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Abstract

The Integral Boundary Layer equation (IBLe) arises as a long wave approximation for the
flow of a viscous incompressible fluid down an inclined plane. The trivial solution of the IBLe
is linearly at best marginally stable, i.e., it has essential spectrum at least up to the imaginary
axis. Here we show that in the stable case this trivial solution is in fact nonlinearly stable, with
a Burgers like self-similar decay of localized perturbations. The proof uses renormalization
theory and the fact that in the stable case Burgers equation is the amplitude equation for

long small amplitude waves in the IBLe.
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1 Introduction

In suitable parameter regimes the Integral Boundary Layer equation (IBLe) can be
formally derived as a long wave approximation for the flow of a viscous incompressible
fluid down an inclined plane; see [CD96] and the monograph [CD02] for reviews and

[LG94] for experiments on inclined film flows. We consider the IBLe in the form
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where x € R, ¢t > 0, h is the film height, ¢ describes the flow, 0 < 6 < 7/2 is
the inclination angle, R is the Reynolds number, W is the Weber number, and the
equation is written after rescaling to the original (dimensionless) time and space scales
t,x of the underlying Navier-Stokes equations. See [Uec03] for the derivation of (1.1),
which due to the term %qm is a parabolic system in contrast to the classic Shkadov
model [Shk67]. In this derivation it is assumed that the Weber number W is large,
while R = O(1) and cot § = O(1). The latter means, that the plane must not be close
to horizontal.

There exists a trivial solution v = (h,q) = ux = (1,2/3) to (1.1) which in the
Navier—Stokes problem corresponds to the so called Nusselt solution Uy with a constant
film height and a laminar flow profile. It turns out that uy is unstable due to a long

wave instability for R larger than the critical Reynolds number, i.e.,
5
R>R.= Zcot@. (1.2)

For the Navier—Stokes system this instability criterion for Uy has already been derived
in [Ben57]. In the unstable case, the dynamics of long waves with small amplitude in
the IBLe are described by the Kuramoto—Sivasinsky equation, in the limit W — oo; in
[Uec03] the approximation properties of this long wave /small amplitude approximation
are established.

Here we are interested in the stable case
R < R.. (1.3)

Then Burgers equation serves as amplitude equation for (1.1) and we show that small
localized perturbations of uy decay in a Burgers-like self-similar way. Therefore we
write (1.1) as Qyu = F(u), set h=14n,q=2/3+ ¢, i.e., u = uy + @ with @ = (n, §),

go into a comoving frame r = x — 2¢, and rewrite (1.1) as
= Au+ B(a,u) + H(a). (1.4)

Here
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i, i ’ i ) = i) — At~ B(a, @
B, i) = (6(nq—n2)/R>’ H(i)= <h(a)> = F(uy+a)—Au—B(@, @), (1.5

and we consider B(u,u) as a bilinear form in the obvious way. The reason for this

splitting of F'(unx + @) is that only terms from 4, = Au + B(@,a) contribute to the



description of long small amplitude waves for (1.4) by Burgers equation. In what

follows we rename % to u and ¢ to ¢. In components, (1.4) then reads

Nt = 20z = Ga, (1.6)
= (£+(3E—%cot0)0,—202 + W) n+ (—24+20,+550%)q (1.7)
+r (g —n?) + h(n,q).

Plugging the ansatz
n(ta SL’) = (5771 (T7 y)? Q(t7 I) = 6QI (T7 y) + 52(]2(7—7 y)? T = 62t7 Y= 53:7 (18)
into (1.4) yields

O(1.7):  q = 2m,

(1.9)
O(6%(1.7)) + go = (3% — 2 cot 0)Oxm + 217,
and at O(0%(1.6)) we obtain
2 9 . 2 SR
Orm = adym + B0y(ny), with o= (§ cot § — 1—5), B =-2. (1.10)

Note that a > 0 due to (1.3). It can be checked that the terms in h(u) only enter
this long wave/small amplitude expansion at higher orders in 0. However, we did not
remove high order ¢ terms from the linear part Au since the full linear operator will
be needed for the local existence theory for the quasilinear system (1.4).

Hence small amplitude long waves are governed by Burgers equation (1.10). This
could be rescaled to the more standard form 1, = n,, + 9,(n*). Here we don’t do this

in order to keep track of o and (3. The Cole-Hopf transformation

Vox e
w<t,x>:exp<§ / n(t,@df), o) = 2D
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transforms (1.10) to the linear diffusion equation ¢; = 1,,. With ¢(—oc0) = 1 and
setting ¢¥(oc0) =z + 1, ie, In(z 4+ 1) = ng n(t, &) d¢, it is well known that

1+ ze(x/Vt) with e(z) = \/% /:v e €/ qg

is an exact solution, and, moreover, that for initial conditions 1)

1
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with rate O(t~1). It follows that

¢(tv ZL‘) =

/e—(x—y)Q/(4t)¢0(y) dy — 1+ ze(x/\/i_ﬁ) as t — oo,
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is a self-similar solution of Burgers equation. This is illustrated in fig.1, taking into
account that for [w(1,z)dx > 0 we have —1 < z < 0. Moreover, for localized initial
conditions 7 it follows that the so called renormalized solution satisfies

lim t/25(t,tY%2) = f.(x), with rate O(t"'/?),

t—o0

i.e., it converges towards a non-Gaussian limit. This is not true for spatially non-
localized initial conditions since Burgers equation has front solutions (¢, z) = h(xz—ct)
with |h(§)] 4 0 as |£] — oc.

The calculations so far have been formal, i.e., we ignored all terms that are formally
of higher order in 9, hence corresponding to higher power nonlinearities or higher order
derivatives. However, in [BKL94] is has been shown that the self-similar decay in
Burgers equation is stable under perturbation by terms which (in the language of
renormalization theory) are ”asymptotically irrelevant” (see section 2.1).

Here we follow a similar approach. We take initial data for (1.4) in the space Y of

functions u(x) = (n(x),q(z)) with @ € CY(R,C?), u(k) = F(u)(k) = \/LQ—ﬂeik“*’u(:c) dz,

with norm
il = sup {1+ )]+ B0 + (14 £+ 6D ). (112

The different weights (corresponding to smoothness in z—space) of the components of
@ take care of the different orders of differentiation. The term |0t| gives decay in z
space. Note that convergence in || - ||y implies convergence in L>®(R) and L'(R) due
to [[ulleo < |||y < C|lu|ly and [Jully < [|(1+ |z|)ulls < |Jully. For convenience we take

the initial data at t = 1. Our result is as follows:

Theorem 1.1 Fiz some small 6 > 0. There exists €,C > 0 such that the following
holds. If ||uglly < € then there exists a unique solution u € C([1,00),Y) of (1.4) with
U|y=o = ug. Moreover,

< Ot (1.13)

o0

ult,) = L) (;)

with f, as in (1.11) and z defined by In(z + 1) = gfn(l,x) dx.

Remark 1.2 The vector (1,2) in (1.13) is the eigenvector of A(k) to the eigenvalue
A1 =0 at k = 0. The fact that z in (1.13) can be explicitly given is due to the special
structure of (1.1) that d;n = 0,(2n — q) is a total derivative, which accounts for the

conservation of mass in the underlying inclined film problem.



Figure 1: Sketch of self-similar decay in Burgers equation

The paper continues work where the renormalization approach by Bricmont and
Kupiainen for the proof of diffusive behavior in nonlinear diffusion equations [BKL94]
has been transfered to more complicated systems, as the Ginzburg-Landau equation
[BK92, CEE92, BK94, GM98] or pattern forming systems [Sch96, Sch98, Uec99, ES00,
GSU03, SU03]. In contrast to these latter works our system is quasilinear and the
renormalized solution has a non Gaussian limit.

In section 2 we explain the idea of renormalization, consider (1.4) in Fourier space
and provide the functional analytic frame. In section 3 we use renormalization theory
to show that the higher order terms ignored so far are asymptotically irrelevant and
thus prove Theorem 1.1.

Acknowledgements: This work was partially supported by the DFG under grant
UE60/1.

2 Preliminaries

2.1 The idea of renormalization

For convenience, we briefly repeat the ideas from [BK92, BKL94]. Consider
Up = Ugy + (U, Uy, Upy), u(t,x) €ER,  wu(l,z) =up(z), (2.1)
with f(a,b,c) = a®b®c® a monomial. For L > 0 define the rescaling operators
Rru(zx) = u(Lx),

and for L > 1 sufficiently large to be chosen below and n € Nlet u,(7) = L"Rau(L*"1),
ie., u,(1,y) = L"u(L*"7, L"y). Then

O, = 8§un + frn(tn, Oytiy, 8§un), (2.2)
faula,byc) = L™ amb®2c® dp =3 —dy — 2dy — 3d3. (2.3)



and solving (2.1) on ¢ € [1,00) is equivalent to iterating the renormalization process
solve (2.2) on 7 € [L™2,1] with initial data u, (L"?) = LRu,_1(1). (2.4)

If d; < 0 then the factor L"% in (2.2) goes to 0 as n — oo and in the limit we obtain
drty, = oy, with u,(L™%) = LRpu,—1(1). This problem has the line of (Gaussian)
fixpoints ze ¥/ 4z € R, which, moreover, is attractive in suitable spaces. For instance,
similar to (1.12) let

Julls = sup {1+ £)(ah)] + 0130 ) 25

The weight in k yields smoothness in x and the derivatives in k are used to show
contraction properties of e~ "% LR f when acting on functions with f(0) = 0. One
more particular feature of the norm (2.5) is that it allows to use directly the variation
of constant formula to solve the quasilinear or fully nonlinear problems (2.2).

Hence the basic idea is that by a power—counting argument one can easily identify
nonlinearities f that are ”asymptotically irrelevant” (dy < 0). Note that by (2.2)
derivatives in the nonlinearity give higher powers of L™". Burgers case f = ud,u
with dy = 0 is called marginal and yields the non-Gaussian fixed point (1.11), while
a nonlinearity with dy > 0 would be called relevant. Relevant nonlinearities and also

3 may lead to finite-time blow up of the solution, see, e.g.,

the marginal case f = u
[Wei81]. The advantage of the discrete renormalization is that the large time behaviour
of (2.1) is split into the sequence (2.4) of finite time problems and that it uses only
few special features of the equation. Hence it can be applied to a variety of problems;
see the references in the introduction. A related method is the continuous rescaling to
similarity coordinates used in [Way97].

Below we show that B(u,u) in (1.4) is marginal while H (u) is irrelevant. This is just
another way of expressing that only B(u,u) contributes to the long—wave expansion
(1.8)—(1.10). However, by simple power counting we obtain dg = 1 and dy = 0. To
show and exploit that B(u,u) has a "derivative-like” structure (and hence dg = 0)
and that H(u) is in fact irrelevant (dy = —1) we shall consider (1.4) in Fourier space

and apply so called mode filters to extract the relevant terms.

2.2 The IBLe in Fourier space

Let
iy = At + B(0,4) + H(a) (2.6)
be the Fourier transform of (1.4). Here
- 2ik —ik
A= , 2.7
(%H%—% cot O)ik+-LKP—Wik? 2 1 2if #2) 27)



and the eigenvalues of A are

Ao(k) = —1(Ek2+5ik+32) (2.8)

i\/i(%k2+§ik+%)2—%ik+(§—% cot 0) k2—2ik3— Wk,
From A; we recover the instability criterion (1.2): for R > R, we have a long wave
instability with maximum growth rate Re;(k.) = O(W™1), k. = O(W~Y2); note that
W is typically very large [Uec03]. For R < R, we have \;(k) = —ak? + O(k3) with
a = (2cotf — 52) > 0. In any case, for |k| — oo we have

7 7\°
)\172(]{;) == —E Zi: (E) —W k2 + O(|k’3/2)

_ <_é i me(Wl))) E+O(Jk[?)

7
=~k £k +O([K[Y?),  with ap = .

(2.9)
where in the second equality of (2.9) we assumed for simplicity that (;%)? < W. This
shows the parabolic damping of the high wavenumber modes. In [Uec03] this has
been used to construct an analytic semigroup e’ in the phase space H3(R) x H?(R)
and to show local existence for the quasilinear problem (1.4) using maximal regularity
methods.

Here we shall use a more direct approach in Fourier space. We have
fl(k:) = M(k)A(K)M (k) where A(k) = diag(\i(k), Xa(k)),

and where M(k) = (¢'(k), $*(k)) contains the eigenvectors of A(k). It follows from
(2.7), (2.8) that

M(k) = (O(ﬁ) 0(11*1’“)> with |detM (k)| > C/(1 + |k|) as |k| — oo,

1
hence
O+ k) 1
Mgyt = (O 1Y = (2.10)
O+ k) 1
The reason for the different weights in || - ||y can be seen in estimating

e DA fly = | Me“DAM ! fx

e < il gl
(

<C
LHED[ 2]+ 1]

< Ot flly, (2.11)

Y

due to sup,, [2askte™*2Ft| < Ct1/2,



2.3 The mode filters

Let p > 0 be sufficiently small, and let y be a smooth cutoff function with y(k) = 1
for |k| < p, x(k) = 0 for 2p < |k| and x(k) € [0, 1] elsewhere. Write

o' (k) = <;> +k (2_11(1) +0O(k*), ¢'(k) = <(1)> +k <2ii§’:> +0O(K*)  (2.12)

for the eigenvector of A(k) to A,(k) and for the associated eigenvector of A¥(k), and
let (u,v) = u-v. Then

P.(k)a(k) = c(k)xc(k){a(k), " (k)¢ (k)

with c(k) = 1/(¢*(k), ' (k)) = 1 + O(k) defines the so called central modefilter with
(AP,0)(k)=(P.A0)(k)=A,(k)a(k) and sup, |P.(k)| < C. Similarly define the stable
modefilter P,=Id—P. and the auxiliary modefilters

c(k)xe(k/2)(a(k), ¥ (k))¢' (k),
(k) — c(k)xe(2k)(a(k), v (k)" (k).

Pla(k)
Pra(k)

Then P'"P, = P, and P!'P, = P, which is used to replace the missing projection
properties of P, Ps. Let (4., s) solve

Oyite = At + Bo(0,0) + Hy(4), ity = Aty + By(ai,0) + H,(a) (2.13)

~

where 4 = 4. + g, and BC = PCB,I;TC = PCI;T, BS = PSB,HS = PSI:I. Then, by
construction, « solves (2.6).
The idea of this splitting into central modes . and stable (exponentially damped)

modes u, is as follows. By construction, the function
wa(t, k) = f.(t2k)x (k)" (k)
with f, from (1.11) fulfills
dw, = Aw, + B.(w.,w.) + O(|k[?).

This holds since 42 (¢, z) = f.(t*/2k) fulfills 9,0 = —ak2a® + Bik(a® « 0(2)), since
Aw, = (—ak? + O(k*))w., and since

~

Be(w,,w;) (k)

B 0 HOUR) oo o
- <’“>X(’“)<(§<ﬂ ‘ <2fz—fz><k><1+0<|k|>>> | ( “ikR/3 ) £O(K) o'
= (<2 + O())(f. » F)x(R)(R). (214)



This shows the ”derivative-like” structure of B.. Then splitting u.(t, k) = w,(t, k) +
0(t, k) with 9| r)=1,0 = 0 we will obtain 9(t) — 0. On the other hand, there exists a
~v > 0 such that

ReAj 5 (k) < —v (2.15)

for all k € R for the eigenvalues of A] , of L,. Hence 4, is linearly exponentially damped.
Also note that reasoning as in (2.14) the whole nonlinearity Be+ H® locally at £k =0
has the form of a derivative, which is why z with In(1 + 2) = gﬁ(l, 0) in Theorem 1.1

1
can be explicitly given. In a nutshell, these are the reason why u(*(t, x) (2> emerges

as the asymptotic solution of (1.4). These arguments will now be made rigorous.

3 The renormalization process

3.1 The rescaled systems

To set up a renormalization process for (2.13) similar to (2.4) note that F(LRu) =
Rp-1u. Hence, for L > 1 sufficiently large, to be chosen later, let

Uen(T,0) = Ue(L*"T, 0/ L"), g n(T, €) = (L2, /L"), (3.1)

These are rescaled variables in Fourier space, but we omit the = since the rest of the

analysis will be almost entirely in Fourier space. Then (u.,, us,) fulfill

8Tuc,n(7_a E) = £nPcffnuc,n+Bc,n(una un)+Hc,n(un)a

; (3.2)
8Tus,n(T; 6) = 'CnPg,nus,n_'_Bs,n(unu un)+Hs,n<un>7
where u,, = u., + us, and, with x € {c, s},

L, =L"Ry-wARps, P! =Rp-P'Rpx,
Bin(tn, tn) = L Rpn Bo(Rpntin, Rpntin), (3.3)
H, o(un) = L*"Ry - H,(Rpnuy,).

As before, the idea is that solving (2.13), or equivalently (1.4), on t € [1,00) is equiv-

alent to iterating the renormalization process

L2 (1
solve (3.2) on 7€[L 2, 1] with initial data (ucn( )> =R (Uc,n 1l )> . (34)

us,n(lfz)

We solve (3.2) in Y,, x Y,, with

el = sup(1 -+ ) (L4 /L6 + 0] + (O] + 010 ). (35



Hence, though || - ||y, is still equivalent to || - ||y we loose a factor L~ in the control of
the highest derivative of 7. But this is no problem since a derivative 9 yields a factor
L7, cf.sec.2.1. On the other hand, the norm || - ||y, is convenient in solving (3.2).

Henceforth, many constants which are independent of L are denoted by C. We set

Ry = sup ([uen(r)llyv, + [[usn(7)ys)
Te[L—2,1]

and start with the following crucial lemma.

Lemma 3.1 There exist Ly > 1 and C > 0 such that for all L > Ly, all T € [L72,1]
and all f €Y, the following holds,

e+ 5Pl Fllv, < Cll f v (3.6)
leT=E PR flly, < Cem ™ CTED) (3.7)

with v > 0 from (2.15). Moreover, let 6 > 0 be sufficiently small and R,, < 6. Then

/ eI B, (1 (5), ua(5)) ds| < CR2, (3:8)

L—2 Yn

/ T He(un(s)) ds|| < CLT"Ry, (3.9)
L—2 Yn

[ e B (o) unls) ds| < OLRE (3.10)
L—2 Yn

/ TN (un(s))ds|| < LR, (3.11)
L2 Yn

Proof. Similar to (2.11), (3.6) follows from L, (¢) = L*"M,({)A,,(¢)M,(¢)~' with
M,y (€) = M(£/L7) and A, (€) = A€/ L") = diag(M(/L"), Aa(£/L™)). Note that

1 1
M (6) — | 4+[¢/Ln] 1+[e/L7] as w 00
" 1 1

which explains why we use the norm ||-||y,. From [e!4® Ph(k) f (k)| < Cer=k)t| f(k)|
we obtain (3.7).

For the nonlinear terms, first note that f(u,v) = (0%u)(0%v) in Fourier space
becomes f (4, 0) = ((ik)™a) % ((ik)®0), and by rescaling

Ri-n ()" Rpnun) * (0P Rpnva))(€) = L7 (((10) M un) * (1) 0,))(0),  (3.12)

with dy = (1+d;+ds), cf. (2.3). Clearly dp = 1 and (3.8) cannot be established by such

10



power counting. Hence we need to use the definition of B?, i.e.,

/ T B, (Un(8), un(s)) ds
L

-2

Yn

— §L2n Mn /T e(Ts)LQ"An< 0 1_‘_0(6/[’”) > 1 ds
R L2 L™y, 1% (U 0—Un 1) ’ O(¢/L™) 0 v
1 1 *2 T ) (T—S)LQ”)\l(E/L”) d
< Cllul? ( Jie :
"1+ ¢/ L 1+ 04 0 v

< Cllunl, sup(1+ £)(1+ )77 [ oM [t M O s

L—2

< Cllunll3,,

where u,, j, j = 1,2, denotes the components of wu,,.
Similar estimates yield (3.9). First note that [|F~!(u,)|z= < C|lully, such that

for ¢ sufficiently small the fractions in H(u) can be expanded in power series. Then

for instance the cubic terms without derivatives in H(u) coming from 2% in (1.1)

work just as above. Next consider a typical high order term in H(u), for instance
G(a) = (0, Wn) = (—ik3n)). This yields

/ eIV R B L G(R pntun(s)) ds
L

-2

Yn

! (1—8)Ln 0 1 n
/L2e <<un1 * (—103uy, 1) WHE/LT) ) ds y

1 1 1 [] 5 e ML) g
1+¢/L7| <(1+|£|)(1+|€/L"|) * 1+e4> 0

=WL™"

< CL™ually,

Yn
< Cllunll3,-

Here we used supyy o, [#' (k)| < C, hence the needed factors of L™" come from the
derivatives in the nonlinearity itself.

The estimates (3.10),(3.11) for the nonlinearity in the stable part are obtained as
follows. First, let G(u) = (0, g(u)) with g(u) = u;u; be quadratic without derivatives.
Then

|MWMW{/<&MWH&wmmm@mS
L2 Y,
T e 2(r 1 - ( L T ¥ 1 4)
< CLnHunH?/ / e (L™ y+azl?)(t—s) | 1+]¢/L l 14-¢ ) 14-¢ ds
Lo (77 * =m) v

1

< OL™||u, |2 (14—
< LB, sup (o)

)SCLWW&-

11



7Ly

Here we don’t use the smoothing properties of e™n. Derivatives in g(u), i.e., g(u) =

w; 00 uj, yield a factor |¢|™L~™" where the |¢|™ must be compensated by smoothing by
e™©n. For m = 1 this yields

IVl < B2 sup ()14 ) <cro
l

L2y + qupl?
since sup, L"(1+{|)/(L*" + aof?) < C. For m > 1 we obtain enough L™ from the
derivatives in the nonlinearity itself and |¢|™ must (and can) be controlled using smooth-
ing by e™£n. a
Now let
Prn,ec = ||uc,n||Yna Prn,c = ||uc,n||Yna Pn = Pn,c + Pn,ss
and note that
IRL-nttn-ally, < CLY|un1lly,_,-

Combining this with Lemma 3.1 yields the local existence and estimates for (3.2).

Lemma 3.2 There exist Ly > 1 and Cy,Cy > 0 such that for all L > Ly the following
holds. If p,—1 < C1L™* then there exists a unique solution u, € C([L72,1],Y,) of (3.2)
with u,(1/L* 0) = u,_1(1,¢/L), R, <& with § from Lemma 3.1, and

R, < Cy(L*p,_1 + R?). (3.13)

Proof. This follows by a standard application of the contraction mapping theorem. O

3.2 Splitting, iteration, and conclusion

Due to the loss of L* in (3.13) we need better control of p, to iterate (3.4). Therefore
we split
Uen (T, 0) = W, (7, 0) + vy (7, 1),

where
Wo (1, 0) = 4 (7, O)x (/L (E/ L), 0 (7, 0) = f.(r20),

with z defined by

IS / g
| 1)=— 1 dx = —7(1,0).
n(z +1) == [ n(l,z)dz = —i(1,0)
Then
8TUn == Envn + Bc,n<un7 un) - Bc,n<wz,n7 wz,n) + ch<un) + Resn
where

Resn = _aTwz,n + 'anz,n + Bc,n(wz,na wz,n)-

12



Lemma 3.3 Let |2|<1. There exists a C>0 such that sup,¢;;—2 1 [|[Resy[|y, <CL™"|z|.

Proof. By construction, L,w,, = L*"\({/L")w,, = (—al* + O(1/L™")w,, as

|¢| — 0. Moreover,

Bc,n(wz,na wz,n) (é)

0
—_Jn 1 g n 1 g n
L <(%(uz >|<uz—l—(’)(|€/L"|)uz*uz+((’)(]@/L”\)uz)*2)> WL )>(25 (E/L7)
= (iBlu, * u,)(1 + O(|¢/L™|))¢* (¢/L™).

Combining with 0,4 = —al?a®) +ipl(a*) x 4*)) yields
Res,(0) = CL™(O(P)w,,, + O(*) (0% x u)g!(¢/LM)),

which can be estimated in Y, by C'L™"|z| since u(*) is an analytic and exponentially
decaying function. O

To proceed we write
uc,n(L ‘e) = wz,n(L ‘e) + gn,c(£>> us,n(L ‘e) = gn,s(£>

By construction we have vy(1,0) =0, and B, ,,(uy), Hen(u,) and Res,, locally at £ =0

have the form of a total derivative, i.e., ;v,(7,0) = 0, hence
v,(7,0) =0 V7€ [L%1], hence g¢,.(0)=0 VneN.

Remark 3.4 This is the reason why z in Theorem 1.1 can be explicitly given in terms
of the initial conditions. However, even if H,, were no derivative (but asymptotically
irrelevant) a result similar to Theorem 1.1 can be shown, with z then given by some
constant with complicated dependence on the initial data. To do so, we would define
Uen(L,0) = ws, n(1,€) + v,(1,€) with z, defined in such a way that v,(1,0) = 0 and

show that the sequence z, converges; see [BKL94|. This is not necessary here.

The penultimate estimate are the contraction properties of e(l’L_Q)‘:”Pc’fnRLfl when

acting on functions g with ¢g(0) =0, i.e.

g1y
Yn

|et=EmE Py /L)

<C
Y,

Me(l—L*Q)LQ”)\l(l/L”)|£/L|(1 +€4)—1 <1>
0

< CL M glly,-,

where we used g¢;(I/L) = (I/L)dg;(1) for some [ € [0,1]. Combining this with Lemma
3.1 we obtain, for L sufficiently large,

pn < CL  poy 4+ C(|2|L oy + (L*pn1)? + L7 (L pp_1)” + [2|L77). (3.14)
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Proof of Theorem 1.1. Let py < L™ =: ¢, hence also |z| < CL70, and let
L > Ly with L, sufficiently large such that CL™' < L= Then (3.14) implies
pn < L7079 wwith

m, = min{m,_1 + 1, mg +my,_1 —4,2m,_1 — 8, my + n}.

Choosing, for instance, mg = 9 yields m; = 10,my = 11,..., hence p, < L1179,

Therefore,
lun(1) = wonlly, = llat, /L") = fo(Ox(6/ L) (/L) |y, < L7000 (3.15)

Using || £-(0)(61(0) = x(¢/L™)¢'(¢/L")|ly < CL™ and |jufz~ < C|lully, this yields
(1.13) and hence completes the proof of Theorem 1.1. O
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