:xfla:x) dx
ds = / i[2rrx+03rrm] de, d4= /( d1 —)[r?—4ré—2csré+r2] da
C~L3 ’ dt a as
Integrations by parts yields
1. - -
dy-+dptds = / {&—[—507“2-1'(&04-250)7“5—2&052]+O(52)(7“2+§2)
3
1. ~ ~ 1 - 9
—l—a— [@1—2b14+94c3bp+O(e)] rfx—i-a— [—c3—bo—ba+0O(e)] 73
3 3

1 ~ ~ 1
+=[ao+esbr—liz+2b2+0(e) | roat — [ 31 +2d2+0(e) 3 (3.9)
3 3

b 2
+[035_2+O(6)]§m [a1—1—03b2—|—0( )]rmgwx—ﬁrim—grmfmx
ag ag
+ 52f2 [7’—26_035155—7’3:3:4‘0(5)7’3;] + 9€2fl§ + fla:fx + flxxgxx} dx

where the order symbol O(g) always refers to terms estimated in L°°. The coefficient of r¢,
n (3.9) is O(e) due to the choice of ¢3 and (3.1). Similar to (3.7), ds4 can be estimated as

ds §C|r||oo/53/2(\rxr\+|rx£\)d:l?—i—C’sQ/7“2—|—§2d:c
+ C’gi%/?“rgc”OO /[—2037'5334—7*%] dz. (3.10)

and therefore (3.9) and (3.10), except of the first term on the right hand side of (3.9), can be
estimated by Ce?E + Crese?.
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Thus, we now have

d d d
HRIINY wr) = Pt gt g2
1 d_ . d
< / =—[- bor®+(ao+2bo)ré —2ap€?] do+— ik th2+CsQE+5QCreS (3.11)
3

To control the first three terms on the right hand side of (3.11) we calculate

d €

—Fi = / ai; [27,7(6¢ — 31) + 726 (6¢ — 3r)] daz + hy,

d 53/2§

d—FQ —/ - [2727“(6{ —3r) + 74£(6€ — 37‘)] dx + hs,

t as
where hq and hy contain terms like for instance hy = —51717“237"2 /as—+. .. that can be controlled
by the negative definite terms in £ E as in (3.7) and (3.10). Since
by = 3 — 6emy — 6326 + O(e2),  @p = 6 — 18en; — 6326 + O(£2), (3.12)

we thus obtain

d 1
EHRH?VY(@R) < / % {(—3+6€(1—71)771+653/2§(1—73)53/2§)r2
+(12-3(10— 471 +y2)em —3(6—4y3+74) >/ 2€) €
—(12—6(6—1—72)5771—6(24—74)53/25){2} dx
+ C2E + Chese?. (3.13)
Chosing 71 = 1,72 = —6,73 = 1,74 = —2 the O(e) and O(e%/?) coefficients in the integral
vanish, and since [ % [—37’2 + 12r€ — 12§2] dx < 0 we finally obtain
d
—HR||?VY 1R < C?E + Crese® < CEZHRH%VY(t,R) + Chrese?. (3.14)

This gives HR||N tR) < CeCe’t| R (= ol[3 R T Crese?e’t using Gronwall’s lemma. Setting
Cy = CeCTo/20 + CreSeCTO/ 2 the proof of Theorem 1.1 is complete. O

Remark 3.2 Theorem 1.1 also holds in higher order Sobolev spaces. For m > 3 we can
define Y,, = H™(R) x H™ }(R) with || - ||y,, defined in a similar way as || - ||y, i.e., for
cotd =0, R=W=1,

1
U113, = 5 /{ % + 9% — 4q1 — Z00q + 242000 + 4
R
e+ 200N + (07 03, + nim)} da.
Then for ||U(0,-) — e(0,")|ly,, < C1e%? and n; € H™S(R) we obtain a solution U €
HMALMAD/2 5 gmam/2 with SupPo<i<t, U, ) —e(t, )y, < C2e3/2. The local existence of

solutions in these higher order spaces is already shown in Theorem A.1, and from the above
proof it can be seen that the high order terms are uncritical in the energy estimates.
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A Local existence of solutions for the IBLe

To treat the initial value problem for the IBLe (1.6) we use the spaces
H™ = H"((0,t0) x R) = L*((0,t0), H"(R)) N H*((0,%0), L*(R)),

defined for r,s > 0. Because we have a parabolic system we will always have s = r/2 and
therefore we introduce the notation K™ = K7 ((0,t9) x R) = H™"/2((0,t) x R). We recall a
few facts on the spaces H™"/2((0,tp) x R), mainly from [9]. '

If w € H™ and j,k € N with 1 — (j/r+k/s) > 0, then 0f0u € H"Y with
p/r=v/s = 1=(j/r+k/s), [9, Prop.4.2.3]. Especially, if ucK" and 1—(j/r4+2k/r) > 0
then Ofdhuc K™—=2F, For k<r/2—1/2 we have traces 9fu(0,-)€ H"2*~1(R), [9, Prop.4.2.1].
Conversely, if these traces are given at t=0, then there exists a bounded extension operator
such that ue K", [9, Thm.4.2.3]. Similarly, there exists a bounded extension operator from
K"=K"((0,t9) x R) into K"(R x R), [21, Lemma 3.1].

For u€ K"(R x R™) let a(r, k)= [[ e "+ @) (¢, x) dk dt be the Fourier transform in time
and space of u. Then we have the equivalence of norms

ol iy ~ [ POl akar (A1)

From this follows easily that if ue K"(R x R™) with » > (n+2)/2, then u is bounded and
continuous. Finally we need the special subspace

Ki=K}((0,t9) x R)={ueK"((0,ty) x R) : &Fu(0,)=0 for keN, k<r/2—1/2}.

For ue Kj((0,00) x R) the continuation by w(¢)=0 for t<0 is in K"(R x R), [9, Thm. 1.11.5].
Additional to the full space—time transform of u€ K" we also use the Fourier transform in
time only, denoted by 4(7,z) = [e Tu(t,z)dt. For ue Kj((0,00) x R) we then obtain the
equivalence

|w%m@w~/mwﬂ%ﬂwmmw;w- (A2)

We introduce the shorthand K'=K" x K"~!. Also, in this section we write |u|, for
the Sobolev norm in the spacial variable = (or its dual k), i.e., |ul,=[ulgr®), and, e.g.,
|4(1+k?)|o for the L?-norm of the function k + @(14k2). In the proof of Theorem 1.1 we use
the following local existence theorem for the solutions of the IBLe (1.6) with r=2; however
here we state a more general case.

Theorem A.1 Let2 <r <4,e>0 andty > 0 be fixred. Then there exists a p > 0 such that
for all Uy = (n0,q0) € H"(R) x H*YR) with |Up|grrwgr—1 < p there exists a unique solution

U=(nq ek (A.3)

of the IBLe (1.6) with Uli=g = Uy and ||U||xcr+1 < C|Ug|grxgr—1, where the constant C > 0
depends only on € and ty. Moreover, for all 0 < t; < tg and all kK > 0 we have U €
KR+ ((ty,t9) x R), d.e., U is smooth for t > 0.
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Remark A.2 Examining the proof of Theorem A.1 we obtain that p may be chosen indepen-
dent of € € (0,e0). Theorem A.1 is used in Corollary 3.1 in this sense, but for simplicity we do
not keep track of this here. Also, the upper bound r < 4 is only for notational convenience,
i.e., to avoid the formulation of higher order trace conditions at ¢ = 0, see (A.12).

The proof of Theorem A.1 consists of two steps. First we consider the linear inhomogeneous
version of (1.6) with zero initial data, i.e., the equation

LU =F(), U0)=0, LU=U,— AU, Fecky', (A.4)

and estimate its solutions in Kyt Then we write the solution U of (1.6) as U=U+UW
where U € K™+ fulfills U(0) = Uy and some (further) trace conditions at t = 0, see (A.12).

Then UM has to solve the equation
LW =g, uvWo)=0, GUY)=FU+UY)-LU. (A.5)

We show that for UM ™ we have G(UM)eky ™", and use the estimates for (A.4), esti-
mates for the nonlinearity, and the contraction mapping theorem to solve (A.5).

Lemma A.3 Letr >2,e>0 andtg > 0. For every F € ICS_1 there exists a unique solution
U e Kyt of (A.4) with |Ullra1 < C||F||jr—1, where C > 0 depends only on €, tg.

Proof. We identify F' with its extension to K" '(R x R) with F(t) = 0 for t < 0. Then
e %F e LY(H™Y) N L*(H"') for Rec > 0 and therefore F'(7) has an analytic extension
into Im7 < 0. We write A = o + it and consider the Fourier transform in ¢ (i.e., the Laplace
transform) of (A.4),

M= Gt fioe 0= (dt )/ X (A.6)
A = (ag+ai00z+as0di4e 2a3002) (—du+f1)—bood—b10Ge+b20Gza+ f2.

Now choose o¢ > 0 such that Reu; 2(k) < g for all k € R. For ReA = 0 > ¢ we obtain

[Ales1 + INTT21Rl0 < C(1faleor + INTD2 frlo + [falroz + AT flo), (A7)
|l + IN2]dlo < C(\f1|r—1 + ATV filo + | falra + \)\\(T_g)/2|f2\o), (A.8)

see below. Moreover, since Fis analytic in A, so is U= (7,q) for Re\ > 0. Let

U(t) i/e"‘)teiﬂtﬁ(ao +ir)dr.

27
Then e~ 0!/ is the inverse Fourier transform of the function X — U(UO + 5\) which is analytic
for ReA > 0. Thus, by the Paley-Wiener Theorem [23, Thm. 6.4.2] we have U(t) = 0 for
t <0, and from (A.2), (A.7) and (A.8) we obtain e~?'U € ;™ (R} x R). Since tq is finite
we thus have U € Ki™ = K5 ((0,9) x R) with [|U]|cr+1 < C||F||cr—1, where C obviously
depends only on tg and og, and hence on ty and .
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It remains to show (A.7),(A.8). This is essentially a direct consequence of the parabolic
shape of the spectrum. After Fourier transform in z and sorting terms, (A.6) becomes

~

= (=iki+ f)/A gk = go(k)fo + Ao, (A.9)

where
g\ k) = A2+ Ag1 (k)+ikgo(k),  g1(k) = baok®+bioik+boo,

go(k) = a00+algik—a20k2—aggik3.
Since g(\, k)= det(Ald—Ag(ik))=(A—p1(k))(A—p2(k)), with p; 2 from (1.7), we have

g\ E)| = CAP + (1+£)).
Thus we can estimate

dle < ClAA+R) 2] < C(Frgo(R)(1+K2)2/g(\, K)o+ f2A 1K) 72/ g(\, K)o
< C(AH AR T2+ f(14k2) D/2]) < C(| fileor+| falr—2),

A1l < CII™2] fago(k) [g(\, B)lo-+ 2 g(h W)l < COMT2(|filo+ felo).

nlrs1 < C|(—ik(§+f1)(1+k2)(r+1)/2/A|0 ’ —ikgo(k 4)-\5;8 ’]zg)f1—ik>\f2(1_’_k2)(r+1)/2 0
=C W(HWW“W C(frlr—1+|falr—2),
0

ATl 1 < Ol (=ikg+F1) /Mo < CUATD2 | frlo+ A 272| falo).

Here we used the typical parabolic splitting of the domain, for instance

N 2

~

fak
g\ k)

2 2

fok
IR | 2z

‘)\‘—3/2 f2k|/\|3/2
(IAP+(1+K2)2)

f;k
g\ k)

0 L2({k><[A})

< CN7°I L.
L2({k2<|A[}) L2({k2>[A[})
The proof of Lemma A.3 is complete. O

The nonlinear terms in (A.5) can be controlled using the following result, the proof of
which follows via extension from [|uv|| gsrxrr) < Cllull gr@xrn) |V gs@xrny if 7> (n+2)/2.

<

A

Lemma A.4 Letr > 3/2, 0 < s < r. Then there exists a C > 0 such that for all u €
K" v e K° we have uv € K® and

luvllzes < Cllullzer{[vllxs- (A.10)
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Proof of Theorem A.1. Lemma A.4 applied to F' gives

||F(U)||/C771 < CHU||]2CT+17 (A].l)
IEU)=FV)llr—1 < CIU=V e (1T her—1 + [V ]lier-1)-

Due to [9, Thm. 4.2.3] there exists an extension UK ! of Uye H” x H"~*. We have to choose
U = (7,q) in such a way, that for UM ek, the right hand side G = F(U +UW) - LU of
(A.5) is in K571 e,

OFGili=o =0 for 0<k<r/2-1,

OFGali—o =0 for 0<k<r/2—3/2. (A.12)

For r=2 these conditions are trivially true. For 2<r<3, again due to [9, Thm.4.2.3], we
may choose 7 in such way that O0sfj|i—g = —0,qo€H""2(R). Similarly, for 3 < r < 4 we
additionally choose ¢ such that atmt:o = A(Ug)UpeH" 2 x H"=3. Thus, in each case,
LU =F@U)=FU+UM) att =0, and so Gek5 .

Thus, we finally consider the mapping

(UMW) = Ly Y(F(U +UW) - LD), (A.13)

where Ly!' : K§~! — K4 is the solution operator of (A.4). If p is sufficiently small, it is
easy to see via Lemma A3, (A.11) and the contraction mapping theorem, that ¢ has a fixed
point UM with |UM||cr41 < C|Uo] e grr—1, which gives us the solution U = U + UM of the
IBLe.

The proof of the regularity result is standard: U € L2((0,tq), H"T'xH") implies U €
H™1xH" for almost every ¢ > 0, and starting again at some such t; we obtain U €
K+2((t1,t9) x R). The necessary trace conditions at ¢ = ¢; are automatically fulfilled.
O

Remark A.5 (A.11) holds for » > 2 due to special form of F', namely due to the absence
of terms of the form 7., (Nze + Neze) and ¢z (ge + ¢ze). If, for instance, (1.1) is expanded to
cubic terms, then we obtain a term —3¢~2n2,7, in (1.6), and then we would need r > 5/2 in
Theorem A.1 and therefore m = 3 in Theorem 1.1.

B Formal derivation of the IBLe

In order to make the paper sufficiently self-contained, here we give a brief overviev of the
physical problem underlying (1.1) and describe how (1.1) is formally derived.
B.1 The inclined film problem

We consider a two dimensional viscous liquid film flowing down an inclined ’plane’ with
inclination angle 0; see figure 3. Using hg, the thickness of the flat film as the characteristic
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Y,v

T, U

Figure 3: The inclined film problem

length and the surface velocity uy = un(hg) = gh3sin6/2v of the basic Nusselt solution

_gsind

5, (2hoy — y?), pn = pgcost(ho —y),

(’LL, U7p) = (U‘Na Ova)’ UN(y)

as characteristic velocity, the governing dimensionless Navier—Stokes equations and the con-
tinuity equation read

1 2
w+ (u-Vju=-Vp+ ﬁAu + RS (B.1a)

divu = 0. (B.1b)

Here u = (u,v) is the velocity field, R = upnhg/v is the Reynolds number, v, p, g are the
viscosity, density, and gravitational constant, and g = (1, —cot §). At the free surface y =
h(t,z) we have the kinematic condition

ht + hyu = v, (B.1c)

and the tangential and normal stress conditions

dhgug + (h2 — 1) (uy +v,) = 0, (B.1d)
2 hptg — he(uy +ve) + v,
= e = —W.K(h), (B.1e)

where W, = o/(pu3 ho) is the Weber number, o is the coefficient of surface tension, and
K(h) = hae(1 + h2)~3/2 is the interfacial curvature. A constant athmospheric pressure pg
has been adsorbed into p. Finally, at the rigid wall we prescribe the no slip condition

u=0 at y=0. (B.1f)
In dimensionless variables the Nusselt solution is

(U,’U,p, h)(t,l‘,y) = (UN,O,pN,l), unN = 23/_92’ pN(y) :2C0t0(1_y)/R7
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and from previous work [2] it is well known that it is unstable to long wave perturbations for
Reynolds numbers

R>R.= Zcot 6. (B.2)

In order to analyze this long wave instability, a number of reduced equations for (B.1) as
for instance the so called Boundary Layer equation, the Integral Boundary Layer equation,
and the Kuramoto-Sivashinsky equation have been derived. We now briefly describe the
derivation of the IBLe for (B.1). For notational convenience we consider directly (B.1),
rather than shifting the origin to (ux,0,pn,1). The Nusselt solution will thus appear in the
perturbation analysis as a zeroth order approximation.

B.2 Derivation of the IBLe

We assume that the Weber number is large, W, = We™2 where 0 < ¢ < 1 is a small
parameter, while the Reynolds number is O(1), and let

ut,z,y) = a(r,&,y), o(t,z,y) =o(r,&y), =", =",
pt,x,y) = 2Bp(1,&,y),  h(t,z) = h(r,£).

Substituting this long wave ansatz into the free boundary value problem (B.1) and retaining
terms up to order @(e*/3) we obtain

in Q& (U tigitiyD) = et (e e+, +2) /R, (B.3a)

0= —p, — 2¢%/3 cot §/R+¢*/30,, /R, (B.3b)

e = —, (B.3c)

at y = h(t,€): hothei =, (B.3d)
— ity +e*/? (hetig+hii,—T¢) =0, (B.3e)

p- 4/3< g — hetly) /R = —Whee (1 — (3/2)e"/* 1), (B.3f)

aty=0: u=0= (B.3g)

In order to derive the Integral Boundary Layer equation we define the flow rate

h(r,€)
i(r.€) = /0 (e, y) dy

Then (B.3a), (B.3d) are equivalent to

ET = _QEa -

i = 0 ®1)
+e—2/3 { 4/3 f Uge dy + (uy(y = h) - ﬂy(y =0)) + Qh} /R.
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Following [20], we assume that the velocity field is slaved to the elevation h and the flow q in
a Nusselt like fashion, i.e.,

i = 2y~ ). (B.5)

From (B.3f), (B.3b) and (B.3c) we may integrate the so called hydrostatic head, i.e., we
calculate

h
/ 2/3/ QCotO/R—I—eZ/?’ﬂxydy
y y
= Whee(1-(8/2)e P R+ (27 cot 0(h—y) —=" (aely=R) b)) (B
Substituting this and (B.5) into (B.4) we obtain

I - - A
dr :—565(612 Jh) + e B [AW (hege(1 — 3e*/3hE /2) — 3e"/3hihe) + (2h — 34/h%)/R]
- 2/3 - . . - -
— 2cot Oheh/R + % [(7/2)dec — 9diche /7 + 661 /7> — 9ghee ) (2R)].
Finally, (B.4) becomes (1.1) when scaling back to ¢, z, i.e., defining
h(t,z) = h(e™37,e723¢),  q(t,z) = g(e2/37,e7/3%¢).

Remark B.1 Evaluating the assumption (B.6) mathematically seems rather difficult. Note
that with this assumption, and defining o(7,&,y) = — fo Ug (7, &, 9)dy the no slip boundary
condition (B.3g) is fulfilled, but the condition (B. 3e) for the tangential stress only up to order
O(e*/3). See also the following subsection.

B.3 Remarks on first order Boundary Layer Theory

If in (B.3) we keep terms only up to order O(2/3) we obtain the so called Boundary Layer
equation [5]: the hydrostatic head gives p(y) = —Whee + e2/3 cot §(h — y) /R, and thus

—2/3
Qi = - [y + 2+ RWhege] — 2cot 0he/R, (B.7a)
e = —y, (B.7b)
at y = h(t,&): h,+hei =19, a,=0, (B.7¢)
aty=0: u=0=0. (B.7d)
In this case, the ansatz (B.5) gives
hr —q
: A . (5B.8)
G- —50:(g%/h) (2 — 3q/h? + RWhZh) — 2 cot Oheh /R
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and the reduction of (B.7) to (B.8) is exact, i.e., every solution of (B.8) gives an exact solution
of (B.7) via (B.5). In other words, the solutions of (B.8) define an invariant manifold for (B.7).
Moreover, (B.8) reduces to the Kuramoto—Sivashinsky equation (1.14) in just the same way
as (1.1) does, since the dissipation terms first show up in the g-equation at order O(¢3).

However, (B.8) is a quasilinear hyperbolic equation, as can be seen from the dispersion
relation

uLxM::—é(%+§m)iv%(%+§MV—%M—%—%Cm9M?4W54M

for the linearization of (B.8) (after rescaling to ¢, x coordinates) around (g, h)=(2/3,1). There-
fore, with our method we can not prove an approximation result like Theorem 1.1 for the
reduction of (B.8) to the Kuramoto-Sivashinsky equation. The reason is, that due to the
lack of dissipation the energy estimate for the quasilinear problem breaks down.
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