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Abstract

Whenthe steadystatesat infinity becomeunstablethrougha patternforming bifurca-
tion, a travelling wave maybifurcateinto a modulatedfront which is time-periodicin a
moving frame.Thisscenariohasbeenstudiedby B. SandstedeandA. Scheelfor aclass
of reaction-diffusionsystemson thereal line. Undergeneralassumptions,they showed
thatthemodulatedfrontsexist andarespectrallystablenearthebifurcationpoint. Here
we considera modelproblemfor which we canprove the nonlinearstability of these
solutionswith respectto smalllocalizedperturbations.This resultdoesnot follow from
the spectralstability, becausethe linearizedoperatoraroundthe modulatedfront has
essentialspectrumup to the imaginaryaxis. The analysisis illustratedby numerical
simulations.
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1 Introduction

Localizedstructuressuchaspulsesand fronts play an importantrole in the mathematical
theoryof informationtransport.Typical situationswheresuchnonlinearphenomenaarise
are the propagationof electromagneticwaves in wires or fibers [AA97, NM92], and the
motionof electricpulsesalongnerveaxons[Hux52]. An importantissue,bothfrom a theo-
reticalandapracticalpointof view, is therobustnessof thesesolutionswith respectto small
inhomogeneitiesof thepropagationmedium.

In a remarkablepaper[SS99], B. SandstedeandA. Scheelstudieda new bifurcationscena-
rio for traveling pulsesin reaction-diffusionsystemson thereal line. They investigatedthe
situationwherethehomogeneoussteadystateat infinity becomesunstableandbifurcatesto
a spatiallyperiodicTuring pattern.Theoriginally stablepulsethusundergoesan“essential
instability”, in the sensethat the essentialspectrumof the linearizedoperatorcrossesthe
imaginaryaxisat thebifurcationpoint. Undergeneralassumptions,theauthorsshowedthat
the original pulsebifurcatesto a “modulatedpulse” which is time-periodicin a uniformly
translatingframe.They alsoprovedthatthis bifurcatingsolutionis spectrallystable[SS00].
However, sincethespectrumof the linearizationextendsall the way to the imaginaryaxis
(without gap),this last resultdoesnot immediatelyimply thenonlinearstability of themo-
dulatedpulse.Theanalysisof [SS99, SS00] canbegeneralizedto front solutionsconnecting
two differentstableequilibria[SS01a,SS01b].In this case,modulatedfrontsmaybifurcate
from anexisting travelingwave if oneor bothof thereststatesat infinity becomeunstable.

In this paper, we go beyond the linear stability analysisof [SS00, SS01b]and we show,
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at leaston a specificexample,that modulatedfronts arenonlinearlystablewith respectto
spatiallylocalizedperturbations.In simpleterms,this resultimpliesthatinformationcanbe
transportedin a stablemannerevenif thepropagationmediumbecomesunstablethrougha
Turing bifurcation. To keeptheanalysisassimpleaspossible,we do not considerabstract
reaction-diffusion systemsasin [SS99], but we prefer to concentrateon a modelproblem
thatexhibits all featuresof the generalcase.Although this hasnot beenprovedso far, we
certainlyexpectthatall resultsbelow hold truefor generalreaction-diffusionsystemsunder
thesameassumptionsasin [SS00] (for pulses)or [SS01b](for fronts).

Our modelproblemis a Chaffee-Infanteequationfor thefirst variable� coupledto a Swift-
Hohenberg equationfor thesecondvariable� , namely:��� �
	 � �� �� ���� ��������� ��� ��� � ���������� ��	�� ��� � � �� � � ���! "�#���%$&�(')��* � �+�,� (1)

where � �.- �0/1�2�3� �.- �0/1�
465 , - 475 , and /98;: . This systemis especiallyconvenientto
analyze,becauseit couplestwo scalarequationswhich areratherwell understood.In what
follows,thespeedparameter�2� andthecouplingparameter' will befixed,with :<=�2�>< �
and '9?@: not too big (seeTheorem2.3below). Our bifurcationparameter will thenvary
in a neighborhoodof the bifurcationpoint  A	B: . To cover all interestingcases,we shall
considerthreedifferentfunctions * , namelyC �"* � �D�,	 � �(� � � C1C �E* � �D�,	 � ���F� C1C0C �"* � �+�,	 � �G�FH
For all choicesof * , system(1) possessestwo spatiallyhomogeneousequilibria � �F�3�I�	�KJ� �L:�� andaone-parameterfamily of front solutions� �F�3�I�,	 �NMLOQPSRF�0�N- ���2�3/T� - ���1U�V��2�L:W��� - �X4Y5Z� (2)

connectingtheseequilibria. For  [<\: , the equilibria and the family of front solutions
areasymptoticallystablewith someexponentialrate. When  crossesthe origin from left
to right, someof the equilibria becomeunstable,dependingon the particularchoiceof * .
In caseI, thesteadystatesaheadof andbehindthe front undergo a Turing bifurcationand
spatiallyperiodicequilibria arecreated. In caseII, this happensonly for the steadystate� �F�3�I�Z	 ��� �L:�� aheadof the front, andin caseIII only for thesteadystate � �F�3�I�Z	 � � � �L:W�
behindthefront. In this respect,caseI is closeto thecaseof apulse.

At the bifurcationpoint  ]	^: , the front solutions(2) becomeessentiallyunstableand,in
casesI andII, a family of modulatedfronts is created.Thesesolutionsaretime-periodicin
a moving framewith speed�`_a��� , andthey connecta spatiallyperiodicTuring patternat- 	A�cb to anotherTuringpattern(caseI) or to theuniformsteadystate � � � �L:W� (caseII) at- 	d�eb , seeFig. 1. Weshallnot considercaseIII any longer, sincetheanalysisin [SS01a]
shows thatat leastgenericallyno modulatedfrontsexist in thatcase;typically thepatternis
outrunby thefront, seefig.6 on page44 for an illustration. As for thestability, it turnsout
that in caseII thefamily of modulatedfronts is asymptoticallystablewith exponentialrate.
This canbeprovedrathereasilyusingweightedspaces,seesection6. Thusthechallenging
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Figure1: Modulatedfronts for (1) in casesI (left) andII (right). The snapshotsshow the� -componentobtainedfrom genericinitial dataat somelargetime;seealsosection7.

casein proving stability is caseI. In this situation,the linearizationaroundthemodulating
frontshascontinuousspectrumup to the imaginaryaxis. It is the purposeof this paperto
explainhow neverthelessthenonlinearstabilityof thesesolutionscanbeshown.

Remark 1.1 In caseI, themodelproblem(1) seemsnon-generic,sincebothhomogeneous
equilibria �fJ`� �L:W� undergoa Turing bifurcationat thesamevalueof theparameter . In fact,
weimplicitly restrictour analysisto systemsfor which thedestabilizationof bothequilibria
hasthe sameorigin (in our example, this is the coupling of the bistable � -equationto a
singleSwift-Hohenberg equation).Thisalsoexplainswhythewavelengthsof thebifurcating
patternsaheadof and behindthe front coincide. As wasobservedby oneof the referees
of this paper, it would then be more natural to considerthe caseof a pulseinsteadof a
front. But thenwe would haveto replacethe scalar � -equationin (1) by a VhgGV system,
which makestheanalysisevenmore intricate. Also,wefoundit interestingto encompassall
possiblecases(I, II, andIII) in a single, relativelysimplemodel.

Acknowledgments: This work wassupportedby the French-Germancooperationproject
PROCOPE00307TKentitled“Attractorsfor extendedsystems”.TheauthorsalsothankB.
SandstedeandA. Scheelfor stimulatingdiscussions,andbothrefereesfor usefulcomments
andsuggestions.

2 Main Results

In thissection,wegiveour resultsin themostinterestingcase,i.e.when * � �D�0	 � �X� � in (1).
To simplify thenotation,we rewrite (1) in theform�W�ji 	lk � � � � i �Gm � i �n� (3)

where
i 	 � �F�3�I� and

k � � � � o � �qp 	 o � �� �� ��� � � �� � � �rp � m o � �qp 	 o �� � �����2�2� �s� ��� � ���G� E�c��� $ �(')� ��� �(� � �)p H
In theinvariantsubspacet � �"�0�S�Eus�v	w:Ix , system(1) hasexactly threehomogeneousequili-
bria, namely

i �y	 � �2�z�L:W� and
iT{ 	 �fJ`� �L:W� . In addition,thereexistsa family of traveling
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waves
iT| �N- �0/1�Z	 �K}F�.- �!�2�0/2�L:W�1� connecting

in~
to
iT�

. Theprofile } satisfiestheordinary
differentialequation }�� � �G��� }S� � �K} ���2�2� ��� � } � �0U�Vc	]:#� (4)

togetherwith theboundaryconditions }F�KJ b=�#	 J`� . Up to translations,theuniquesolu-
tion is }"�.� �	 MLOQPSRF��� U�V�� . The function

iE| �N- �0/1� will be referredto asthe “original front
solution”,asopposedto the“modulatedfront” whichwill beconsideredbelow.

To studythestability of thefront solution
iE|

, it is advantageousto go to a comoving frame.
Thenew spacevariablewill bedenotedby � , i.e. � 	 - ���2�0/ . System(1) thenreads����i 	lk � ��� � i �!�2� ����i �!m � i ��H (5)

We first investigatethestability of thehomogeneousequilibria
i�{ 	 �KJ� �L:W� . Linearizing

(5) at
i 	 iT{ , weobtain

����i 	Ak � ��� � i �G��� ����i �!��m � iT{ � i , or explicitly��� �
	 � �� ���G��� ��� ��� �s��� �����s���������� ��	�� ��� � � �� � � �e�!�2� ��� �>�! "��H (6)

Thespectrumof thelinearoperatorin theright-handsideis easilycomputedif wedecompose�F�3� in Fouriermodes����� � . Wefind � { 	�t+�� { � �K� �Eu � 4Y5qx��
t+�� � �K� �Eu � 4Y5qx , where�� { � �K� �&	�� � � � ����� �2�2���!�2�L� � � �� � �K� �n	d� �s� � � � � � �! ��G���L� � H (7)

Since:�<����Z< � weimmediatelyconcludethatthetrivial equilibria
iT{ 	 �KJ� �L:W� arestable

for  (<=: andunstablefor  �?�: .
Wenext considerthestabilityof theoriginal front

iE| ��� ��	 �f}"�.� �2�L:W� , which is asteadystate
of (5).

Notation: For �
4 �&��	@�9��t¡:Ix wedenoteby ¢�£¤ � 5r� thespaceof all functions�Y¥�5@¦§5
whichareboundedanduniformly continuoustogetherwith theirfirst � derivatives.Weequip¢ £¤ � 5r� with thenorm ¨2�,¨�©�ª« 	w¬ £1® �°¯0±�² �z³2´ u � � � �N- ��u .
Theorem 2.1 For  �<�: thefamily t iT| �sµ � � �L�Eu � �¶4·5Zx of frontsolutionsis asymptotically
stablewith exponentialrate ¸
?=: (dependingon  ). Moreprecisely, givenany ¢¹?�: , there
exists º�?�: such that, for all

i �X4�»¼¢ �¤ � 5r�j½ � with� PS¾�s¿ ³2´ ¯0±S²� ³2´ ¨ i � �.� �E� iE| �.� � � �2��¨ ´%ÀZÁ ºy�
system(5) hasa uniqueglobal solution

i 4�¢ � � »¼:S�L�cb=�2��»�¢ �¤ � 5��s½ � � with initial data
i � ,

andthereexists � � 4Y5 such that¯1±�²� ³2´ ¨ i �.� �0/1�"� iT| �.� � � � ��¨ ´%À Á ¢c� ~%Â�� for all /�8@:vH
Proof. Thestrategy is standard,see[Sat77]or section5.4 in [Hen81].Linearizing(5) at

iE|
,

weobtain
����i 	lÃ i , whereÃG	]k � ��� ���G��� �W� �!�Äm � iE| � . Explicitly,��� �
	 � �� ��G��� ��� �� �� ��� ��VQ�2� } �(Å } � ���v�G�`���� ��	�� ��� � � �� � � �e�!�2� ��� �e�! "�v�Æ' ��� � } � ���H
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We have to studythespectrumof the linearoperatorÃ in ¢ �¤ � 5�� , or equivalentlyin k � � 5r� .
Due to translationinvarianceof the original system,the operatorÃ hasa zeroeigenvalue
with eigenfunction

i �| 	 �f} � �L:W� . If  =<Ç: , we claim that therestof thespectrumis strictly
containedin the left half-planeof thecomplex plane. Indeed,theessentialspectrumis de-
terminedby the linearizationaroundthe steadystates

iT{
, henceit follows from (7) that��È.ÉÊÉ � Ã¶�ZË�t¡Ì�4(Í
u�Î � ÌW� Á � �zx , where

� �X	�Ï O¡Ð+�  ��z� � ���2�2�><]: . Assumenow that
�

is
anisolatedeigenvalueof Ã with Î � � ��? � � , andlet �i 	 � ���� ��I� bea(nonzero)eigenfunction.
Then �i ��� � decaysexponentiallyas u � u�¦ b , and �� satisfiesthedecoupledequation� �s� � � �� � � ��e�!�2� �W� ��>�! ��#�(' ��� � } � � ���	 � ��H
Taking the scalarproductof both sideswith �� andusingthe fact that ' ��� � } � �Ä?a: , we
obtaintheinequalityÎ � � ��¨ ���¨ �Ñ À Á �`¨ ��� � � �� � ���¨ �Ñ À �! q¨ ��Ò¨ �Ñ À Á  Z¨ ���¨ �Ñ À �
which implies that ��Ó	B: dueto  d<6: . It follows that Ô ��!	 � �� , where Ô is the second
orderdifferentialoperatorÔ]	 � �� �!�2� ��� � �V �s� ��VQ�2� } ��Å } � �nH
We know that : is a simpleeigenvalueof Ô , andthat the correspondingeigenfunction} �
is positive. By Sturm-Liouville theory, the other isolatedeigenvaluesof Ô areall strictly
negative. We concludethateither

� 	]: (in which case ��h	]¢ } � for some¢¹?@: ) or
� <@: .

Thus,thereexists ¸Ó?l: suchthat � � Ã¶�qËdt¡:�xq�9t¡ÌÄ4ÓÍ9u�Î � ÌW� Á �Z¸Tx . Now, applyingfor
instancethecentermanifoldtheorem[Hen81],weobtainthedesiredresult. Õ
Accordingto Theorem2.1,for  (<=: informationcanbetransportedin thesystemusingthe
stablefronts

iE|
. We now considerthebifurcationthatoccurswhen  crosseszerofrom left

to right. In whatfollows,weset  9	@Ö � ?�:v�
where Ö9?7: is a small parameter. It is clearfrom (7) that the homogeneoussteadystatesiT{

arenow unstable,andsois thefront solution
iE|

. Remarkthat,when  crosseszero,the
essentialspectrumof the linearizedoperatorÃ crossesthe imaginaryaxis,so thatclassical
bifurcationtheoryis notapplicable.

For lateruseweremarkthat,when Ö�?=: is nottoobig, thespectrumof Ã canbe“stabilized”
if we introduceexponentiallyweightedspaces,see[Sat77]. Indeed,if we set

i �.� �0/1�·	� ~%×��TØi ��� �0/1� for someÙÆ?�: , thelinearequation
����i 	lÃ i becomes

�W� Øi 	]Ã × Øi , whereÃ × 	Ak � �W� ��ÙT���G��� � ��� ��ÙE�Ò�!��m � iE| �,H
Proposition 2.2 Fix :A<Ú� � <Ú��� . There exists Ù°��?;: such that, if :A<ÛÙB<ÜÙ°� andÖ � Á � � Ù , thereexists Ý�?=: (dependingon Ù ) such that thespectrumof Ã × satisfies� � Ã × ��ËÇt¡:Ix��9t¡Ì`4ÞÍ9u�Î � Ì�� Á �>V�Ý)xcH
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Proof. Theessentialspectrumof Ã × is��È.ÉÊÉ � Ã × �&	dtD�� � � �f� �G�ÊÙE�Eu � 4Y5qx��
t+�� ~� �K� �G�ßÙE�Eu � 4 5qx��9tD�� � �f� ���ÊÙE�Eu � 4Y5qx`�
see(7). Clearly, Î � �� { � �K� �v�ßÙE�0� Á � � ���2� ��� �ZÙE�à�vÙ � <�: if Ù is sufficiently small.Similarly,Î � �� � �K� �G�ßÙE�0��	lÖ � ���2�3Ù���á � � Ù � � ��� � � � �GÙ � � � Á Ö � ���2�LÙÄ��á�Ù � ��� ��V¡Ù � �nH
Thus,if Ö � Á � � Ù and Ù�?@: is sufficiently small,then ��È.ÉßÉ � Ã × �¶Ë�t¡Ì�49Í9u�Î � ÌW� Á � �zx for
some

� �X<=: dependingon Ù .

Assumenow that
�

is anisolatedeigenvalueof Ã × with Î � � �¶? � � , andlet
Øi 	 � Ø��� Ø��� bea

nonzeroeigenfunction.Proceedingexactly asin Theorem2.1,we show that
Ø�Ä	�: andthat� ��� ��	A� ~%×à� Ø� �.� � is aneigenfunctionof theSturm-LiouvilleoperatorÔ , sothateither

� 	A:
(in whichcase��	l¢ } � for some¢â?=: ) or

� <=: . Thisconcludestheproof. Õ
Of course,Proposition2.2 doesnot imply stability of the front

iE|
when  6?B: , because

the nonlineartermscannotbe controlledin the weightedspace.Nevertheless,the spectral
stabilizationpropertywill beoneof thekey ingredientsin thestabilityproofof themodulated
fronts,seesection5.1andsection6. Theproofof Proposition2.2is alsotheonly placewhere
aparticularstructureof our modelsystemis really used,seeRemark2.10.

In orderto find new stablestructuresneartheoriginal front
iE|

, we first considerthebifur-
cationscenariofor thehomogeneoussteadystates

iT{
. If we restrictourselvesto thespace

of periodicfunctionswith period V¡ã , we canapplyclassicalbifurcationtheory. Indeed,the
spectrumof thelinearizationk � � � ���!�Äm � iT{ � consistsof theeigenvalues� { � �f� �&	d� � � � �s��� �����&� � � �K� �n	d� �s� � � � � � �! 
� (8)

where � 4 ä (or � 4 �&� if we furtherrestrictthespaceto evenfunctions).In thelattercase,
as  crosseszero,a singleeigenvalue

� � ��� �v	^ crossesthe imaginaryaxis, while all the
otheronesstaynegative andboundedaway from the origin. As is easyto verify, this is a
supercriticalpitchfork bifurcation. Thus,for  w	åÖ � ?6: small enough,thereexist stable
periodicequilibria

i {æ È�ç �.- � satisfying u i {æ È.ç � i�{ uW	�è � ÖQ� . This patternforming bifurcation
is oftenreferredto asa “Turingbifurcation”,see[Tur52].

Theorem 2.3 Fix �2�Z4 � :S� � � . Thereexist Ö¡�Z?�: and '��Z?�: such that,for all Ö4 � :S�0Ö¡�L� and
all 'Þ4 � :S�0'��3� , thereexist two families t i {æ È.ç �.- � - ���Eu - �q4Y5qx of smoothperiodicequilibria
of (3), satisfying

i {æ È�ç �.- �&	 i {æ È.ç �N- �!V¡ã"� for all - 4Y5 , andi {æ È�ç �.- �&	 �fJ`� � Öêé {V � �2�&ë�ì ¯ - �0Öêé { ë�ì ¯ - �"��è � Ö � �n�
with é { � �2�z�0'+�,	 �í $ �=è � '+� .
Proof. Seesection3.1. Õ
For simplicity, we restrictourselves to the caseof periodicequilibria with period V¡ã , but
thebifurcationargumentabove alsoappliesto periodicfunctionswith a nearbyperiod,see
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[CE90] for a completediscussionin thecaseof theSwift-Hohenberg equation.As is well-
known [Eck65], the bifurcating periodic equilibria are linearly stableif and only if their
periodis closeenoughto V¡ã .

In what follows, we fix ���4 � :I� � � , '�4 � :S�1'I�3� , andwe alwaysassumethat ÖY?d: is suffi-
ciently small (in particular, :Y<wÖ�<ÇÖ¡� ). Althoughthe linearizationaroundthebifurcating
equilibria

i {æ È.ç hascontinuousspectrumall theway to theimaginaryaxis,thenonlinearsta-
bility of thesesolutionswith respectto spatiallylocalizedperturbationscanbeshown using
thetechniquesdevelopedin [Sch96, Sch98a,Sch98b].

Notation. For �!4�� , let î £ � 5�� bethe(Sobolev) spaceof all functions �(4�k � � 5�� whose
first � derivativesarealsoin k � � 5�� , equippedwith thenorm ¨2�,¨�ï ª 	 � ¬ £1® � ¨ � � �&¨ �Ñ À � �fð�� .
For ñv8]: , weset ò £ ó 	�t�� 4
î £ � 5��Eusô ó � 4
î £ � 5��2x where ô �N- ��	 �s� � - � � �fð�� . Thespaceò £ ó is equippedwith thenorm ¨2�,¨2õ ªö 	÷¨2ô ó �,¨�ï ª .
Theorem 2.4 Let ÖÓ?^: be sufficiently small, and let

i æ È.çc	 i �æ È.ç or
i æ È.çc	 i ~æ È.ç , wherei {æ È�ç are theperiodicequilibria constructedin Theorem2.3. There exist ¢y�Lº`?A: such that,

for all øù�y4 � ò �� � � with ¨àøù�Q¨zú õ ÀÀjû À Á º , equation(3) hasa uniqueglobal solution
i �N- �0/1�q	i æ È�ç �.- �F�!ø �.- �1/1� with initial data

i æ È.çD��ø°� . Moreover, ¨àø � /1�ü¨ ú ÑQý ú ´ ûßû À Á ¢ ��� ��/1� ~ �fð�� for
all /r8@: .
Proof. Seesection3.4. Õ
Remark 2.5 Much moreis knownabouttheasymptoticbehaviorof theperturbationø �.- �0/1�
as /,¦ b . Undertheassumptionsof Theorem2.4thereexists øùþZ4Y5 and ÿ�?�: such that

¯1±�²�z³2´����� ø �N- �0/1�T� �� / øùþ�� Ð ² o � - �áWÿ�/ p � � i æ È.ç �N- � ���� 	�è � /
~ � ��� � as /&¦ b �

for somearbitray but fixed � ?w: , seeTheorem2.8below. Thus,spatially localizedpertur-
bationsvanishasymptoticallyasa solutionof a linear diffusionequation.

Finally, westudythebifurcationthatthefront
iE|

undergoeswhen  crosseszero.For  Ó	=Ö �
sufficiently small, in additionto the (unstable)original front

iE|
, equation(3) hasa family

of modulatedfrontsconnectingthestableequilibria
i ~æ È�ç and

i �æ È.ç . Thesebifurcatingsolu-
tions aretime-periodicin a framemoving with speed�Ä	a�2�r�wè � Ö � � , andtheir profile isè � ÖQ� -closeto theoriginal front

iT|
. Thisbifurcationscenariohasbeenthoroughlystudiedby

B. SandstedeandA. Scheelfor generalreaction-diffusionsystemsin [SS99, SS01a]. Unfor-
tunately, ourmodelproblem(1) doesnotexactlyfit into thisabstractframework, becausethe
fourth orderSwift-Hohenberg equationis not a reaction-diffusionsystem.For this reason,
theproofof thefollowing resultwill beoutlinedin section4.

Theorem 2.6 For ÖÞ?7: sufficiently small there existsa modulatedfront solutionof (3) of
theform i �.- �0/1�&	 i	��
 �.- ���L/2� - �n� - 4Y5l� /r4·5A�
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where
i	��
 �� � - � is V¡ã -periodicin its secondargumentand �q	l���T�=è � Ö � � . Moreover, there

exist positiveconstants¢c�3Ù � �3Ù � (independentof Ö ) such that¯0±S²��� �z³2´ u i���
 ��� � - �T� iT| ��� �üu Á ¢yÖc�
and ¨ i	��
 �� � µ �E� i �æ È.ç �sµ � - � �ü¨ ú ï À ú � � ��� ûßû À Á ¢c� ~%×�� � � � 8@:c�¨ i	��
 �� � µ �E� i ~æ È.ç �sµ � - ~ �ü¨ ú ï À ú � � ��� ûßû À Á ¢c��� × À � � � Á :v�
for some- { 4�»¼:S�LV¡ã"� .
Proof. Seesection4. Õ
Remark 2.7 Dueto translationinvarianceof theoriginal problem,

i	��
 �.- ���2/S� - �ü� - � - � �
is alsoa solutionof (3) for all - �ü� - � 4(5 . Thus,without lossof generality, wecanassume
that - ~ 	Ç: in Theorem2.6. We mayalsobreakthetranslationinvariancein thevariable �
by imposing

i	��
 � :I�L:W�,	A: .
Wearenow ableto stateourmainresult,whichshowsthatthefamily of modulatedfrontsis
asymptoticallystablewith respectto small, localizedperturbations.We recall that Ù°� is the
positiveconstantdefinedin Proposition2.2.

Theorem 2.8 For ÙG4 � :S�3Ù°�2� and Ö�?]: sufficientlysmall,there exist positiveconstants¢ ,Ý , º , ÿ such that thefollowing holds.For all ø°�e¥W5w¦ 5 � with ¨àø°� �.- � �.- � �!� × � �ü¨ ú ï À û À Á º
there existsa uniqueglobal solution

i �.- �1/1� of (3) with initial data
i �.- �3:W�>	 i	��
 �.- � - ���ø°� �.- � . Moreover, thereexistsa shift function �¥Q5 � ¦\5 andtworealconstants��þ , øùþ such

that
i �.- �0/1� canberepresentedasi �.- �0/1�Ä	 i	��
 �N- ���L/T��� � /1�2� - ����ø �.- �0/1�&� - 4·5 ��/�8@:q�

where ¯1±�²�z³2´ ���� ø �N- �0/1�T� �� / øùþ�� Ð ² o � - �á�ÿW/ p � � i ~æ È.ç �N- � ���� Á ¢/ $ ð�� � /�8 � � (9)

and u � � /1�T���zþQu2� ¯0±S²� ³2´ u ø �� �G�2/2�1/1�1� × � u Á ¢#� ~��1� � /r8@:#H (10)

Proof. Seesection5. Õ
Remark 2.9 Fromtheproof it will beclear that thedecayin (9) canbeimprovedto / ~ � ���
with arbitrary small �Ä?=: . For simplicitywestick to / ~ $ ð�� .
Remark 2.10 Asweexplain in section5.1,theessentialpropertiesof system(3) thatweuse
are the stability of the Turing pattern

i ~æ È.ç behindthe front, and the fact that thespectrum
of thelinearizedoperator canbestabilizedusingappropriateweightedspaces.Thus,Theo-
rem2.8 will hold for anyof the reaction-diffusionsystemsconsidered in [SS01a] provided
onecanprovetheanalogueof Proposition2.2andTheorem2.4.

9



a) t=0, localized perturbation ahead
of the front behind the front

b) t=O(1), perturbation transported 

c) t>>1, diffusive decay way behind the front

Figure2: Spatially localizedperturbations(a) are transportedbehindthe modulatedfront
(b), wherethey aredampeddiffusively (c).

Theorem2.8showsthatsmall,spatiallylocalizedperturbationsof themodulatedfront donot
destroy the form of

i	��

, but leadto a finite shift �zþ . In fact, theperturbationis transported

behindthefront,whereit vanishesdiffusively, seefig.2. Thus,informationcanbetransported
in a stablemannerevenin essentiallyunstablemediaexhibiting a Turingbifurcation.

Exponentialweightshave beenwidely usedto prove thestability of frontspropagatinginto
unstablestates,see[Sat77,CE90,Gal94, ES02].In ourcase,theinvadedsteadystate

i �æ È.ç is
in factstable,but this fact is not usedin theproof of Theorem2.8. If we usein additionthe
stability of theequilibrium

i �æ È.ç , it shouldbepossibleto replacetheexponentialweight � × �
with apolynomialone,in whichcasetheconvergenceof � � /1� andthedecayof ø �.- �!�L/1� in
(10) will bealgebraic(i.e. like someinversepower of / ). In any case,thedecayof ø �.- �0/1�
in thelaboratoryframewill alwaysbealgebraic,becausethis is whatwe have for localized
perturbationsof theperiodicsteadystate

i ~æ È.ç �N- � , seeTheorem2.4.

Thispaperstandsin line with [BK92, ES02,ES00],wherethediffusivestabilityof aground
state,herethe spatiallyperiodicequilibria

i {æ È.ç , hasbeenusedto prove diffusive stability
of morecomplicatedstructures.In contrastto thesepapers,we have to dealherewith an
additionalzeroeigenvaluewhich leadsto theshift � � /1� in Theorem2.8.

We proceedasfollows. In section3 we prove theexistenceandthestability of the Turing
patterns

i {æ È.ç �N- � . Section4 containsa shortproof of Theorem2.6, i.e. the constructionof
the modulatedfront solutions. In section5 we prove Theorem2.8. The proof is basedon
a strategy similar to the oneusedin [ES02]. The methodis improved in the sensethat in
contrastto [ES02], where ÙA	[è � ÖQ� , herewe canchooseÙA	 è ��� � which simplifiesthe
proof. Section6 is devotedto thestability of modulatedfronts in caseII. As alreadysaid,
thesesolutionsareasymptoticallystablewith anexponentialrate. In section7 we illustrate
our analysiswith numericalsimulations,alsoshowing computerexperimentsfor a model
with modulatedpulses.Theseresultsindicatethattheassertionsof Theorem2.8remaintrue
for relatively largevaluesof Ö and º .
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3 Existence and stability of Turing patterns

Theaim of this sectionis to give a shortproof of Theorems2.3 and2.4. This will bedone
by adaptingto system(1) someknown resultsaboutexistenceandstabilityof periodicsolu-
tions for theSwift-Hohenberg equation.Theexistencepart is a ratherstandardbifurcation
argument,seee.g. [CE90] for moredetails.Thestability proof is basedon previousresults
by thesecondauthor[Sch96,Sch98a, Sch98b].

3.1 Existence

We are interestedin V¡ã -periodicstationarysolutionsof (3) that bifurcatefrom the homo-
geneoussteadystates

i�{ 	 �fJ`� �3:W� asthe parameter becomespositive. Sinceequation
(3) remainsinvariantif � i �L�2�2� is replacedwith � � i �z�X�2�2� , it is sufficient to investigatethe
solutionsthatbifurcatefrom

in~ 	 � � � �L:W� . Setting
i 	 i&~ � � , weobtainthesystem�W� � 	"!#� �%$ � ����� (11)

where! o#& �& � p 	 o � �� & � � �s� �!�2��� & � � & �� ��� � � �� � � & � �! & � p �'$ o(& �& � p 	 o �� � ÅZ�!�2�2� & �� � �� & $�� & $� �Æ' & � � V & � � & �� � p H (12)

Westudysystem(11) in theHilbert space) 	Aî �æ È.ç � � � 5�� � , whereî �æ È�ç � � � 5��Z	dt��·4Þî �*,+.- � 5r�Eus� �N- �¶	]� �.- ��V¡ã"�2�T� �.- �,	l� � � - �2�	/ - 4·5Zx%H
In otherwords,in thespaceof V¡ã -periodicfunctions,we freezethetranslationinvarianceby
assumingthe function � to beeven,a symmetrythat is preservedunderevolution. In the
space) , thelinearoperator! in (11)hascompactresolvent,hencepurelydiscretespectrum.
Its eigenvaluesare t � ~� �K� �Lx � ³10 ¿ and t � � �K� �Lx � ³�0 ¿ , where� ~� �K� �n	�� � � � �s� �G���L�n� � � �K� �,	�� �s� � � � � � �! 
�
see(8). As we shall show, whenthe largesteigenvalue

� � ��� �X	7 crossestheorigin (from
left to right), a supercriticalpitchfork bifurcationoccurs: the origin � 	 � :S�L:W� loosesits
stability, andapair of stableequilibriais createdat adistanceè � �  T� of theorigin.

If  Ú? � ��� �â�2��� , the largesteigenvalue  of the operator ! in k �æ È�ç � � is simple, with
eigenvector 2 �.- �&	 � Ô ë�ì ¯ �.- �2� ë�ì ¯ �.- �1��� whereÔA	 �VZ�G���E�G H
Let 3(4r	6t65 2 u75Ä4(5qx and 3 ó 	 ��� �98#�7) , where 8^¥:)§¦ ) is thespectralprojection
onto the one-dimensionaleigenspace3#4 of ! . By construction,8;� 	 �=< �d� 2 for all� 4>) , where < ¥?) ¦ 5 is theboundedlinearform definedby< o(& �& � p 	 �ã @ ���� & � �N- � ë�ì ¯ �N- �BA - H
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Fromnow on, we assumethat u '&u Á '�� for some'���?â: which will be fixed later. By the
centermanifoldtheorem,if u  Zu is sufficiently small,system(11)hasaone-dimensionallocal
centermanifoldof theform C 4�	dt65 2 � D � 5��Euüu 5)uQ< 5z�zx%�
where 5z�?â: and DG¥ � �(5z�ü�E5��2�>¦ 3 ó is a ¢ $ functionsatisfying D � :W�>	÷: , D � � :��>	÷: . In
addition, D maps � �(5z�ü�E5��2� into thedomainof ! , andthefollowing identityholds:D � � 5Q��Fz �5q� < $ � 5 2 �9D � 5Q�0�HGY	I!#D � 5���� ��� �J8#�$ � 5 2 �9D � 5Q�0�2� u 5)uW< 5z�zH (13)

Theevolutiondefinedby (11)on

C 4 is givenby thereducedsystemK5c	] 	5q� < $ � 5 2 � D � 5��1��H (14)

Since D � 5Q��	 è � 5 � � as 5Y¦ : , it follows from (12) that $ � 5 2 �LD � 5Q�0�v	M5 �ON �wè � 5ê$�� ,
where N �.- �,	PF ÅX�G���V Ô � ë�ì ¯ � �.- �����eV¡')Ô ëàì ¯ � �N- �.G�H
Remarkthat < N 	â: , sothat < $ � 5 2 �QD � 5Q�0�¶	÷è � 5¡$2� . On theotherhand,since D(4�¢y$ ,
thereexists R�4S3 ó suchthat D � 5Q�e	TRU5 � �Aè � 5ê$L� . Insertingthis expansioninto (13) and
keepingonly the lowestorder termsin 5 , we obtainthe relation � !l�]VQ ��HRÆ� N 	 : . It
follows that R �N- �n	 �=V ë�ì ¯ � V - �"�G�Y�XW ë�ì ¯ � V - ���GÿI�2�
where W¶	 �q')ÔY �! � ÿ	 �Z')Ô� �G � V 	 W�� $ � 4 ¿� Ô �Z �G���T��VQ � �6	 ÿe� $ � 4 ¿� Ô �� ���2�E��VQ H
Usingthis information,weconcludethat < $ � 5 2 �9D � 5Q�0�,	��>é[5 $ ��è � 5 � � , whereé	 Åá ��' F V ��Vê���GÔ � W,��VêÿI�"� Åá Ô � G H
It is clearthat é
?¹: if '!4 � :S�0'��L� for 'I�?�: sufficiently small. In this case,if  =	¹Ö � is
smallenough,equation(14) hasexactly threeequilibria in a neighborhoodof size 5�� of the
origin: 5y	]: and 5y	"5 { , where5 { 	 J Ö� é �=è � Ö � �2� as Ö�¦ :IH
By the centermanifold theorem,equation(11) hasalsothreeequilibria in a neighborhood
of zero in ) , namely � 	Ú: and � 	\� { 	]5 { 2 �^D � 5 { � . Since(11) is translation
invariantin the spacevariable - , it is straightforward to verify that � ~ �.- ��	_� � �.- �lã"�
for all - 4�5 . Thus,equation(11) hasin facta uniquefamily t`� æ È.ç �.- � - ���Eu - ��4G5qx of
non-constantV¡ã -periodicsolutionsin aneighborhoodof theorigin, where� æ È.ç"	 Ö� é 2 ��è � Ö � ��H
Setting

i ~æ È.ç 	 � � � �L:W���a� æ È.ç , weobtainspatiallyperiodicequilibriaof (3) with thedesired
properties. As was alreadymentioned,

i �æ È.ç is obtainedby replacing �2� with �>�2� in the
expressionof � i ~æ È.ç . Thisconcludestheproof of Theorem2.3.
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3.2 Bloch waves

Thefirst stepin thestability analysisof theTuring patternsis studyingthe linearizationof
(3) around

i {æ È.ç . Since
i {æ È.ç �N- � are spatially periodic functionsthe associatedeigenvalue

problemis naturally formulatedin termsof Bloch waves. In this sectionwe briefly recall
thedefinitionof theBloch wave transformandlist a few identitiesthatwill beusefulin the
sequel.For a rigorousintroductionto Blochwavestechniques,we referto [RS72].

Thestartingpoint of Bloch wave analysisin thecaseof a V¡ã -periodicunderlyingpatternis
thefollowing (formal) relation� �.- �h	cb ��d~ed ��f � � Ø� �K� �gA � 	Ü¬ £ ³�h b �fð��~ �fð�� ��f ú £ ��i û � Ø� � ����jz��Aej	 b �fð��~ �fð�� ¬ £ ³1h � f ú £ ��i û � Ø� � ���kjz�BAejÇ	 b �fð��~ �fð�� � f i � �� � jê� - �BA�jÞ� (15)

where
Ø� is theFouriertransformof � definedby

��l �D� �f� ��m Ø� �K� ��	 �V¡ã @ ��d~ed � �.- ��� ~ f � � A - �
and �� is theBlochwave transformof � definedby�=n �D� � jê� - �'m �� � jê� - ��	]o £ ³1h � f £ � Ø� � ����jz�nH (16)

FromPlancherel’s theoremandParseval’s identity weeasilydeducetherelation@ ´ u � �.- �üu � A - 	 @ �fð��~ �fð�� F @ ���� u �� � jê� - �üu � A - GpAejX�
which shows that the Bloch wave transform n definedin (16) is an isomorphismbetweenk � � 5�� and k � �1� � � U�VI� � U�V��¡g � :S�2V¡ãF�0� . Theinversetransformis givenby (15),namely

� �.- �,	 �qn ~ � ��)� �N- �n	 @ �fð��~ �fð�� � f i � �� � jê� - �gAejÞH
Wenotetheusefulelementaryproperties�� � jê� - �h	Û��f � �� � j&� � � - �&��� � jê� - �h	 �� � jê� - �!V¡ã"�&��� � jê� - �h	 �� � �#jê� - � for real-valued ��H
TheBlochwave transformof theproduct�ù� is aconvolution

�=r�ù��� � jê� - ��	 @ �fð��~ �fð�� �� � jr�sj � � - � �� � j � � - �gAej � m � ��ut ���� � jê� - �nH
On theotherhand,if � is V¡ã –periodicwesimplyhave�=r�ù��� � jQ� - ��	 �� � jê� - �s� �.- �nH
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Let �E�2ñc4Y� , andlet ò £ ó 	Aò £ó � 5r� betheweightedSobolev spacedefinedby thenorm

¨2�,¨2õ ªö 	 v £ow ® � @ d~ed u �:w� � �.- �üu � �s� � - � � ó A -9x �fð�� H
Theimageof ò £ ó undertheBlochwave transformationis thespace �ò £ ó definedby thenorm

¨ ��&¨:yõ ªö 	 v óo 0® � £ow ® � @ �fð��~ �fð�� @ ���� u � i ��w� �� � jê� - �üu � A - Aej x �fð�� H
It is notdifficult to show thatthereexists ¢¹8 � suchthat¢ ~ � ¨2�,¨2õ ªö Á ¨ ���¨ yõ ªö Á ¢�¨2�&¨2õ ªö �
for all �Y4Þò £ó .
In thesequel,we mainly work with thespacescorrespondingto ñ�	]�Y	wV or ñe	]: , �Y	ÇV .
To boundthenonlineartermswe needthefollowing estimates.If �94(ò �� and �h4(ò �� , then�ù��4Þò �� and ¨ r�ù�Ò¨ yõ ÀÀ 	 ¨ ��zt ���¨ yõ ÀÀ Á ¢�¨ ���¨ yõ ÀÀ ¨ ���¨ yõ À¿ H
If �Y4
ò �� and D 4>{ �| � 5�� , then DD�Y4Þò �� and

¨ rDD��¨:yõ À¿ Á ¢�¨1Dn¨E} À~ ¨ ���¨�yõ À¿ � where ¨1Dn¨E} À~ 	 �o 0® � ¯0±�²�z³�´ u � � D �.- ��uêH
Notation. If � is a linear operator, we defineits Bloch wave transformby ��Û	 n � n ~ � .
For instance,if ��� is thetranslationoperatordefinedby � ����DÒ� �.- �&	LD �.- �J�I� , then������ ��+� � jê� - ��	[� ~ f i � �� � jQ� - �J���,H
3.3 Linear stability

In thissection,westudythelinearizationof (3) aroundthespatiallyperiodicequilibria
i {æ È.ç .

Sinceonly thestabilityof
i ~æ È.ç will beusedin theproofof Theorem2.8,weshallconcentrate

hereon this case.Setting
i 	 i ~æ È.ç ��ø in (3), weobtainfor ø thelinearizedequation��� ø;	��Úød� ì�� �1� ± ��� O�� � PWME��� ��� �ø;	 �� �ød� (17)

with � 	6k � � � ���@�Äm � i ~æ È.ç � . Our goal is to localizethespectrumof the linearoperator� in thespacek � � 5r� (actually, theresultwould bethesamein ò �� .) Sincethis questionis
well-documentedin theliterature,we just summarizeheretheresults.On this occasion,we
alsointroducesomenotationswhichwe will usein section5.

As the linearizedproblemhasperiodic coefficients, the operator �� 	 n � n ~ � can be
representedasdirect integral b�� � � jz��Aej , where,for each j946» � � U�V�� � U�V¡½ , � � jz� is the
linear operatoron î �æ È.ç � »�:S�2V¡ãÒ½ � definedby � � jü� & 	 � ~ f i � � � � f i � & � . The spectrumof
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� � jz� is a sequenceof eigenvalues t�¸ £ � jz�2x £ ³�0 , where Î � ¸ £ � jz�0��¦ �eb as �G¦ b . The
correspondingeigenfunctions,which are V¡ã -periodic, will be denotedby

& i � £ . Then the
spectrumof � is givenby� � �Ú��	 �D¸ £ � jz� ��� j�4�» � � U�VI� � U�V¡½W�E�
4 ���ÆHBy construction,the Bloch waves ��f i � & i � £ satisfy � � ��f i � & i � £ �G	 ¸ £ � jz�1��f i � & i � £ . As in
[Sch96],onehasthefollowing result:

Lemma 3.1 For Öv?�: sufficientlysmall,thereexist jà�X?=: and Ý¡�Z?=: such that
a) If u jIu%8 jà� , then Î � ¸ £ � jz�1� Á �>Ý¡� for all �
4 � .
b) If u jIu%<�j�� , theprincipal eigenvalue ¸ � � jz� is isolatedandhastheexpansion¸ � � jz��	 �Xÿ�j � ��è � j � �n� as jX¦ :v� (18)

where ÿÄ	dáe�@è � ÖQ� . Thecorrespondingeigenfunction� � jz�¶	 & i � � dependssmoothlyon j
andsatisfies� � :W�,	]��� � � i ~æ È.ç , where ����?=: is a normalizationsuch that ¨1� � :W��¨ Ñ À ú � � ��� û 	 � .
Finally, Î � ¸ £ � jz�0� Á �eÝ�� for all �98lV .
Proof. For all j�4�» � � U�VI� � UQV¡½ , thelinearoperator� � jz� is explicitly givenby� � jz�&	 o � � � ����jz� � �9D � �D � � ��� � � � � ����jz� � � � � D $ p �
where

i ~æ È.ç 	 � � æ È.ç0�0� æ È.çj� andD � 	 ��S�s� ��VQ�2�L� æ È�çÒ��ÅQ� �æ È�ç �,	�� ��� �!�2�����=è � ÖQ�,�D � 	]V¡')� æ È.çf� æ È.çE	Çè � ÖQ�n� D $ 	@Ö � �(' �s� �(� �æ È.ç �T��ÅQ� �æ È.ç 	wè � Ö��&H
Thus, � � jü� is a small,boundedperturbationof theconstantcoefficientsoperatorobtained
by settingÖy	]: , namely� � � jz�n	 o � � � �G��jz� � � ��� �!�2�2� �: � ��� � � � � ����jz� � � � p H
Theeigenvaluesof � � � jz� aregivenby� ~� �f� ��jz�&	d� �K� ��jz� � � ��� �G���2�&� � � �K� ��jz�,	�� ��� � �f� �kjz� � � � � � 4 ä�H
Observethattheseeigenvaluesareall boundedawayfrom zero,exceptfor

� � �KJ� ��jü� which
touchtheorigin when je	w: . Therefore,if :�< j � < � U�V and Ö`?@: is sufficiently small,the
following holdsfor theeigenvalueş £ � jz� of theperturbedoperator� � jz� :
i) If u j�u%8 j � , then Î � ¸ £ � jz�0� Á �#j � � for all �
4 � .
ii) If u j�u%<Jj � , then Î � ¸ £ � jü�1� Á � � UQV for all �
8@Å .
As is clearfrom ii), wedenoteby ¸ � � jz� and ¸ � � jz� thetwo eigenvaluesof � � jz� thatbifurcate
from

� � �KJ� ��jz� when Ö is nonzero.
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On theotherhand,when Ö�?�: and jv	¹: , we know that � � :W� hasa zeroeigenvaluewith
eigenfunction

� � i ~æ È.ç , sothat ¸ � � :W�,	l: . Moreover, it followsfromtheanalysisin section3.1
that ¸ � � :��Z	6�eV¡Ö � �lè � Ö $ � . Indeed,by construction,̧ � � :W� is theconvergenceratein time
of V¡ã -periodicsolutionsof (3) towardsthecircle of equilibria t i ~æ È.ç �.- � - ���Eu - �#4]»¼:S�LV¡ãÒ½�x .
This ratecanbecomputedon theone-dimensionalcentermanifold

C 4 . Themotionon

C 4 is
givenby

K5#	�� � 5��&	]Ö � 5e��é[5¡$��@è � 5 � � , andthesteadystate
i ~æ È.ç correspondsto 5#	�5 � 	ÖQU � éy�@è � Ö � � . Then � � 5 � ��	d: and ¸ � � :W��	�� � � 5 � ��	7�>V¡Ö � �@è � Ö $ � . Thus,in contrastto� � � jü� , theoperator� � jü� hasasimplezeroeigenvaluewhen jX	]: .

Now, a straightforward expansionin the parameterj shows that the first eigenvalue ¸ � � jz�
satisfies(18),andthatthecorrespondingeigenfunction� � jz� is proportionaltoo �� � 4 ¿� p ¯ � PF�N- ���G��j o �ú � � 4 ¿ û À: p ë�ì ¯ �.- ���=è � Ö¶��j � �&H
In particular, � � :W�&	]��� � � i ~æ È�ç . Finally, thesecondeigenvalue ¸ � � jz� hastheexpansion¸ � � jz�,	��>V¡Ö � ��ÿ?j � �=è � Ö $ ��j � �&� (19)

where ÿ�	láX�=è � ÖQ� .
If j � ?=: and Ö?�: aresmallenough,it follows from (18), (19) that

iii) If u j�u Á j � , then ¸ � � jz� Á �eV�j � and ¸ � � jü� Á �qÖ � ��V�j � .
iv) If u jIu Á Ö , then :`8=¸ � � jz�r?�¸ � � jz�r?�Î � ¸ £ � jz�1� for all �
8@Å .
Combiningi)–iv), weseethatLemma3.1holdswith, for instance,jà��	lÖ and Ý��¶	@Ö � . Õ
Fromnow on, we fix Ö ?¹: small enoughso that theconclusionof Lemma3.1 holds. We
definethecentralprojections �8 - � jz�r¥Wò �æ È.ç ¦ ò �æ È.ç by�8 - � jü�.D]	  =¡ � jz�2�OD�¢E� � jz�,� u j�u%<9jà�r� (20)

where   µ � µ ¢ is theusualscalarproductin £ � � »¼:I�2V¡ãÒ½ � � and ¡ � jü� is thesolutionof theadjoint
eigenvalueproblem� þ � jz�H¡ � jz�,	]¸ � � jz�H¡ � jz� normalizedsothat  =¡ � jz���O� � jz��¢&	 � .
Sincewe work in �ò �� , we will alsoneeda versionof theprojectionthatdependssmoothly
on thevariablej . To do that,we fix onceandfor all a nonnegativesmoothcut-off function¤ with supportin » �¥jà��U�VI�.jà�2U�V�½ which is equalto 1 on » �#jà��UêáS�.jà�LUêáQ½ . Thenwe definethe
operators �3 - � �3qÉ&¥%ò �æ È.ç ¦ ò �æ È.ç by�3 - � jz��	 ¤ � jz� �8 - � jz�&� �3¶É � jz��	§¦ � jü�T� �3 - � jz�&H (21)

It will beusefulto defineauxiliarymodefilters �3©¨- and �3©¨É by�3 ¨- � jz��	 ¤ � jzU�V��&�8 - � jz�n� �3 ¨É � jz��	ª¦ � jz�T� ¤ � V6jz�n�8 - � jz�nH
Thesedefinitionsaremadein suchawaythat �3©¨- �3 - 	 �3 - and �3«¨É �3¶É"	 �3¶É . As aconsequence
of Lemma3.1,thereexists ¢¹?�: and Ý � ?�: (dependingon Ö ) suchthat,for all ��·4 �ò �� ,¨�� � y¬ �3 ¨É ���¨�yõ ÀÀ Á ¢c� ~ � ���N� ¨ ���¨�yõ ÀÀ � /r8@:vH (22)
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Let ø°��4lò �� , andlet ø � /1�v	a� � ¬ ø°� be the solutionof (17) with initial data øù� . Thenthe
Bloch wave transformof ø � /1� canbedecomposedas �ø � /1��	 �3 - �ø � /1�F� �3¶É �ø � /1� . In view of
(22), thestablepart �3qÉ �ø � /1� convergesexponentiallyto zeroas /&¦ �cb . On theotherhand,
by Lemma3.1,thecentralpart �� � /1�&	 �3 - �ø � /1� satisfies�� � j�/ ~ �fð�� � - �0/1��	Ü� ~��i À ��ê� � :S� - ����è � / ~ �fð�� �n� /&¦ �yb H (23)

To formulatethis resultmoreprecisely, we introducea few notationswhichwill beusefulto
handlethenonlinearproblemalso.

For � 4 � :S� � ½ , we introducetherescalingoperator �!¯® definedby�?�!¯® ��D� � jê� - ��	 �� � � jê� - �nH
Notethat thescalingdoesnot acton the - variable,only on theBloch variablej . Sincethe
domainfor j is finite, it will changewith thescaling.Therefore,we introducethefunction
space ° ® � ± 	 � ��Y¥ � � � U � V � ��� � U � V � �1��g � :S�2V¡ã"�,¦ Í ��� ¨ ��,¨X²:³E´ µq<@b � � (24)

where ¨ ��,¨ �² ³E´ µ 	 �o 0® � �ow ® � @ �fð ú � ® û~ �fð ú � ® û @ ���� u � i �:w� �� � jê� - �üu � �s� ��j � � � ± A - AejXH (25)

Thepolynomialweightin theBlochvariablej will beusedin section5 to controlthenonli-
nearterms.Indeed,if ��F� ���4·¶'® � ± for someô�? � U�V andif

�& � jê� - ��	 � ��zt ��S� � jê� - ��	 @ �fð�� ®~ �fð�� ® �� � jr�sj � � - � �� � j � � - �BA�j � �
thenthereexists ¢â?=: independentof � suchthat ¨ �& ¨�¸ ³E´ µ Á ¢�¨ ��&¨�¸ ³E´ µ ¨ ���¨�¸ ³E´ µ .
It followsfrom thedefinitionsthat

° � � ± 	 �ò �� with equivalentnorms(note,however, thatthe
constantsin theequivalencerelationdependon ô ). Moreover, �!¹® is an isomorphismfrom�ò �� to

° ® � ± , or moregenerallyfrom

° ® ªOº � � ± to

° ® ª � ± for any �94Y� . In particular,¨ �!¯® �D,¨X² ³ ª ´ µ Á � ~ �fð�� ~ � ± ¨ �Dn¨X² ³ ª�º � ´ µ and ¨ �! ~ �® �D&¨X² ³ ª�º � ´ µ Á � ~ $ ð�� ¨ �Dn¨X² ³ ª ´ µ � (26)

wherein thefirst estimatetheadditionalfactor � ~ � ± is dueto theweightin the j -variable.

Usingthedefinitionsabovetogetherwith Lemma3.1,it is notdifficult to verify that(23)can
bewritten in themorepreciseform

¨ �! �fð í � �3 - �ø � /1�T��� ~��i À �8 - � :W� �ø°� � :S� µ �ü¨X² ��» ¼ ½ ´ µ Á ¢� / ¨ �ø°�Q¨ yõ ÀÀ � /�8 � H
On theotherhand,using(22)and(26),wefind¨ �! �fð í � �3qÉ �ø � /1��¨X² ��» ¼ ½ ´ µ Á / ± � �fð�� ¨ �3qÉ �ø � /1��¨ yõ ÀÀ Á ¢#� ~����N� ¨ �ø°�Q¨ yõ ÀÀ � /�8@:vH
Thuswehave
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Proposition 3.2 Fix ôÞ8â: . If Öh?�: is smallenough,thesolution �ø � /1� of (17) with initial
data �øù� satisfies ¨ �ø � j�/ ~ �fð�� � - �0/1�T��Ô>� ~��i À � � :I� - ��¨X² ��» ¼ ½ ´ µ Á ¢/ �fð�� ¨ �ø°�Q¨�yõ ÀÀ �
for all /r8 � , where Ôl	¾ =¡T�ü� �ø°� � :S� µ �.¢ . Moreover, thereexists Ý � ?�: such that¨ � �3¶É �øv� � j�/ ~ �fð�� � - �1/1��¨X² ��» ¼ ½ ´ µ Á ¢c� ~����N� ¨ �øù�ê¨�yõ ÀÀ �
for all /r8 � .
To translatethis resultinto theoriginal variables,weobserve that

ø �.- �0/1�Z	 �� / @ í � ð��~ í � ð�� � f i.� º ��» À � �ø � j�/ ~ �fð�� � - �1/1�BAej	 �� / F @ d~ed Ô>� ~��i À � � :S� - �1� f i.� º ��» À � Aej&�=è ��� U � /1� G	 Ô
���� áQãFÿ�/ � ~ � À ð ú � j� û � � i ~æ È.ç �N- ���=è ��� U¡/1�&�
as /c¦ �yb . This provesthe analogueof Theorem2.4 for the linearizedsystem(17), see
alsoRemark2.5. Since ø �.- �0/1� behaves for large times like a solutionof the linear heat
equation

��� ø 	 ÿ � �� ø multiplied by the derivative of the steadystate
i ~æ È�ç , we say thatø �N- �0/1� converges“dif fusively” to zero.

3.4 Nonlinear stability

In [Sch96, EWW97,Sch98a,Sch98b]it hasbeenobservedthatspatiallyperiodicequilibria
with theabovespectralpropertiesarealsononlinearlystablewith respectto spatiallylocali-
zedperturbations.Theproof relieson the fact that thenonlineartermsare“asymptotically
irrelevant” whencomparedto the lineardiffusion. This is not obviousa priori, becausethe
nonlinearitycontainsquadratictermsthat arepotentiallydangerous,but this happento be
truedueto nontrivial cancellations.Thena standardrenormalizationprocedure[BK92] can
beusedto prove that theperturbationsø �N- �0/1� convergediffusively to zeroin thenonlinear
casealso.This is thestatementof Theorem2.4.

In section5, we shallapply this renormalizationprocedureto a moredifficult problem,na-
mely thestabilityof themodulatedfronts

i	��

. Theproofof Theorem2.4is aparticularcase

of this morecomplicatedargument,seeRemark5.1 below. So, for thesake of brevity, we
shallnotdiscussTheorem2.4any longer, andreferto section5 for moredetails.

4 Construction of modulated fronts

In this section,we follow closely[SS99]wheremodulatedpulsesolutionsareconstructed
for generalreaction-diffusion systems.However, sincethe assumptionsof [SS99]arenot
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exactly satisfiedin our case,we give herea shortproof of Theorem2.6. Throughoutthis
sectionwereferto [PSS97], [SS01b]for thefunctionalanalyticbackgroundandtherelation
betweentemporalandspatialdynamics.

4.1 The idea

As alreadysaid,the modulatedfronts aretime-periodicin a framemoving with a speed�
closeto thespeed��� of theoriginal front. In this frame,we shalldenotethespatialvariable
by � 	 - ���L/ , to distinguishit from � 	 - �����1/ . Equation(3) thenbecomes���si 	Ak � � � � i �!� � � i �Gm � i ��� (27)

andwe look for solutions
i ��� �0/1� thatareperiodicin their secondargument.

Thekey ideain theconstructionof themodulatedfrontsis spatialdynamics, i.e.,system(27)
will beconsideredasanevolutionsystemfor

i
with respectto thevariable� 	 - ���2/ , in a

spaceof functions
i ��� �0/1� which areperiodicin / . Theuseof spatialdynamicsgoesbackat

leastto [Kir82] andis nowadaysawell establishedmethodfor theconstructionof frontsand
pulses.

Writing (27)asafirst ordersystemwith respectto � yields� � ød	 ��� k � ø@�9¿ � ø#��� (28)

with ød	 � � � �0� � �0� $ �0� � �3�ÁÀz�3�ÁÂ2�&	 � �F� � � �F�3�ù� � � �ù� � �� �ù� � $� �I�
and

k � ø�	
ÃÄÄÄÄÄÄÄÄÄÅ
: �e� �::: �Z� $

Æ�ÇÇÇÇÇÇÇÇÇÈ � ¿ � ø��,	
ÃÄÄÄÄÄÄÄÄÄÅ
� �� �� � � � ���2�2� ��� �(� �� �T�(� $ ���2� �� ��ÁÀ�ÁÂ� � � �! T��� $ �!�2� � �GVê�ÁÀn���%$$ �(' ��� �(� �� �s� $

Æ�ÇÇÇÇÇÇÇÇÇÈ H
For afixed ñy8lV , this systemwill beconsideredin theinfinite-dimensionalphasespaceÉ 	âî óæ È.ç � :S�.�e�rgYî ó ~ �fð��æ È.ç � :S���>�rg î óæ È.ç � :S���>�g�î ó ~ �fð��æ È.ç � :I���>��gÞî ó ~ �fð��æ È.ç � :S���>��gÞî ó ~ $ ð��æ È.ç � :S���>�
where �÷	 � V¡ã"�0Uê� . In thespatialdynamicsformulation(28) we will easilyfind equilibriaø { correspondingto theequilibria

iT{
of (3), periodicsolutionsø {æ È.ç whichcorrespondto the

spatiallyperiodicequilibria
i {æ È.ç of (3), andwealsofind a trivial heteroclinicconnectionø |

betweenø ~ and ø � which correspondsto thetrivial front
iE|

of (3).

The linearizationof the spatialdynamicsformulation(28) aroundthe trivial equilibria ø {
possessestwo eigenvaluescloseto theimaginaryaxisandinfinitely many eigenvalueswith
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Figure3: Theoriginal front andthemodulatedfront. Theverticalplanessymbolizethetwo-
dimensionalcentermanifoldsat ø ~ and ø � for thespatialdynamicsformulation(28). Left
picture(  !<l: ): ø { areunstableequilibria,andthesolid line representsthetrivial front ø | .
Right picture(  w?�: ): ø { arestable,ø {æ È.ç areunstable,andthesolid line is themodulated
front wewantto construct.

positiverealpartandinfinitely many eigenvalueswith negativerealpart.Hencetherewill be
atwo-dimensionalcentermanifold � - � ø { � , aninfinite-dimensionalstablemanifold � ó � ø { �
andaninfinite-dimensionalunstablemanifold �ËÊ � ø { � of ø { . For  �?]: sufficiently small,
theperiodicsolution ø {æ È�ç lies in thetwo-dimensionalcentermanifold � - � ø { � .
The modulatedfront solutionswe areinterestedin will be found in the intersectionof the
center-unstablemanifold �Ë4�Ì � ø ~ � of ø ~ and the stablemanifold � ó � ø �æ È.ç � of ø �æ È.ç . The
reasonis asfollows.Sinceø �æ È.ç is unstablein thetwo-dimensionalcentermanifold � - � ø � � ofø � , solutionsconvergingtowardsø �æ È�ç for � ¦ b haveto bein thestablemanifold � ó � ø �æ È.ç �
of ø �æ È.ç . Ontheotherhandfor � ¦ �>b theperiodicsolution ø ~æ È.ç attractsall solutionsin the
two-dimensionalcentermanifold � - � ø ~ � of ø ~ , exceptfor ø ~ itself. Therefore,to converge
towards ø ~æ È.ç for � ¦ �>b it is sufficient to be in thecenter-unstablemanifold �Ë4Ì � ø ~ � ofø ~ . Thus,we will almostbedoneif we show thatthecenter-unstablemanifold �%4�Ì � ø ~ � ofø ~ andthestablemanifold � ó � ø �æ È.ç � of ø �æ È.ç intersect.

As is explainedin [SS99],this is thecaseonly if theparameter� is chosenappropriately. To
copewith thisproblem,weconsider(27)asadynamicalsystemfor thepair � �¡�Løv�r4Y5
g É ,
where� obeysthetrivial equation

K�¶	A: , andwelook for anintersectionof thecorresponding
manifoldsin theextendedspace5�g É . Weproceedin threesteps:

i) In Lemma4.1 we prove that, for  �	¹: , thecenter-unstablemanifold �Ë4�Ì �qÍ gqtêø ~ xê�
of the family of fixed points Í g�têø ~ x andthe stablemanifold � ó �qÍ gZtêø � xê� of the
family of fixedpoints Í gGtêø � x intersecttransversallyin theextendedspace5âg É
(here Í Ë�5 is a closedneighborhoodof �2� ). Moreover, thereexistsexactly one �e4 Í
suchthat �%4�Ì � ø ~ � intersects� ó � ø � � , namelythevelocity ��� of thetrivial front.

ii) In Lemma4.2 we reformulatethebifurcationof thespatiallyperiodicequilibria
i {æ È.ç

for (3) at  Ó	w: asthebifurcationof time-periodicsolutionsø {æ È.ç for thespatialdyna-
micsformulation(28).
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iii) By a perturbationargument,we show that for  B?Ü: sufficiently small the center-
unstablemanifold �Ë4�Ì �qÍ gqtêø ~ xê� and the stablemanifold � ó �qÍ gltêø �æ È�ç xê� intersect
transversally in the extendedspace5åg É . Since ø ~æ È.ç is attractive for � ¦ �>b ,
this implies theexistenceof a modulatedfront solutionwith a velocity � closeto the
original velocity �2� .

4.2 Transversality in extended space

For all  n�L�>4Y5 , system(28)possessesthefixedpoints ø { 	 �KJ� �L:S�3:S�L:S�L:I�L:W� . Moreover, for
all  andfor �q	]�2� we have theheteroclinicconnectionø ��� �0/1�,	wø | ��� �,	 �f}"��� �2� } � �� ���L:I�L:S�L:S�3:W�
betweenø ~ and ø � , i.e. � �ÊÏ �7Î {�d ø | �� �,	wø { . Thesesolutionslie in theinvariantsubspacesÉ �j�·Ë É ��Ë É , where

É � is the six-dimensionalsubspacethat consistsof / -independent
solutionssatisfying

� � ø[	Ï¿ � øv� , and
É �j� is the two-dimensionalsubspace

É �j��	 têø;4É �,us� $ 	l� � 	l�`À�	]�ÁÂr	A:�x . Wenow prove thefollowing result.

Lemma 4.1 Fix ����4 � :S� � � . There exist  F��?\: and '���? : such that for all  4�5
with u  qu Á  F� andall '�4A»�:S�0'��2� the following holds. There existsa closedneighborhoodÍ of ��� such that the center-unstablemanifold �%4�Ì �qÍ g¶têø ~ xê� of the family of fixedpointsÍ gAtêø ~ x and the stablemanifold � ó �Í g¶têø � xê� of the family of fixed points Í gAtêø � x
intersecttransversally in theextendedspace5dg É .

Proof. a) Existence of invariant manifolds. Thelinearizationof (28)at ø { is givenby� � ø�	]Ã { ø Ðq� M3R Ã { 	 ��� k � �G�Ñ¿ � ø { �nH (29)

Sinceø �� �1/1� is � -periodicin its secondargumentwith �@	AV¡ã"UQ� , it is naturalto decompose
it usingFourierseries: ø �� �0/1�,	 ow&³�h ø w �� ��� � w	Ò � � whereÓ�	A�ZH (30)

Thespace
É

thensplitsintoadirectsum Ô w&³1h É w , wherefor eachÕ 4 ä thesix-dimensional
subspace

É w is invariantunder(29). Restricting(29) to
É w yields� � ø w 	lÃ {w ø w Ðq� M0R Ã {w 	]�ÖÕ�Ó�k � ����¿ � ø { �n�

or explicitly

Ã {w 	
ÃÄÄÄÄÄÄÄÄÄÅ

: � : : : :�×ÓØÕâ� ����� �2�2� �>� � � : : :: : : � : :: : : : � :: : : : : �: : �Z��ÓØÕ7� � �! � �>V :

Æ�ÇÇÇÇÇÇÇÇÇÈ H
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In orderto solvetheassociatedeigenvalueproblemÃ {w ø w 	 � ø w , weanalyzetheconditionA:� M�� Ã {w � � C A)�,	A: . This equationsplitsinto two partsandreducesto thesystem� � � �!�à�T� ����� �2���T����ÓØÕ�	A: ì?� � ��� � � � � � �G� � �(��ÓØÕ��! 9	l:v� (31)

whichcanalsobeobtaineddirectly from thetemporalformulation(27),see[HS99].

For  Ó	w: , wehaveexactly two eigenvalueson theimaginaryaxis,i.e.
� 	]� for ÕB	 � and� 	d�Z� for Õ^	�� � . Moreover thereareinfinitely many stableandinfinitely many unstable

directions,andtheassociatedeigenvaluesarecontainedin two sectors.seefig.2 in [SS99].

We defineprojections8 {ó , 8 {Ì and 8 {4 on thestable,unstableandcentralpartof the linear
operatorsÃ { . This canbedonefor eachÃ {w with Õ 4�ä , andso theseoperatorsarewell-
defined.Thenthespace

É
splitsintoÉ 	 É {4 Ô É {ó Ô É {Ì Ðq� M0R É { 	�8 { É H

TherestrictionsÃ { 	lÃ { u,ÙÛÚÜ generateanalyticsemigroupsin
É { satisfying

¨���Ý ÚÞ � ¨ ÙÛÚÞ Î ÙÛÚÞ Á ¢ ¾ ì?� O`�Ö�?� 4 5Z�¨�� Ý Úö � ¨�ÙÛÚö Î ÙÛÚö Á ¢#� ~%× � ¾ ì�� O����[� 8@:S�¨�� Ý Úß � ¨ ÙÛÚß Î ÙÛÚß Á ¢#� ~%×�à � à ¾ ì?� O`�Ö�[� Á :v�
for someconstants¢y�3Ù9?=: . Thiscanbeprovedby arescalingargument,seeLemma3.1in
[SS99]. In thepresentcase,theappropriatescalingis:ø � � w 	 Øø � � w ��ø � � w 	 ��� ��Õ � � �fð�� Øø � � w ��ø $ � w 	 Øø $ � w �ø � � w 	 �s� �JÕ � � �fð�á Øø � � w �&øgÀ � w 	 ��� �JÕ � � �fð�� Øø�À � w � OQP A ø�Â � w 	 �s� ��Õ � � $ ð�á Øø�Â � w H
By construction,ø¹4 É if andonly if

Øø÷4 î óæ È.ç � :S���>� .
Sincethenonlinearterm $ � øc�n	 �W� k � ø �â¿ � øv����Ã { ø is smoothfrom

É
into
É

, [Hen81]
guaranteestheexistenceof thefollowing local smoothinvariantmanifoldsin

É
: thecenter

manifolds �%4 � ø { � which aretangentto
É {4 at ø { , thestablemanifolds � ó � ø { � tangenttoÉ {ó , the unstablemanifolds �·Ì � ø { � tangentto

É {Ì , the center-stablemanifolds �Ë4 ó � ø { �
tangentto

É {4 ó 	 É {4 Ô É {ó , andfinally thecenter-unstablemanifolds �%4�Ì � ø { � tangenttoÉ {4�Ì 	 É {4 Ô É {Ì . In addition,asin [SS99] thecenter-unstablemanifold �Ë4�Ì � ø ~ � andthe
stablemanifold � ó � ø � � canbeextendedto awholeneighborhoodof thetrivial heteroclinic
connectionø | . Theseglobalmanifoldswill still bedenotedby �Ë4�Ì � ø ~ � and � ó � ø � � .
b) Transversality. Themanifolds�Ë4�Ì � ø ~ � and � ó � ø � � donot intersecttransversallyin the
space

É
, seee.g.[SS99]. To obtaintransversalitythespacehasto beextendedto 5wg É by

addingonedirectioncorrespondingto thevelocity � .
The transversalityof �%4�Ì �Í g�têø ~ xê� and � ó �qÍ gGtêø � xê� in theextendedspace5¹g É for� ���2ø#� meansthat the tangentspacesto thesemanifoldsat a point � �2�z�2ø | � :��0� span5÷g É ,
namely5�g É 	dt�������u�� 4>� ú 4 ¿ � ã�ä ú � û û � �%4�Ì �qÍ gÓtêø ~ xê�0�2�T�Ä4å� ú 4 ¿ � ãOä ú � ûßû � � ó �qÍ gÆtêø � xê�1�2x%H
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Sucha situationis robustundersmallperturbations,andhenceslightly perturbedmanifolds
will alsopossessanonemptyintersection.

To provetransversality, wefollow again[SS99]andconsiderthelinearizationof (28)around
theheteroclinicconnectionø | : � � Øø�	 ��� k � Øø@�!�Ñ¿ � ø | � ØødH (32)

We first observe that, for �9	\�2� and  å	;: , (32) hasa uniquenontrivial solution
Øø 4¢ �¤ � 5Z� É � thatconvergesexponentiallyto zeroas � ¦ �yb , namely

Øø^	 � � ø | . Indeed,ifØø ��� �0/1� is any suchsolutionandif
Øi �� �0/1��	 � Ø� � �� �1/1��� Ø� $ �� �0/1�0� , thenby construction

Øi ��� �0/1�
is a time-periodicsolutionof thelinearizationof (27)around

iE|
:��� Øi 	]k � � � � Øi �G��� � � Øi �!�Äm � iE| � Øi H

Moreover, for ÙÇ?�: sufficiently small,
Øi 4l¢ �æ È.ç � »�:S���q½f��) × � where ) × 	ak � � 5Z�L� × � A � � .

By Proposition2.2, the spectrumof the linear operatork � � � �n�l��� � � �]��m � iE| � in ) × is
strictly containedin the left half-plane,except for a simpleeigenvalue : with eigenvector� � iE| . Thuswenecessarilyhave

Øi 	 � � iE| , hencealso
Øø�	 � � ø | .

Next we observe that,for any Õ\4�ä , thesix-dimensionalsubspace
É w is left invariantby

the time-independentequation(32). This propertyallows to studythe transversalityof the
manifolds �Ë4Ì � ø ~ � and � ó � ø � � in eachsubspace

É w separately, sincethe tangentspaces� ã�ä ú � û � �Ë4�Ì � ø ~ �0� (resp. � ãOä ú � û � � ó � ø � �1� ) for differentvaluesof � aremappedontoeachother
by solutionsof (32). Remarkthat(32) definesa well-posedevolution in eachsubspace

É w ,
but not in thewholespace

É
.

For any Õ 4 ä , let3 4Ìw � ~ 	I� ãOä ú � û � �Ë4�Ì � ø ~ �0�Ûæ É w � 3 ów � � 	�� ãOä ú � û � � ó � ø � �0�Ûæ É w H
From (31), it is not difficult to verify that A��ÊÏ � 3 4�Ìw � ~ ��	PA��ÊÏ � 3 ów � � �`	[Å for all Õ 4Çä .
Moreover, if Õ ç	 : , the argumentabove shows that 3 4�Ìw � ~ æs3 ów � � 	Ût¡:Ix , so that

É w 	3 4�Ìw � ~ ÔQ3 ów � � . If Õ 	Ç: , then A��ÊÏ � 3 4�Ì� � ~ æ·3 ó� � � ��	 � , sothat 3 4�Ì� � ~ � 3 ó� � � hascodimension� in
É � . Summarizing,wehaveshown thatthereexists

N 4 É � suchthatÉ 	�t�����Äuz�·4å� ãOä ú � û � �%4�Ì � ø ~ �1���T��4å� ã�ä ú � û � � ó � ø � �1�2xr� ¯0² OQP t N x%H (33)

If we further restrictsystem(28) to the two-dimensionalinvariantsubspace
É �j� , we obtain

thesimpledifferentialequation� � � � 	]� � � � � � � 	��>�2� � � �V � � � ���2�2� �s� �(� �� �
which governsthe travelling wavesof the Chaffee-Infanteequation. For �·	Û�2� the one-
dimensionalmanifolds �%4�Ì � ø ~ �üu Ù ¿N¿ and � ó � ø � ��u Ù ¿N¿ intersect(nontransversally)alongthe
heteroclinicorbit ø | u Ù ¿N¿ . Thusthevector

N
canbechosenastheunit normalto ø �| � :�� in

É �j� .
Moreover, it is easyto seethatavariationwith respectto theparameter� shiftsthestableand
unstablemanifoldsthrougheachother, namely �Ë4�Ì �qÍ gGtêø ~ xê��u Ù ¿N¿ and � ó �Í g!têø � xê��u Ù ¿N¿
intersecttransversally in the three-dimensionalspace5Bg É �j� . Togetherwith (33), this
impliesthat �%4�Ì �Í g têø ~ xê� and � ó �qÍ g têø � xê� intersecttransversallyin theextendedspace5�g É . Õ
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4.3 Bifurcation of Turing patterns

Thefollowing lemmais theanalogueof Theorem2.3for thespatialformulation(28).

Lemma 4.2 Fix �2��4 � :I� � � . There exist Öê��?]: and 'I��?A: such that for all Ö�4 � :S�1Öê�3� , all'Þ4 � :S�0'��L� andall ��?Z: equation(28)with  �	XÖ � hastwofamilies têø {æ È.ç ��� ���2/ü� � �L�Eu � �q4Y5qx
of periodicsolutionssatisfyingø {æ È.ç �.- �&	wø {æ È.ç �.- ��V¡ãF� and ¨àø {æ È�ç �.- �T�Gø { ¨ ´[è 	Çè � Ö��2H
Remark 4.3 WemayproveLemma4.2directlyasfollows.For theeigenvalueproblem(31)
in theproofof Lemma4.1all eigenvalues

�
exceptfor Õa	 J� areuniformlyboundedaway

fromthe imaginary axisandcontainedin two sectors. For  @	�: and ÓÇ	6� wehavetwo
eigenvalueson theimaginary axis,namely

� 	Ç� for Õ[	 � and
� 	7�Z� for Õ[	÷� � . With changingsign from � to � the real partsof theseeigenvalueschange sign from � to � .

To seethis weinsert
� 	]�W�G¸ into thesecondequationof (31)andobtain� � ¸ � �Gá��ß¸��(á%��¸ � �G��¸��G Ó	l:

andtherefore ¸Y	d�  � ��è �  � �2H
Nowthe é � –equivariantHopf-bifurcationtheoremapplies[GSS88], which showstherequi-
red result. On the two-dimensionalcentermanifolds � - � ø { � we havean unstableorigin
for  ]<�: , and for  A?d: a stableorigin andan unstableperiodicsolution ø {æ È.ç with, e.g.,ø ~æ È.ç �� �0/1�,	Aø ~ ��è � �  E��ê���� 4 � �G�¡H �¡Hìër��è �  ��2H
4.4 Bifurcation of the modulated front

In orderto completetheproofof Theorem2.6it remainsto establishpoint iii) of theprogram
of section4.1.

As a consequenceof the continuity with respectto  7	ÚÖ � , the stablemanifold � ó �qÍ gtêø �æ È.ç xê� of thebifurcatingperiodicsolution ø �æ È.ç stays è � ÖQ� -closeto � ó �Í g�têø � xê� for � 45 � , seefor instance[GH83, SS99]. Therefore,the intersectionof �Ë4�Ì �qÍ gAtêø ~ xê� and� ó �Í gYtêø �æ È�ç xê� is still transversalfor Ö�?=: sufficiently small.By [SS99,Lemma3.9], there
exists �q	A�2�E�=è � Ö � � suchthat �Ë4Ì � ø ~ � and � ó � ø �æ È.ç � intersect,which follows fromA�� ¯ Mü� �Ë4Ì � ø ~ ���O� ó � ø �æ È.ç �0�&	Çè � u �����2�Qu�����è � Ö � ��H (34)

This distancecan be measuredin
É �j� by the distanceof the intersectionpoints of these

manifoldswith the � � -axis in
É �j� . The dynamicsin

É �j� is mainly describedby the first
equationin (1). Thelinearterm �e� in thefirst equationof (1) is è � ÖQ� . However, the è � ÖQ� -
termsin � belongto

É � , andby quadraticinteractionthey couple è � Ö � � backto
É � . In all

other
É  with íËç	w: dueto transversalityfor Ö#	w: thetangentspacesof �Ë4�Ì � ø ~ �îæ É  and� ó � ø �æ È.ç �Ûæ É  alsospan

É  for Ö?�: sufficiently smalland(34) follows.

A solutionof (28) in theintersectionconvergesfor � ¦ b to ø �æ È.ç with somerate � ~%× � whereÙ�?å: canbe chosenindependentof Ö . For � ¦ �>b all solutionsin the center-unstable
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manifoldof ø ~ convergewith someexponentialrateto thetwo-dimensionalcentermanifold
of ø ~ . On this manifoldexceptfor theorigin ø ~ all solutionsconverge for � ¦ �>b with
somerate è � � ~eï ú � û à � à � towardstheunstableperiodicsolution ø ~æ È.ç , cf. figure3.

It remainsto prove that � ó � ø �æ È.ç � is not connectedwith �ËÌ � ø ~ � . This canbeshown asin
[SS99] by remarkingthatthedistancebetween� ó � ø � � and �ËÌ � ø ~ � nearø | � :W� isof orderÖ � ,
sincebothmanifoldsaresmoothin  Æ	AÖ � . Onetheotherhand,since A�� ¯ M�� ø �æ È.ç �2ø � �q8w¢�Ö ,
onecanverify by looking at

É � thatthedistancebetween� ó � ø �æ È�ç � and � ó � ø � � near ø | � :W�
is alsoboundedfrom below by ¢�Ö . Thus, if Ö=? : is small enough,therecannotbe an
intersectionbetween� ó � ø �æ È.ç � and �ËÌ � ø ~ � . In detailA�� ¯ Mü� �ËÌ � ø ~ �2�O� ó � ø �æ È.ç �1�e8�A�� ¯ M�� � ó � ø � ���O� ó � ø �æ È�ç �0�T��AS� ¯ Mü� �·Ì � ø ~ ���X� ó � ø � �1�8�¢ � Ö>��¢ � Ö � 8@¢ � ÖQU�V
for Ö�?=: sufficiently small.

Summarizing,we have foundmodulatedfront solutionsø ��
 �� �1/1� of (28) connectingø ~æ È.ç toø �æ È.ç with a velocity �y	â�2�&�lè � Ö � � . Moreover, ¯0±�² �.� � ³�´ u�ø ��
 �� �1/1�,��ø | �� �üu Á ¢yÖ . Settingi	��
 �� � � ���2/1�Þ	 � � ��
 � � ��� �0/1�2�3� ��
 � $ �� �1/1�0� we obtain a modulatedfront
i	��


satisfyingthe
conclusionsof Theorem2.6. Õ
4.5 Remarks on case II and case III

Thefollowing two remarksareanadaptionof thetheorygivenin [SS01a] to our situation.

Remark 4.4 In caseII there is no Hopf-bifurcationat ø ~ , but thesameargumentasabove
showsthetransversality of � ó �Í g�têø �æ È�ç xê� and �·Ì �qÍ g�têø ~ xê� in 5�g É . Therefore, for �
closeto �2� , there are modulatedfront solutions

i �.- �0/1�v	 i���
 �N- �@�L/2� - � of (3) which areV¡ã -periodicin thesecondargumentandsatisfy� �ßÏ�7Î d i	��
 ��� � - �,	 i �æ È.ç �N- � OQP A � �ÊÏ�7Î ~ed i	��
 ��� � - �,	 i&~ H
Remark 4.5 In caseIII there is noHopf-bifurcationat ø � . There is still a transversal inter-
sectionbetween�%4�Ì �Í g(têø ~ xê� and � ó �qÍ g(têø � xê� . But for �e	Ç�2� weknowthat �%4�Ì � ø ~ �
and � ó � ø � � intersectalongtheheteroclinic connectionø | . By uniquenessthere is no other
connectionbetween�Ë4�Ì � ø ~ � and � ó � ø � � andsonomodulatedfront in this case.

5 The nonlinear stability proof

This sectioncontainsthe proof of Theorem2.8. As alreadysaid, the linearizationaround
themodulatedfrontshascontinuousspectrumupto theimaginaryaxis,becausetheperiodic
pattern

i ~æ È.ç behindthe front is only diffusively stable. In addition,we have an embedded
zeroeigenvaluewhich is responsiblefor theshift alongthefamily of modulatedfronts.This
coexistenceof discreteandcontinuousspectrumon theimaginaryaxisis themaintechnical
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difficulty in proving thestabilityof themodulatedfronts.To handlethisproblem,wefollow
the approachdevelopedin [ES02]. The basicideais to assumethat initially perturbations
decaywith an exponentialrateas - ¦ �yb . Even if the steadystateaheadof the front
is weakly unstable(in our case,it is not), suchperturbationswill be “overtaken” by the
propagatingfront beforethey haveenoughtime to grow. Oncethey arefar behindthefront,
they vanishdiffusively becausethe periodic pattern

i ~æ È.ç is stable. In caseII, the steady
state

i&~
behindthe front is exponentiallystable,so that the perturbationsdecayto zero

exponentiallyas /,¦ b , seesection6.

Throughoutthis section,we fix Ö
?7: and ÙÇ?6: small enoughso that the conclusionsof
Proposition2.2, Theorem2.3, Theorem2.6 andLemma3.1 hold. Unlessexplicitly stated,
the constantsbelow will dependon Ö and Ù . The small parameterswe shall useare the
sizeof the initial data,which we denoteby º , andthe rescalingparameter� which will be
introducedin section5.3.

5.1 The idea

Thezeroeigenvalueof thelinearizedoperatorwill leadto aspatialshift of thefront. There-
fore,wewritesolutions

i �N- �0/1� of (3) asashift of themodulatedfront plussomeperturbationø �N- �0/1� , namelyi �.- �1/1��	 i	��
 �.- ���2/E��� � /1��� - ���!ø �N- �0/1�n� - 4Y5 � /r8@:¶� (35)

where� � /1�r4Y5 is thespatialshift. This representationis clearlynotunique,but weshalluse
this freedombelow to imposea conditionon ø �.- �0/1� thatwill determine� � /1� uniquely. The
perturbationø �.- �1/1� satisfies��� ø �.- �0/1�&	Ak � � � �1ø �.- �1/1���!�Äm � i	��
 �.- ���2/E��� � /1��� - �1�0ø �.- �0/1� (36)�ym � � i	��
 �N- ���L/T��� � /1�2� - ���2ø �.- �0/1�1��� K� � /1� � � i	��
 �N- ���L/T��� � /1�2� - �n�
with m � � i	��
 �2ø#�&	]m � i	��
 �`ø#�¡�#m � i	��
 �¡�#�Äm � i	��
 �0ø�	�è � ø � � . To analyzethebehavior
of ø �N- �0/1� near- 	]�yb , it is convenientto goto thecomoving frameandto useexponential
weights[Sat77]. Let Ù@4 � :S�3Ù°�2� , where Ù°� is definedin Proposition2.2. We introducethe
weightedvariable � definedby� ��� �0/1�`	Üø ��� �!�L/2�0/1�1� × � � � 4Y5 � /�8@:¶H (37)

Theequationfor � is��� � �� �1/1�,	âk × � 4H� �� �0/1�Ò�!��m � i	��
 ��� ��� � /1��� � �!�L/1�0��� ��� �0/1���m � � i���
 ��� ��� � /1��� � �!�L/1���2ø �� �!�L/2�0/1�2�O� �� �1/1�0�� K� � /1� � � i	��
 �� ��� � /1�2� � �!�L/1�1� × � � (38)

where k × � 4,	]k � � � �(ÙE���G� � � � ��ÙE� OQP A m � � i	��
 �2ø,�O����	�è � øp���,H
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Eq. (38) is coupledto (36) throughthe nonlinearterms m � � i	��
 �2ø&�X�d� , which are in fact
linear with respectto � , seesection5.2.Although ø and � aresimply relatedvia (37),we
find it convenientto keepbothvariablesin thesequel.Weshallassumethat � 4Þî � � 5�� andø�4Óò �� 	¹t`DÓ4Óî � � 5��Eu - � D94Æî � � 5��2x , which is equivalentto requiringthat �N- � ��� × � �0ø
lies in î � � 5�� . Thisdefinesaweightedperturbationspacewhichis analgebrafor theproduct
of functions.

To understandthespectrumof thelinearoperatorin (38)wewritek × � 4H� �!��m � i	��
 �.� 	Ak × � 4 ¿ � �!��m � iE| �.� � � �����2�2� � � � �!k�ð � i	��
 ��� �
where k�ð � i	��
 ��� 	l�Äm � i	��
 ��� �(�Äm � iT| �.� . Since u �����2�QuQ	Çè � Ö � � and u �Äm � i	��
 �T��Äm � iE| ��u�	�è � ÖZ�Çu � � /1��u � by Theorem2.6,we seethat,provided Ö and � aresmallenough,
the time-dependentoperator k × � 4n����m � i	��
 � can be consideredasa perturbationof the
simpleroperatorÃ × 	�k × � 4 ¿ ���Äm � iE| � . By Proposition2.2, thespectrumof Ã × is strictly
containedin the left half-plane,except for a zero eigenvalue which is due to translation
invarianceandis not affectedby theexponentialweight. Let < 4¶¥Iî � ¦ î � bethespectral
projectionontotheone-dimensionaleigenspaceof Ã × correspondingto theeigenvaluezero.
Wealsoset < ó 	ñ¦e� < 4 . If � is definedby (37),we imposethecondition < 47� � /1�&	l: for
all / , whichamountsto fixing theshift � � /1� in (35). Underthis assumptionon � , astandard
argumentshowsthatany solution

i �.- �0/1� thatstayssufficiently closeto themodulatedfronti	��
 �.- ���2/2� - � canbedecomposedin auniquewayaccordingto (35).

Theevolutionsystemfor � and � reads��� � 	 < ó � k × � 4H� �G�Äm � i	��
 ��� �Gm � � i	��
 �2ø&�X�d�+� K� � � i	��
 � × � �n�K��	�� �=< 4 � � � i	��
 � × � �0� ~ � < 4 �0� �����2�2� � � � �!k�ð � i���
 �.� �!m � � i���
 �Lø&�O���1�&� (39)

where < 4 � � � i	��
 � × � ��	 � �dè � Ö#��u �)u � . By Proposition2.2, thereexists Ý=	ÛÝ � ÙT��? :
suchthat ¨�� Ý�ò � < ó ¨ ï À 	aè � � ~ � �0� � as /y¦ b . If ø �N- �0/1� and � � /1� areboundedandremain
sufficiently small,dueto

K�y	Çè � �d� weexpectthatthesolutionsof (39)will satisfy u K� � /1��u3�¨1� � /1�ü¨ ï À 	Çè � � ~ � �0� � as /,¦ �yb .

In order to usethis exponentialdecayof the auxiliary variable � , we rewrite (36) in the
form��� ø�	Ak � � � �1ø@�!�Äm � i ~æ È�ç �0ø=�Gm � � i ~æ È.ç �Løv��� K� � � i	��
 ��¿ � i���
 � i ~æ È�ç �2ø��&� (40)

where ¿ � i���
 � i ~æ È�ç �2øv�,	]m � � i	��
 �Lø����Xm � � i ~æ È.ç �2øv��� � �Äm � i	��
 ���X�Äm � i ~æ È.ç �1�0ø�H
To boundthelasttermin (40),wehave to controlthequantityó �.- �1/1�X	 u i	��
 �.- ���2/E��� � /1��� - �T� i ~æ È.ç �N- ��uIu�ø �N- �0/1��u (41)	 u i	��
 �.- ���2/E��� � /1��� - �T� i ~æ È.ç �N- ��u � ~%× ú � ~ 4 � û u,� �N- ���L/2�0/1�üu�H
Take �Ä?=: smallenoughsothat ��Ù Á Ý . By Theorem2.6,wehaveó �.- �0/1� Á ô ¢c� ~ � × À ��� u�ø �.- �0/1�üu if - ���L/E��� � /1� Á �(�%/&�¢c� × ú �1� ~�õ ú � û û uö� �.- �1/1��u if - ���L/E��� � /1�¶?]�z�%/nH
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It follows that ¿ � i	��
 � i ~æ È.ç �2øv�q	7è � � ~ � ×O÷K� ø��"�lè � � �0� ��� , where Ù $ 	�Ù � � . Thus,since� 	6è � � ~ � �0� � , we concludethat ¿ � i	��
 � i ~æ È.ç �Løv� decaysexponentiallyas /Z¦ b . As a
consequenceof theseobservations,(36)hastheform��� ød	]knø@�!�Äm � i ~æ È�ç �0ø=�Gm � � i ~æ È.ç �Lø����=è � K�Q���=è � � ~ � × ÷ � ø�����è � � �0� ���&H (42)

This is a smallperturbationof theequation��� ø�	Aknøl�G�Äm � i ~æ È.ç �0ø=�!m � � i ~æ È.ç �2ø#�n� (43)

whichgovernstheevolutionof theperturbationsø �.- �0/1�&	 i �N- �0/1�D� i ~æ È.ç �N- � of theperiodic
equilibrium

i ~æ È.ç . As wasalreadymentionedin section3.4, sufficiently small solutionsof
(43) in ò �� converge diffusively to zeroas /�¦ b , anddueto the analysisin [ES02] the
exponentiallydecreasingtermsè � K�Q� , è � � ~ � ×O÷K� ø�� , è � � �0� ��� in (42)donotchangetheresult.
This is theideaof theproof of Theorem2.8,whichwenow developin moredetail.

5.2 The unscaled equations

We first give explicit formulasfor the variousquantitiesappearingin equations(36), (38),
(39), and (40). In what follows,

i
will eitherdenote

i	��

or
i ~æ È�ç . If ø 	 � ø � �Lø � � andi 	 � i � � i � � , equation(36)holdswith

k � � � �0ø�	 o � �� ø �� ��� � � �� � � ø � p �
�Äm � i �1ø�	 o �� ��� ��VQ�2� i � ��Å i �� � �V¡' i � i �   �('��' i �� ��Å i �� p o ø �ø � p �
m � � i �2ø#�Z	 o �� � �2�n��Å i � �0ø �� � �� øy$�i � � '+ø �� ��ÅWø �� ���!V¡' i � ø � ø � ��ø $� ��'+ø �� ø � p H

Next, if � 	 � � � �O� � � and
i	��
 	 � � ��
 �3� ��
 � , then(38)holdswith (for instance)

m � � i �Lø&�O���,	 o �� � ���&��Å i � �1ø � � � � �� ø �� � �i � � '+ø � � � ��ÅWø � � � ���!V¡' i � ø � � � ��ø �� � � ��'+ø � ø � � � p H
TheoperatorÃ × 	Ak × � 4 ¿ �G�Äm � iE| � hastheexpression

Ã × 	 o � � � �ZÙT� � ����� � � � �ZÙT� :: � ��� � � � � �>ÙE� � � � ����� � � � �ZÙT�Ip� o �� ��� �cVê��� } �>Å } � � �:  n�Z' ��� � } � � p H
Since :9<¹ÙA<¹Ù°� , we know that

� 	�: is a simpleisolatedeigenvalueof Ã × with eigen-
function � × � � � iT| . Thecorrespondingspectralprojectionis givenby< 4H� 	 o } � � × �: p @ ´ � ¡ 4� � � �J¡ 4� � � �BA � �
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where ¡ 4� 	"¶ } � � ú 4 ¿1~%× û � � ¶ 	_F @ ´ �K} � � � � 4 ¿ � A � G ~ � �
and ¡ 4� is theuniquesolutionin î � of thedifferentialequation� �s� � � � � �GÙE� � � � ¡ 4� ���2� � � � ��ÙT�7¡ 4� � �  Y�(' ��� � } � �0�7¡ 4� ��¡ 4� 	A:vH
Finally, if ¿�	 � ¿ � �X¿ � � and

i	��
 � i ~æ È.ç 	 i(ø 	 � i(ø� � i(ø� � , thenequation(40)holdswith¿ � � i ø �2ø��q	â�2� i ø� ø � � $� � � ��
 �G� ~æ È.ç � i ø� ø � � $� i ø� ø �� �¿ � � izø �2ø��q	¹V¡' � � ��
ji(ø� �G� ~æ È�ç i(ø� �1ø � ��' � � ��
 �G� ~æ È.ç � i(ø� ø � ��Å � � ��
 �G� ~æ È.ç � izø� ø ��XÅ i ø� ø �� ��' i ø� ø �� ��V�' i ø� ø � ø � H
Wenow starttheanalysisof theevolutionsystem(39), (40) for ø&�X�Ó�E� . Our goalis to show
that,if theinitial data ø � :W�2�O� � :W�2�E� � :W� aresufficiently small,then � � /1� and

K� � /1� will go to
zeroexponentially, while ø � /1� tendsto zerodiffusivelyasdescribedin Theorem2.4.As was
explainedin theprevioussection,weshallconsider(40)asaperturbationof (43),whichcan
betreatedusingthetechniquesdevelopedin [Sch96],see[ES02]. In particular, weshalluse
theBlochwave formalismintroducedin section3.2.

If �ø 	 n ø is the Bloch wave transformof ø , we set �� - 	 �3 - �ø and ���É	 �3¶É �ø , where�3 - � �3qÉ arethemodefilters definedby (21). In particular, ø¹	 n ~ � � �� - � ��¡É�� . For notational
convenience,wealsoset

& mù� . Thensystem(39), (40) is equivalentto�W� �� - 	 r� �� - � �3 - �$ � � �� - � ��¡É���� �3 - �ú � �� - � ��¡É1� & �E�I�1/1�,���� ���Éh	 r� ���É)� �3¶É �$ � � �� - � ���Éj��� �3qÉ �ú � �� - � ���É0� & �E���0/1����W� & 	 Ã × & � < ó » � ��������� � � & �%$ � � �� - � ���É1� & �E���0/1�j½D�K� 	û$ $ � �� - � ��¡É1� & �E�I�1/1�,� (44)

where� 	Ak � � � �à�`��m � i ~æ È.ç � , Ã × 	Ak × � 4 ¿ ��Äm � iE| � , and r� 	 n � n ~ � . Theremaining
termsin (44)aregivenby�$ � � �� - � ��¡É��Y	 n m � � i ~æ È.ç �Løv�n��ú � �� - � ���É0� & �E���0/1�·	 n ¿ � i���
 � i ~æ È�ç �2ø���� K� n � � i	��
 �$ � � �� - � ���É0� & �E���0/1�·	[k�ð � i	��
 � & �Gm � � i���
 �.� ~ 4 � ø,� & �+� K� � � � i	��
 �1� × � �$ $ � �� - � ���É0� & �E���0/1�·	 � �=< 4 � � � i	��
 � × � �0� ~ � g< 4:ü � ���>�2�2� � � & �!k�ð � i	��
 � & �!m � � i	��
 ��� ~ 4 � ø,� & �þýv� (45)

whereø�	 n ~ � � �� - � ��¡É�� , � � ~ 4 � ø�� ��� �0/1�,	]ø �� �(�L/2�0/1� , and
K�y	�$ $ � �� - � ��¡É�� & �E���0/1� . For later

use,weobserve that $ � is a linear functionof its third argument
&

, andsois $ $ .
As explainedin [Sch96],it is usefulto modify thissystemby eliminatingthequadraticterms
with respectto �� - in theequationfor ��¡É . We thusintroducethenew variables �� - � ��°É defined
by �� - 	 �� - � ��°É#	 ��¡É�� �V r� ~ � �3¶É �$ � �� � :W��» �� - � �� - ½D� (46)
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where �$ � �� � :W�n	�� � yÿ�� � yÿ�� �$ � � �� - �L:W�üu yÿ�� ® � . As we shallseein thenext section,this changeof va-
riableseliminatestheleadingtermsin theasymptoticbehavior of ��¡É as /&¦ b andsimplifies
thereforetheanalysis.

Applying this transformationto (44),weobtainour final system��� �� - 	 r� �� - � �$ - � �� - � ��ùÉ���� �ú - � �� - � ��°É0� & �E�Q������ ��°É�	 r� ��°É)� �$hÉ � �� - � ��°Éj��� �ú É � �� - � ��°É�� & �E�Q�,���� & 	 Ã × & � < ó �1� �����2��� � � & �%$�� � �� - � ��°É0� & �E�Q�0���K�!	û$�� � �� - � ��°É�� & �E����� (47)

where �$ - � �� - � ��°ÉK�Y	 �3 - �$ � � �� - � ��¡É��&��$·É � �� - � ��°ÉK�Y	 �3¶É �$ � � �� - � ���É��T� �� �W� � r� ~ � �3¶É �$ � �� � :W��» �� - � �� - ½ �n��ú - � �� - � ��°É0� & �E�Q�h	 �3 - �ú � �� - � ��¡É�� & �E���0/1�&��ú É � �� - � ��°É0� & �E�Q�h	 �3¶É �ú � �� - � ��¡É1� & ���I�0/1���$�� � �� - � ��°É0� & �E�Q�h	û$ � � �� - � ���É0� & �E���0/1���$�� � �� - � ��°É0� & �E�Q�h	û$ $ � �� - � ���É0� & �E���0/1��H
(48)

In the right-handsideof (48), the variables �� - � ���É have to be replacedeverywhereby their
expression(46) in termsof �� - � ��°É . For simplicity, we alsodroppedtheexplicit dependence
on / in �ú - , �ú É , $�� , and$�� .
Remark 5.1 If weset

& 	I�c	]: and
i	��
 � i ~æ È.ç 	A: , then(47) reducesto thesystem��� �� - 	 r� �� - � �$ - � �� - � ��°É��&� ��� ��°Év	 r� ��ùÉ°� �$hÉ � �� - � ��°É��&� (49)

whichgovernstheevolutionof theperturbationsof thespatiallyperiodicpattern
i ~æ È�ç . All the

argumentsin sections5.3and5.4applya fortiori to (49),andshowthat theseperturbations
satisfy(9). ThusTheorem2.4followsasa particular caseof Theorem2.8.

5.3 The renormalization procedure

In section3.3,we describedtheasymptoticbehavior of thesolutionsof thelinearizedequa-
tion (3) aroundthe periodic steadystate

i ~æ È�ç . We showed that the rescaledcentralpart�3 - �ø � j�/ ~ �fð�� � - �0/1� convergesto theGaussianfunction Ôe� ~��i À as /&¦ b , while thestablepart
is exponentiallydamped.This continuousrescalingof theBloch variable j canbe usedto
treatthenonlinearproblemalso,see[EWW97]. However, it seemssomewhateasierto use
a discreteversionof the above rescaling,which is known asthe “renormalizationgroup”
method,see[BK92, Sch96]. The ideais to fix some(sufficiently small) � 4 � :S� � � andto
define,for all �
4 � , therescaledquantities�� -þ� £ ��� � - �
	°�Y	 �� - � � £ � � - � � ~ � £ 	°��	 �?�! £ �� - � ��� � - � � ~ � £ 	ù�&����É � £ ��� � - �
	°�Y	 � ~ $ £ ð�� ��°É � � £ � � - � � ~ � £ 	ù��	 � ~ $ £ ð�� � �! £ ��°É�� ��� � - � � ~ � £ 	ù�&�& £ ��� �
	°�·	Ü� � ®�º À ª� & ��� � � ~ � £�	°�n� � £ � 	ù��	�� � � ~ � £�	°�n� (50)
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where Ý�?=: is asin Proposition2.2and �! m �!¹® is therescalingoperatordefinedby�?�!��DD� � jQ� - ��	 �D � � jê� - �nH
Inserting(50) into (47), we obtainanevolution systemfor t �� -þ� £ � ��¡É � £ � & £ ��� £ x which we de-
noteby

� £ .
For notationalconvenience,we take our initial datafor (47) at time /¶	 � insteadof /q	¹: .
Startingfrom thesedata,we first solve the evolution system

� � for t �� -7� � � ��¡É � � � & � ��� � x on
the time interval 	@4¹» � � � � ½ . Evaluatingthe resultat time 	!	 � providesthe initial data
for the rescaledsystem

� � satisfiedby t �� -þ� � � ��¡É � � � & � �E� � x , which we againsolve for 	64» � � � � ½ . Repeatingthis procedure,we seethat solving (47) for /�47» � �2b=� is equivalentto
solvingasequenceof rescaledsystems

� £ onthefixedtime interval » � � � � ½ . Since(47) is not
autonomous,therescaledsystems

� £ will alsodependexplicitly on time.

Theadvantageof this iterativeprocedureis that therescaledsystem
� £ becomessimpleras�=¦ b becausethe asymptoticallyirrelevant termsin

� £ aremultiplied by exponentially
small factorssuchas � £ . This is dueto theprefactorsin (50) which anticipatethedecayof
the quantities �� - � ��ùÉ�� & �E� . For instance,sincethe quadratictermshave beeneliminatedby
(46), we expectthat ��°É � jê� - �0/1� will decaylike � U¡/ as /X¦ b . Now, since /X	 � ~ � £ 	 and 	
variesin a boundedinterval, we canthink of � £ asbeing � U � / . Thus,therescaledvariable���É � £ � 	ù��	 � ~ $ £ ð�� ���! £ ��°Éj� � � ~ � £ 	ù� still convergesto zeroas �d¦ b . Moreover, replacing�! £ ��°É with � $ £ ð�� ��¡É � £ in theevolutionsystem

� £ producessmallfactors� $ £ ð�� . Similarly, since& � /1�y	Bè � � ~ � �0� � as /y¦ b , we expectthat the rescaledquantity
& £ �� ��	ù� definedin (50)

will vanishrapidlyas �Y¦ b . In contrast, �� - convergesto a Gaussianand � to a finite limit�zþ , sothecorrespondingrescaledquantitieshavenoprefactorsin (50).

Ourstartingpoint is theintegralequationsatisfiedby therescaledquantities(50)on thetime
interval 	·4�» � � � � ½ . Using(47),wefind

�� -þ� £ ��� � - ��	ù�Z	â� ® º À ª��¬ � ´ ª ú � ~ ® À û �� -þ� £ ~ � � � � � - � � �� � ~ � £ b �® À � ® º À ª��¬ � ´ ª ú � ~ ��� û �$ -7� £ � �� -þ� £ � ��¡É � £ � ��� � - ��	 � ��A�	 �� � ~ � £Øb �® À � ® º À ª �¬ � ´ ª ú � ~ � � û �ú -þ� £ � �� -þ� £ � ��¡É � £ � & £ ��� £ � ��� � - �
	 � ��A�	 � ����É � £ ��� � - ��	ù�Z	â� ® º À ª��¬�� ´ ª ú � ~ ® À û � ~ $ ð�� ���É � £ ~ � � � � � - � � �� � ~�� £ ð�� b �® À � ® º À ª��¬�� ´ ª ú � ~ ��� û �$hÉ � £ � �� -þ� £ � ��¡É � £ � ��� � - ��	 � ��A�	 �� � ~�� £ ð�� b �® À � ® º À ª �¬�� ´ ª ú � ~ � � û �ú É � £ � �� -þ� £ � ���É � £ � & £ �E� £ � ��� � - �
	 � ��A�	 � �& £ ��� �
	°�q	â� ® º À ª ú Ý?ò �:� û ú � ~ ® À û & £ ~ � �� � � �Ò� � ~ � £ b �® À � ® º À ª ú Ý?ò �:� û ú � ~ ��� û g< ó ü � �¡�X�2��� � � & £ �Ë$�� � £ � �� -þ� £ � �� -þ� £ � & £ ��� £ � ý �� ��	 � ��A�	 � �� £ � 	ù�Z	ñ� £ ~ � ��� ��� � ~ � £ b �® À $ õ � £ � �� -þ� £ � ���É � £ � & £ �E� £ ��A�	 � �
(51)
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where r� -þ� £ 	 �! £ �3«¨- r� �! ~ £ , r�[É � £ 	 �! £ �3©¨É r� �! ~ £ , and�$ -þ� £ � �� -þ� £ � ��¡É � £ ��	 �! £ �$ - �[�! ~ £ �� -þ� £ � � $ £ ð�� �! ~ £ ��¡É � £ �&��$hÉ � £ � �� -þ� £ � ��¡É � £ ��	 �! £ �$·É �?�! ~ £ �� -þ� £ � � $ £ ð�� �! ~ £ ���É � £ �n��ú -þ� £ � �� -þ� £ � ���É � £ � & £ �E� £ ��	 �! £ �ú - �[�! ~ £ �� -7� £ � � $ £ ð�� �! ~ £ ��¡É � £ �L� ~�� ® º À ª � & £ �E� £ �&��ú É � £ � �� -7� £ � ���É � £ � & £ �E� £ ��	 �! £ �ú É �[�! ~ £ �� -þ� £ � � $ £ ð�� �! ~ £ ���É � £ �L� ~�� ® º À ª � & £ �E� £ �&�$�� � £ � �� -þ� £ � ��¡É � £ � & £ ��� £ ��	û$�� �?�! ~ £ �� -7� £ � � $ £ ð�� �! ~ £ ��¡É � £ � & £ �E� £ �,�$ õ � £ � �� -þ� £ � ���É � £ � & £ �E� £ ��	[� ~�� ® º À ª � $ õ �?�! ~ £ �� -7� £ � � $ £ ð�� �! ~ £ ��¡É � £ � & £ ��� £ �nH
(52)

Werecallthat $�� and$�� arelinearfunctionsof thethird argument
&

.

We shall control the evolution of �� -þ� £ , ��¡É � £ in the � -dependentfunction spaces

° 4® ª , ° ó® ª ,
where ° 4® 	 ° ® � $ ð�� � ° ó® 	 ° ® � � � (53)

and

° ® � ± is definedin (24). Thereasonfor theseparticularchoicesof theparameterô (which
measuresthedecayin theBlochvariablej ) will beexplainedin theproofof Lemma5.4.On
theotherhand,weshallusethefixedspacesî � � 5�� and 5 to controltheremainingvariables& £ and � £ , respectively.

To estimatethe variousterms in (51), we now list a numberof lemmaswhich are very
similar to the correspondingstatementsin [ES02,Section7]. The proofsuseexactly the
sametechniques,so we shall be ratherbrief andwe refer the readerto [Sch96,ES02] for
moredetails.

We first boundthe linearsemigroupsgeneratedby r� -þ� £ , r�[É � £ , and Ã × �lÝ . The fact that
applying � ® º À ª �¬ � ´ ª � improvesthe decayin the Bloch variablewill be usedto compensate
the“lossof ô ” in estimate(55)below. Similarly, thesmoothingpropertyof � ®6º À ª ú Ý ò �:� û � will
allow to controltheterm � �����2��� � � & £ in theequationfor

& £ .
Lemma 5.2 Fix ô � 8=ô � 8@: . There existpositiveconstants¢ � , Ý � , and Ý � such that, for all� 4 � :S� � ½ , all �94Y� , andall 	S�
	 � 4G» � � � � ½ with 	h?�	 � , onehas¨�� ® º À ª �¬ � ´ ª ú � ~ � � û �! £ �3©¨- �! ~ £ ���¨X² ³ ª ´ µ � Á ¢ � � 	`��	 � � ± À ~ ± � ¨ ���¨X² ³ ª ´ µ À �¨�� ® º À ª �¬�� ´ ª ú � ~ � � û �! £ �3©¨É �! ~ £ ���¨X² ³ ª ´ µ � Á ¢ � � ~���� ® º À ª ú � ~ � � û � 	���	 � � ± À ~ ± � ¨ ���¨X² ³ ª ´ µ À �¨�� ® º À ª ú Ý ò �:� û ú � ~ ��� û < ó & ¨�ï µ � Á ¢ � � ~�� À ® º À ª ú � ~ ��� û � 	���	 � � ú ± À ~ ± � û ð�� ¨ & ¨�ï µ À H
Proof. Theseestimatesfollow directly from Lemma3.1andProposition2.2. We recall thatÝ � 	�è � Ö � � and Ý � 	Çè � ÙE� . Õ
Next, we estimatethenonlinearterms(52). Most of thesetermsareboundedin a straight-
forwardwayby “countingthepowersof � ” andusingestimate(26)aswell astheidentity�! £ ���! ~ £ ��zt �! ~ £ �����	 � £ � ��zt ��S�2H (54)

However, to boundthe critical term �$>4 � £ , onehasto usethe structureof the systemin a
deeperway and to exploit somenon-trivial cancellations.We needthe following lemma
which generalizesthe fact thatderivativesproducepowersof � underscaling.As we shall
see,althoughthenonlinearity$ -þ� £ doesnotcontainany derivative,it hasa “derivative-like”
structure,seealso[Sch96].
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Lemma 5.3 Let ô � 8=ô � 8@: andassumethat DÞ4 ¢ �æ È.ç � » � � U�VI� � UQV¡½K�3¢ � � »�:S�2V¡ãÒ½f�LÍ&� satisfies¨ � i D � jê� µ ��¨ © À ú�� � � ���! � " û Á ¢�u j�u � ú ± �j~ ± À û ~  � í�	]:S� � �2V�H
Thenthereexists ¢¹?=: such that, for all � 4 � :S� � ½ ,¨ �?�!¯®`DÒ� ���¨X²:³E´ µ À Á ¢ � � ú ± �s~ ± À û ¨ ���¨X²:³E´ µ � H
Proof. This follows from ¯0±�² i ³ � ~ �fð�� � �fð��� u � � jz� � ú ± � ~ ± À û U �s� ��j � � ± � ~ ± À u Á � � ú ± � ~ ± À û . Õ
Lemma 5.4 Thereexistpositiveconstants¢ � �$#� , and Ý $ such that for all �
8]V , all � 4 � :I� � ½
andall 	+4r» � � � � ½ the following estimateshold. If Ï O¡Ð t°¨ �� -þ� £ ¨X² Þ³ ª �ê¨ ��¡É � £ ¨X² ö³ ª �Q¨ & £ ¨ ï À x Á �
and u � £ u Á #� , then¨ �$ -þ� £ ¨X² ³ ª ´ ÷»&% Á ¢ � � À £ ð�� � ¨ �� -þ� £ ¨X² Þ³ ª ��¨ ���É � £ ¨X² ö³ ª � � � (55)¨ �$hÉ � £ ¨X² ö³ ª Á ¢ � � � £ � ¨ �� -þ� £ ¨X² Þ³ ª ��¨ ���É � £ ¨X² ö³ ª � � � (56)¨ �ú -þ� £ ¨X² Þ³ ª Á ¢ � � ~��þ÷ ® º À ª � � ¨ �� -þ� £ ¨X² Þ³ ª ��¨ ���É � £ ¨X² ö³ ª �Ç¨ & £ ¨ ï À �&� (57)¨ �ú É � £ ¨X² ö³ ª Á ¢ � � ~��þ÷ ® º À ª � � ¨ �� -þ� £ ¨X² Þ³ ª ��¨ ���É � £ ¨X² ö³ ª �Ç¨ & £ ¨ ï À �&� (58)¨þ$�� � £ ¨ ï À Á ¢ � � Öq�Çu � £ uà� � £ ð�� � ¨ �� -þ� £ ¨X² Þ³ ª ��¨ ���É � £ ¨X² ö³ ª �0�ü¨ & £ ¨ ï À � (59)u $ õ � £ u Á ¢ � � ~�� ® º À ª � ¨ & £ ¨ ï À H (60)

Proof. We startwith (60). From(52), (50),(48)and(46)wehave$ õ � £ � �� -þ� £ � ��¡É � £ � & £ ��� £ �,	A� ~�� ® º À ª � $ $ � �� - � ���É�� & £ �E� £ �0/1�,�
where/�	 � ~ � £'	 , �� - 	 �! ~ £ �� -þ� £ and ���ÉE	 � $ £ ð�� �! ~ £ ��¡É � £ � �� r� ~ � �3¶É �$ � �� � :W��» �! ~ £ �� -7� £ � �! ~ £ �� -þ� £ ½ .
In particular, if ø�	 n ~ � � �� - � ��¡É�� , it follows from (15), (25) that¨àøh¨ ï À Á ¢ � £ ð�� � ¨ �� -7� £ ¨X² Þ³ ª � � $ £ ð�� ¨ ���É � £ ¨X² ö³ ª ��H
Therefore,using(45),wefind

u $ õ � £ � �� -þ� £ � ��¡É � £ � & £ ��� £ ��uQ	]� ~�� ® º À ª � ��� < 4 � � � i	��
 �� �z� £ � � �e�L/1�1� × � � ���
~ �

g ��� < 4:ü � ���e�2�2� � � & £ ��k�ð � i���
 � & £ ��m � � i	��
 �2ø,� & £ �7ý ���Á ¢c� ~�� ® º À ª � F�Öq�Çu � £ uà� � £ ð�� � ¨ �� -þ� £ ¨X² Þ³ ª ��¨ ���É � £ ¨X² ö³ ª �.G�¨ & £ ¨ ï À � (61)

since< 4 � � � i	��
 � × � �n	 � ��è � Ö���u � £ u�� , u ���9�2�QuQ	Çè � Ö � � , u k�ð � i���
 �üuê	�è � ÖQ��u � £ u � , andsincem � is a linear functionof its third argument.This proves(60). Hereandin thesequel,we
alsoimplicitly usetheassumptionÏ O¡Ð t°¨ �� -þ� £ ¨X² Þ³ ª �Q¨ ��¡É � £ ¨X² ö³ ª �Q¨ & £ ¨ ï À x Á � . Following the
samelinesandusingin additionestimate(61)for

K�c	 � � £ K� £ 	J$ õ � £ , weobtain(59). Finally,
from (53),(52), (48)and(26),wehave¨ �ú -þ� £ � �� -þ� £ � ���É � £ � & £ �E� £ �ü¨X² Þ³ ª Á ¢ � ~�� £ ð�� ¨ �ú � �� - � ���É1�L� ~�� ® º À ª � & £ ��� £ �0/1��¨ yõ ÀÀ �
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where/2� �� - � ���É areasabove,and �ú is givenby (45). To boundthenew term ¿ � i	��
 � i ~æ È.ç �2ø�� ,
where ød	 n ~ � � �� - � ���É�� , weproceedasis suggestedafter(41)andobtain¨�¿ � i	��
 � i ~æ È.ç �2øv�ü¨ õ ÀÀ Á ¢c� ~��þ÷ ® º À ª � � ¨ �� -7� £ ¨X² Þ³ ª �Ç¨ ��¡É � £ ¨X² ö³ ª ��¨ & £ ¨ ï À �&�
for some Ý $ Á Ï�� PÒ� Ö¡Ù � �2Ý�UQV�� . Togetherwith (61), this yields (57), and(58) is provedin a
similar way.

To estimate �$ -7� £ , wefirst notethat �$ � � �� - � ��¡É��,	 n m � � i ~æ È�ç � n ~ � � �� - � ���Éj�1� wherem � � i ~æ È�ç �2øv�&	 o �� � �2����Å i ~æ È.ç � � �1ø ��i ~æ È.ç � � � '+ø �� ��ÅWø �� ���!V¡' i ~æ È.ç � � ø � ø � p �=è � ø $ �nH
Therefore,�$>4 � £ 	 �! £ �3 - �$ � ���! ~ £ �� -þ� £ � � $ £ ð�� �! ~ £ ���É � £ � �� r� ~ � �3¶É �$ � �� � :W��» �! ~ £ �� -7� £ � �! ~ £ �� -þ� £ ½ �	 �! £ �3 - o ���� �2���(Å i ~æ È.ç � � �1é � � �� -þ� £ � ��¡É � £ �i ~æ È.ç � � � 'Dé � � �� -þ� £ � ��¡É � £ �T��Å�é � � �� -7� £ � ���É � £ �0���!V¡' i ~æ È.ç � � é $ � �� -7� £ � ���É � £ �Sp� �$ ú $ û4 � £ � �� -þ� £ � ���É � £ �&�
whereé � �Lé � �Lé $ arethequadratictermsin �� -þ� £ � ��¡É � £ and �$ ú $ û4 � £ containsthehigherorderconvo-
lutions.Setting �� -þ� £ 	 � �� ú � û-þ� £ � �� ú � û-þ� £ � , wefindé � � �� -þ� £ � ���É � £ �&	 � �! ~ £ �� ú � û-þ� £ �)( � ��V � $ £ ð�� � �! ~ £ �� ú � û-þ� £ t �! ~ £ �� ú � ûÉ � £ �¡� � $ £ � �! ~ £ �� ú � ûÉ � £ �)( � 	�¥Wé �j� ��é ��� ��é � $ �
andsimilarexpressionsholdfor é � and é $ . Mostof thesetermscanbeboundedin astraight-
forwardway, using(54) togetherwith thefact that ¨ �! £��3 - �! ~ £ Dn¨X² Þ³ ª Á ¢�¨1D&¨X² Þ³ ª for some¢¹?�: independentof � and � . For instance,̈ �!�£Qé ��� ¨X² Þ³ ª Á ¢ � À £ ð�� ¨ �� -þ� £ ¨X² Þ³ ª ¨ ���É � £ ¨X² ö³ ª . Ho-
wever, (54) is not sufficient for thequadratic(andcubic) convolutionsinvolving �� -þ� £ only:
proceedingasabove,onewould obtain ¨ �! £ é �j� ¨X² Þ³ ª Á ¢ � £ ¨ �� -þ� £ ¨ �² Þ³ ª , while we need� À £ ð��
in theright-handside,see(55). Thus,morecarefulboundsarenecessary.

Following [Sch96]we write �$ -þ� £ 	 �ñ � � �ñ � � �$ -þ� £ � * , where �ñ � and �ñ � containthequadratic
andcubicconvolutionsof �� -þ� £ , respectively, and �$ -þ� £ � * containsthehigherconvolutionsof�� -7� £ andall theconvolutionswith at leastonefactor � $ £ ð�� ��¡É � £ . Thus¨ �$ -þ� £ � * ¨X² Þ³ ª Á ¢ � À £ ð�� � ¨ �� -þ� £ ¨X² Þ³ ª �Ç¨ ��¡É � £ ¨X² ö³ ª � � H
Ontheotherhand, �ñ � is givenby �ñ � 	 �! £ �3 - npV��qn ~ � �! ~ £ �� -þ� £ � n ~ � �! ~ £ �� -7� £ � , whereV is the
symmetricbilinearform definedby V�� i � � i � �&	 �� � � �ãBã m � � i ~æ È�ç �2ø#��u ã ® �2�à» i � � i � ½ . Thusn VÄ� i �2øv� � jê� - �,	 @ �fð��~ �fð�� V � �N- ��» n i � jq��ÕÞ� - �2� n ø � ÕÞ� - �s½�A:Õa�
where V � is againa symmetricbilinear form, dependingexplicitly on - due to the mul-
tiplication by

i ~æ È.ç . Writing �� -þ� £ ��� � - �Ä	 �! £v�3 ¨- �! ~ £ �� -þ� £ ��� � - �Ä	Üé £ ��� ��� � � £ � � - � , where� � jQ� µ � is thecritical eigenfunctionof � � jz� from Lemma3.1,andusing(20), (21), we ob-
tain �ñ � ��� � - �n	"� � � £ � � - � ¤ � � £ � ��#ñ � ��� � with#ñ � ��� �n	 � £ b ���� + ¡ � � £ � � - �2� b �fð�� ® ª~ �fð�� ® ª V � �N- ��» �� -þ� £ ��� � ÕÞ� - � �� -7� £ � ÕÞ� - �s½�A:Õ-, " À A -	 � £ b �fð�� ® ª~ �fð�� ® ª � �! £ ¶ � ��� � � ��ÕÞ�EÕh�0��é £ ��� ��Õh�1é £ � Õh��A:Õa�
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andwhere¡ � jQ� µ � is thecritical eigenfunctionof � � jz� þ , and¶ � � jê�.j¶�kÕÞ��Õh�n	 @ ���� + ¡ � jê� - ��� V � �.- �à»ì� � j¶��ÕÞ� - ���O� � ÕÞ� - �s½ , " À A - H (62)

Similarly, �ñ � ��� � - �n	"� � � £ � � - � ¤ � � £ � ��#ñ � ��� � , where

#ñ � ��� �&	 � � £ @'@ �[�! £ ¶ � ��� � � ��ÕÞ�EÕ�� � � � �0��é £ ��� ��Õh��é £ � Õ�� � ��é £ �K� ��A � A:ÕaH
Thekernel ¶ � � jê�.jr�kÕÞ�EÕ�� � � � � encodesthecubicconvolutionsof �� -þ� £ .
Next we show that u ¶ � � jQ�HjQ�(ÕÞ�EÕh�üu�	#è � j � �uÕ � � and u,¶ � � jê�.jê�(ÕÞ�EÕÞ� � � � ��u 	cè � jz��Õh� � �
as jê�EÕÞ� � ¦ : . Then,usingLemma5.3with ô � 	lÅWU�V and ô � 	]ÅWUêá , wegaina factor � $ £ ð��
whenestimating �ñ � . Similarly, choosingfor instanceô � 	 � and ô � 	 ÅWU¡á , we gain � £ ð��
whenestimating �ñ � . Thisgivesthecorrectpowerof � in (55),andexplainswhy weestimate�$ -7� £ in

° ® ª � $ ð�� andnot in

° 4® ª . As wasalreadymentioned,this lossin ô will becompensated

by thesmoothingpropertiesof � �¬ � ´ ª � , seeLemma5.2.

First, from thetranslationinvarianceof (3), we have ¶ � � :S�3:S�L:W�n	Ç: and ¶ � � :I�L:S�L:S�3:W�&	�: .
Indeed,thecasej�	¾ÕÚ	 � 	¹: correspondsto thespatiallyperiodiccase,in which there
existsa centermanifold .�	�t i ~æ È.ç �N- �eé��Eu�é·4(5Zx of V�ã -periodicequilibria,cf. section4.
It is notdifficult to verify (see[ES02])thattheflow inducedby (3) on . is givenbyKé	�¶ � � :I�L:S�L:W��é � �9¶ � � :S�L:S�3:S�L:W��é $ ��è � é � �n�
which immediatelyyields ¶ � � :S�L:I�L:W��	A: and ¶ � � :S�L:I�L:S�L:W�T	A: .
It remainsto show u ¶ � � jê�.je� ÕÞ�EÕh��uD	Bè � j � �QÕ � � . From VÄ� i �2øv�y	 V�� ø,� i � we have¶ � � jê�.j+��ÕÞ�EÕh�n	"¶ � � jê�EÕÞ�.j+��Õh� andhence

øø w ¶ � � :S�L:S�L:���	A: . Finally,
øø i ¶ � � :S�L:I�L:W��	A:

is aconsequenceof ¸ � � jz�&	Çè � j � � , whichcanbeseenasfollows. As in [Sch98b]wewrite� � jü�&	"�E���kj�� � �=è � j � ��� ¡ � jü�,	�¡T�T��j1¡ � �=è � j � �2�� � jz�&	��Ü�E�kj�� � ��è � j � �2� � � jü� þ 	I� þ� ��j1� þ � ��è � j � ��H
From � � jü�.� � jz�q	ñ�Ü�O�"�&��j � � � �E�,�Q�Ü�X� � �"�Aè � j � �Z	7è � j � � andthesimilar relation
for � � jz� þ ¡ � jü� , weobtain�Ü�O�E��	]:S� � þ� ¡T�r	]:S� �Ü�O� � ��� � �"�r	A:I� � þ� ¡ � �J� þ � ¡T��	A:SH (63)

Moreover, for any fixed j andany V¡ã -periodicfunction �ø , wehave� � � � � jz� �ø#�&	 � � F � ~ � i � � kÞ�!�Äm � i ~æ È.ç �1� �øv� � i � G	â� ~ � i � F � kn�y�Äm � i ~æ È.ç �0� � � �ø@�G� � m � i ~æ È.ç � � �ø�� � � i ~æ È.ç � G ��� i �	ñ� � jz� � � �ø=��V V � �.- �à» �ø�� � � i ~æ È.ç ½+H (64)

If wenow choose �ø�	L�"�+�Ëj�� � , wehave � � jz� �ø�	Çè � j � � . Henceit followsfrom (64) that�Ü� � � �E�E��V V � »ì�E�ü� � � i ~æ È.ç ½D	A:#�� � � � �E�E���Ü� � � � � ��V V � » � � � � � i ~æ È�ç ½D	A:cH (65)
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Using(63),(65),and �E��	]��� � � i ~æ È.ç , where�1� is thenormalizationfactorfrom Lemma3.1,
we thusobtainøø i ¶ � � :S�L:S�3:W��	M =¡ � � V � » �E�ü�O�"�0½�¢F�" =¡T�z� V � »ì�"�z�O� � ½ ¢	å� �� 4�/  =� þ� ¡ � �J� þ � ¡T�ü� � � �E��¢�� �� 40/  =� þ� ¡T�ü� � � � � ¢&	A:IH
This concludesthe proof of (55). Finally, estimate(56) on �$hÉ � £ follows from expressing��� �� - in � �� ��� � r� ~ � �3¶É �$ � �� � :W�à» �� - � �� - ½N� by (47)andusing(55),(54)andLemma5.3.Thisgives

the desiredpower of � , because�$·É � £ containsno quadratictermsin �� -þ� £ sincetheseterms
werepreciselyeliminatedby thechangeof variables(46). Theproof of Lemma5.4 is now
complete. Õ
To estimatetheintegralsin (51),we introducethequantities1 ÿ � £ 	 ¯0±S² � ³ � ® À � �2 ¨ �� -7� £ � 	ù��¨X² Þ³ ª � ¯0±�² � ³ � ® À � �2 ¨ ��¡É � £ � 	ù�ü¨X² ö³ ª �143 � £ 	 ¯0±S² � ³ � ® À � �2 ¨ & £ � 	ù�ü¨ ï À � 1 õ � £ 	 ¯0±�² � ³ � ® À � �2 u � £ � 	°��uQH
Lemma 5.5 There exist positiveconstants¢ $ �L¢ � such that for all � 4 � :S� � ½ , all 	·4G» � � � � ½
andall �
8]V thefollowingestimateshold. If Ï O¡Ð+� 1 ÿ � £ � 143 � £ � Á � and

1 õ � £ Á #� , then� ~ � £ ¨ b �® À � ® º À ª �¬ � ´ ª ú � ~ � � û �$ -þ� £ � 	 � �gA�	 � ¨X² Þ³ ª Á ¢ $ � £ ð�� 1 �ÿ � £ �� ~�� £ ð�� ¨ b �® À � ® º À ª �¬�� ´ ª ú � ~ � � û �$hÉ � £ � 	 � �BA�	 � ¨X² ö³ ª Á ¢ $ � £ ð�� 1 �ÿ � £ �� ~ � £ ¨ b �® À � ® º À ª��¬ � ´ ª ú � ~ �
� û �ú -þ� £ � 	 � �gA�	 � ¨X² Þ³ ª Á ¢ $ � £ ð�� � 1 ÿ � £ � 153 � £ �&�� ~�� £ ð�� ¨ b �® À � ® º À ª �¬�� ´ ª ú � ~ � � û �ú É � £ � 	 � �BA�	 � ¨X² ö³ ª Á ¢ $ � £ ð�� � 1 ÿ � £ � 153 � £ �&�� ~ � £)¨Ûb �® À � ®6º À ª ú Ý ò �:� û ú � ~ � � û < ó ü � ���X����� � � & £ �%$�� � £ ý � 	 � �BA�	 � ¨ ï ÀÁ � ¢ � � Öq�6#�����G¢ $ � £ ð�� 1 ÿ � £ � 143 � £ �� ~ � £ u b �® À $ õ � £ � 	 � ��A�	 � u Á ¢ $ � ~�� ® º À ª�7 À 153 � £ H
(66)

Remark 5.6 Theproof showsthat ¢ $ ¦ b as Öc¦ : , while ¢ � canbechosenindependent
of Ö .
Proof. Theseestimatesareeasilyobtainedby combiningLemmas5.2and5.4.Theassump-
tion �A8åV is usedto simplify the boundson �ú -þ� £ and �ú É � £ . For instance,in the estimate
involving �ú -þ� £ , weuse� ~ � £ @ �® À ¢ � ¢ � � ~��þ÷ ® º À ª ��� A�	 � Á ¢ � ¢ �Ý $ � ~��þ÷ ® º À ª�7 À Á ¢ $ � £ ð�� H
Thelast inequalityis very crudeif � is large,but it is sufficient for our purposesbecauseit
matcheswhatwe have for �$ -7� £ , �$hÉ � £ . Notehowever thatwe keeptheexponentialfactorin
theestimatefor $ õ � £ . Õ
Finally, thefollowing boundshold for thefirst termson theright-handsideof (51).
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Lemma 5.7 There exists ¢¯Àz�L¢¯Â�? : and Õ 4a� such that, for all � 4 � :S� � ½ and all	h4�» � � � � ½ , onehas¨�� ® º À ª �¬ � ´ ª ú � ~ ® À û �! £ �3©¨- �! ~ £ �! ���¨X² Þ³ ª Á ¢¯À � ~ w ¨ ���¨X² Þ³ ª�º � �¨�� ® º À ª �¬�� ´ ª ú � ~ ® À û �! £ �3©¨É �! ~ £ � ~ $ ð�� �! ���¨X² ö³ ª Á ¢¯À � ~ w � ~���� ® º À ª ú � ~ ® À û ¨ ���¨X² ö³ ªOº � �¨�� ®�º À ª ú Ý ò �:� û ú � ~ ® À û < ó & ¨ ï À Á ¢¯ÂL� ~�� À ®�º À ª ú � ~ ® À û ¨ & ¨ ï À H
Proof. This follows immediatelyfrom Lemma5.2 andestimate(26). Theconstant¢¯Â can
bechosenindependentof Ö . Õ
In thesequel,weset ¸·	]¢ � � Ör�8#�Q� andassumethat ¸ is sufficiently smallsothat� VQ¢¯ÂE� � �s¸ Á � U�VcH (67)

Combiningtheabove Lemmas,we arenow readyto give a priori boundson thesolutionof
(51) in termsof theinitial data.Letô ÿ � £ 	 ¨ �� -þ� £ ��µ � µ � � ��¨X² Þ³ ª �Ç¨ ��¡É � £ ��µ � µ � � �ü¨X² ö³ ª � ô 3 � £ 	6¨ & £ ��µ � � ��¨ ï À � ô õ � £ 	7u � £ ��� �üuQH
Proposition 5.8 There exist � �Z?=: and ¢ � ?=: such that, for all � 4 � :S� � �2� andall �
8AV ,
thefollowing holds. If ô ÿ � £ ~ � Á ¢ � � w with Õ asin Lemma5.7,and ô 3 � £ ~ � ��ô õ � £ ~ � Á ¢ � ,
then(51) hasa uniquesolution � �� -þ� £ � ���É � £ � & £ �E� £ ��4@¢ � » � � � � ½K� ° 4® ª g ° ó® ª g(î � gÓ5�� . In
addition,wehaveÏ O�Ð+� 1 ÿ � £ � 153 � £ � Á � , 1 õ � £ Á #� , and1 ÿ � £ Á ¢¯À � ~ w ô ÿ � £ ~ � ��VQ¢ $ � £ ð�� � 1 �ÿ � £ � 1 ÿ � £ � 153 � £ �n�153 � £ Á ¢¯Â3ô 3 � £ ~ � � � ¸��G¢ $ � £ ð�� 1 ÿ � £ � 143 � £ �1 õ � £ Á ô õ � £ ~ � �!¢ $ � ~�� ® º À ª
7 À 143 � £ H (68)

Proof. Let
i £ 	 � �� -þ� £ � ��¡É � £ � & £ ��� £ � andlet ) £ 	]¢ � » � � � � ½f� ° 4® ª g ° ó® ª g�î � g�5r� equipped

with thenorm ¨ i £ ¨:9 ª 	 1 ÿ � £ � 153 � £ � 1 õ � £ U;#� . Let also V £ betheunit ball in ) £ . Given
initial data �� -þ� £ ~ � �sµ � µ � � � , ��¡É � £ ~ � �sµ � µ � � � , & £ ~ � �sµ � � � , � £ ~ � ��� � , theright-handsideof (51)defines
amap * £ ¥?) £ ¦§) £ . FromLemmas5.5and5.7,weknow that,if

i £ 4 V £ , then¨�* � i £ �ü¨:9 ª Á ¢¯À � � ~ w ô ÿ � £ ~ � �Gô õ � £ ~ � U�#�Q���!¢¯Â3ô 3 � £ ~ � � � ¸��!¢ � £ ð�� �ü¨ i £ ¨:9 ª H
Similarly, if

i £ � Øi £ 4 V £ , wefind¨�* � i £ �T��* � Øi £ �ü¨:9 ª Á � ¸��!¢ � £ ð�� ��¨ i £ � Øi £ ¨:9 ª H
By (67),we have ¸ Á � U�V . If we now assume¢ � < �� and � ~ w ô ÿ � £ ~ � ��ô 3 � £ ~ � ��ô õ � £ ~ � U�#� Á¢ � for somesufficiently small ¢ � ?B: , we seethat * £ maps V £ into itself andis a strict
contractionthere.Theuniquefixedpoint

i £ is thedesiredsolutionandsatisfies(68). Õ
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5.4 Iteration and Conclusion

To show that the recursionrelation(68) canbe iteratedandto concludetheproof of Theo-
rem 2.8 we needa bettercontrol on the critical term �� -þ� £ ��� � - �
	°� . For each ��4÷� , we
decomposethesolution �� -þ� £ ��µ � µ � � � into aGaussianpartanda remainder, i.e.�� -þ� £ ��� � - � � ��	 Ô £ N ��� ��� � � £ � � - �F� �5 £ ��� � - �n�
where Ô £ 4(Í and

N ��� ��	 � ~�=< À with ÿ and � � jê� - � from Lemma3.1. TheamplitudeÔ £
is determinedby thecondition �5 £ � :S� - �X	¹: , - 4]»¼:I�2V¡ãÒ½ . Equivalently, Ô £ 	 �< �� -þ� £ �sµ � µ � � � ,
where �< ¥ ° ® � ± ¦ Í is definedby�< Dh	¾ =¡ � :S� µ ���OD � :S� µ ��¢��
see(20). Then(51)canbedecomposedaccordinglyandtakestheformÔ £ 	dÔ £ ~ � � � ~ � £ �< F b �® À � ® º À ª �¬ � ´ ª ú � ~ � � û ���$ -þ� £ � �ú -þ� £ � � 	 � �BA�	 � G � (69)�5 £ ��� � - �X	�� ® º À ª �¬ � ´ ª ú � ~ ® À û �5 £ ~ � � � � � - �� � ~ � £ b �® À � ® º À ª �¬ � ´ ª ú � ~ � � û � �$ -þ� £ � �ú -þ� £ � ��� � - ��	 � �gA�	 � (70)��� ® º À ª �¬ � ´ ª ú � ~ ® À û Ô £ ~ � N � � � �.� � � £ � � - ���(Ô £ N ��� �.� � � £ � � - �&H
We alsodefine ô *�� £ 	�¨ �5 £ ¨X² Þ³ ª ��¨ ���É � £ ��µ � µ � � ��¨X² ö³ ª . By constructionwe have ô ÿ � £ Á ¢ � u Ô £ uQ�ô *�� £ � . Our mainestimateis now:

Proposition 5.9 Undertheassumptionsof Proposition5.8,thesolutionof (51) satisfiesu Ô £ ��Ô £ ~ � u Á ¢ á � £ ð�� � ~ w � u Ô £ ~ � uà�Gô *�� £ ~ � ��ô 3 � £ ~ � �n�ô *�� £ Á ¢ á � ô *�� £ ~ � �!¢ á � £ ð�� � ~ w � u Ô £ ~ � uà�Gô *�� £ ~ � ��ô 3 � £ ~ � �n�ô 3 � £ Á � ¢ á � � �� ��ô 3 � £ ~ � �u � £ ��� £ ~ � u Á ¢ á � ~�� ® º À ª
7 À ô 3 � £ ~ � � (71)

for some¢ á ?�: .
Proof. Since u �< Dnu Á ¢�¨1Dn¨X² Þ³ ª for some ¢Ú?6: independentof � , it follows immediately
from (69)and(66) that u Ô £ �ÆÔ £ ~ � u Á ¢ � £ ð�� � 1 ÿ � £ � 153 � £ �&H (72)

Next, since �5 £ ~ � � :S� - �,	A: , thereexists ¢â?=: suchthat¨�� ® º À ª �¬ � ´ ª ú � ~ ® À û �! �5 £ ~ � ¨X² Þ³ ª Á ¢ � ¨ �5 £ ~ � ¨X² Þ³ ªOº � �
see[Sch96,ES02]. This crucial estimateshows that, if � is sufficiently small, the linear
semigroupcontractstheremainderterm �5 £ , which is thereasonfor subtractingtheGaussian
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part from �� -þ� £ . Moreover, the last line in the right-handsideof (70) canbe estimatedby¢�u Ô £ �(Ô £ ~ � uà�!¢ � £ 1 ÿ � £ , see[ES02].Summarizing,weobtainô *�� £ Á ¢ � ô *�� £ ~ � �G¢ � £ ð�� � 1 ÿ � £ � 153 � £ �nH (73)

On theotherhand,it follows from Lemma5.7that¨�� ® º À ª ú Ý�ò �:� û ú � ~ ® À û & £ ~ � ¨ ï À Á ¢#� ~�� À ® º À ª ú � ~ ® À û ¨ & £ ~ � ¨ ï À Á ¢ � ¨ & £ ~ � ¨ ï À �
hence ô 3 � £ Á ¢ � ô 3 � £ ~ � � � ¸��!¢ $ � £ ð�� � 153 � £ H (74)

Finally, u � £ ��� £ ~ � u Á ¢ $ � ~�� ® º À ª�7 À 153 � £ H (75)

Now, if weassumethat ¢ $ � � Á Ï�� PÒ� ¸�� � U�>W� , it follows from (68) that153 � £ Á ¢¯Â� �GVê¸ ô 3 � £ ~ � � 1 ÿ � £ Á VQ¢¯À � ~ w ô ÿ � £ ~ � � 153 � £ H (76)

Insertingtheseboundsinto (72),(73),(74),(75),andusingthefactthat V¡¸�¢¯ÂLU �s� �yVê¸F� Á � U�V
by (67),weobtain(71). Õ
It is now straightforwardto concludetheproofof Theorem2.8.First,wechoose� 4 � :S� � �2�
sufficiently small so that ¢ á � Á � $ ð�� . Then, we set �+�
	\VÁÕ �dV and take initial data�� -7� £ ¿ � ���É � £ ¿ � & £ ¿ �E� £ ¿ suchthatu Ô £ ¿ uà�Gô *�� £ ¿ �Gô 3 � £ ¿ �Gô õ � £ ¿ Á ºy�
for some º
?7: . Remarkthat, sincethe original problemis autonomous,we may without
lossof generalitytakeour initial dataat time /s�r	 � ~ � £ ¿ .
As is easyto verify, if º(?^: is sufficiently small, the recursionrelation(71) implies thatu Ô £ u��yô *�� £ ��ô 3 � £ �yô õ � £ Á ¢cº for all �
8=�+� . In particular, theassumptionsof Proposition5.8
aresatisfiedfor all �!8��D� . Moreover, thereexists ¢@?v?Ç: , Ôeþ#4�Í , and �zþc4(5 suchthat,
for all �
8=�+� ,u Ô £ ��Ô>þêuà�Gô *�� £ Á ¢@?Lº � £ ð�� � u � £ �k�zþQu Á ¢@?3ºê� ~�� ® º À ª � ô 3 � £ Á ºyH (77)

It remainsto show that theseestimatesimply (9) and(10). First, combining(77) with (76)
andusingthelastboundin (66),weobtain153 � £ �G� � ® º À ª ¯0±�²� ³ � ® À � �2 u � £ � 	ù������þêu Á ¢cºc� �98=�D�¶H
If weundothechangeof variables(50),we thusfind� �0� � ¨1� �sµ �0/1�ü¨ ï À �Çu � � /1�T���zþ¡u�� Á ¢cºc� /r8�/s�¶�
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which implies(10),see(37). Similarly, remarkingthat�� -þ� £ ��� � - �
	°����Ôeþ N ��� � 	)��� � :S� - ��	�� -þ� £ ��� � - �
	°�,��� ®�º À ª �¬ � ´ ª ú � ~ ® À û F �� -þ� £ ~ � � � � � - � � �T� �5 £ ~ � � � � � - � G�
Ô £ ~ � F�� ® º À ª��¬ � ´ ª ú � ~ ® À û N � � � ��� N ��� � 	)�.GÛ� � � £ � � - �� � Ô £ ~ � ��ÔeþL� N ��� � 	°��� � � £ � � - ���GÔeþ N ��� � 	)� � � � � £ � � - ����� � :S� - �0�,�
andusing(77),(76), (66), (51)andLemma3.1,wearriveat¯1±�²� ³ � ® À � �2 F�¨ �� -7� £ �sµ � µ �
	ù�T�(Ô>þ N ��µ � 	)�.� � :S� µ ��¨X² Þ³ ª ��¨ ���É � £ ��µ � µ ��	ù��¨X² ö³ ª G Á ¢cº � £ ð�� � �
8=�D�¶H
In particular, using(24),wehave for all �
8=�D� ,
¯0±S²� ³ � ® À � �2 ¯0±S²�z³ � � � ���! @ �fð�� ® ª~ �fð�� ® ª F u �� -þ� £ ��� � - �
	°���Ôeþ N ��� � 	°��� � :S� - ��uÊ�9u ��¡É � £ ��� � - �
	°��u G A � Á ¢cº � £ ð�� H

If wenow undothechangesof variables(50)and(46),weobtain

¯0±S²�z³ � � � ���! @ �fð��~ �fð�� u �ø � jê� - �0/1�T�(Ô>þ N � j � /1��� � :S� - �üu�A�j Á ¢cº/ $ ð�� � /�8�/s�rH (78)

Since b �fð��~ �fð�� ��� i � �ø � jê� - �0/1�gAejZ	Aø �.- �0/1� and@ �fð��~ �fð�� � � i � Ô>þ N � j � /0�.� � :S� - �gAejY	 Ôeþ� áQãFÿ�/ � ~ � À ð ú �þ� j� û � � :S� - ���=è � / ~ � �&�
weseethat(78) implies(9). Theproofof Theorem2.8is now complete. Õ
6 Results in case II

In this section,we give theresultsaboutexistenceandstability of modulatedfronts in case
II, namelywith * � �D��	 � ��� in (1). When  crosseszero,thehomogeneoussteadysateiT�

aheadof the front destabilizesandundergoesa Turing bifurcation,but theequilibriumi&~
behindthefront remainsasymptoticallystablewith someexponentialrate.As explained

in Remark4.4, we have existenceof a modulatedfront connectingthe Turing pattern
i �æ È.ç

aheadof thefront with thetrivial solution
i&~

behind.

Theorem 6.1 For Ö9?6: sufficiently small, there exist a modulatedfront solutionof (3) of
theform i �.- �0/1�&	 i	��
 �.- ���L/2� - �n� - 4Y5l� /r4·5A�
where

i	��
 �� � - � is V¡ã -periodicin its secondargumentand �q	l���T�=è � Ö � � . Moreover, there
exist positiveconstants¢c�3Ù � �3Ù � (independentof Ö ) such that¯0±S²��� �z³2´ u i���
 ��� � - �T� iT| ��� �üu Á ¢yÖc�
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and ¨ i	��
 ��� � µ �E� i �æ È.ç ��µ ��¨ ú ï À ú � � ��� û û À Á ¢c� ~%×�� � � � 8@:v�¨ i���
 ��� � µ �E� i&~ ¨ ú ï À ú � � ��� û û À Á ¢c� × À � � � Á :vH
Remarkthat,in contrastwith Theorem2.6,theconvergencerateof

i	��
 �� � - � towards
i&~

as� ¦ �eb is independentof Ö .
Proving thenonlinearstabilityof themodulatedfront is mucheasierherethanin caseI:

Theorem 6.2 If Ù�4 � :S�0Ù°�2� and Ö?l: is sufficientlysmall,thereexist positiveconstants¢ ,Ý , º such that thefollowing holds.For all ø°�>¥�5A¦ 5 � with ¨àøù� �N- � �s� �G� × � �ü¨ ï À Á º , there
existsa uniqueglobal solution

i �.- �0/1� of (3) with initial data
i �.- �L:W��	 i	��
 �.- � - �F��ø°� �.- � .

Moreover, there existsa shift function �Ä¥�5 � ¦ 5 anda real constant��þ such that
i �.- �0/1�

canberepresentedasi �.- �0/1�Ä	 i	��
 �N- ���L/T��� � /1�2� - ����ø �.- �0/1�&� - 4·5 ��/�8@:q�
where ¯0±�²�z³2´ u�ø �.- �0/1�üuà� ¯0±S²� ³2´ u ø ��� �!�L/2�0/1�1� × � uà��u � � /1�T�k�zþQu Á ¢#� ~��0� � /�8l:cH (79)

Proof. We proceedexactlyasin section5.1. Settingi �N- �0/1��	 i	��
 �.- ���L/��k� � /1�2� - �F��ø �N- �0/1�n� and � �� �0/1�`	Üø �� �G�2/2�1/1�1� × � �
weobtainequation(36) for ø and(39) for � and � . However, we replace(40)with��� ø�	]k � � � �1øl�G�Äm � i&~ �0ø@�!m � � i&~ �2ø#��� K� � � i���
 �9¿ � i	��
 � i&~ �2øv�&H
In contrastwith thepreviouscase,thespectrumof thelinearoperator!!	Ak � � � �W�·��m � i&~ �
is strictly containedin theleft-half plane.In addition,if we assumethat :�<=Ù�<=Ù � (whereÙ � is definedin Theorem6.1),we have¯1±�²� ³�´ ¨ i	��
 ��� ��� � /1��� µ �E� i&~ ¨ ï À ú � � ��� û � ~%× � Á ¢�H
Thus,proceedingasin (41),wefind¨�¿ � i���
 � i&~ �2ø#��¨ ï ÀhÁ ¢�¨1�å¨ ï À ��� ��¨àø�¨ ï À �&�
for some¢¹?�: . Summarizing,theevolutionsystemfor ø&�O�9�E� hastheform�W� ø6	�!¶øl��è � ø � ����è � K������è � �d�,���� � 	lÃ × � �=è �0� Ö���u �)u �����+��è � øp���&�K��	Çè �0� ÖQ�Äu �)u �����Ò��è � ø;���nH (80)

By construction,thereexists ÝY?l: suchthat ¨��BA � ø�¨ ï À Á ¢c� ~��0� ¨àøh¨ ï À and ¨�� Ý ò � �å¨ ï À Á¢c� ~��0� ¨1�å¨ ï À for all /¶8@: . Therefore,if Ö?=: is smallenoughandif theinitial datasatisfy¨àø �sµ �L:���¨ ï À �÷¨1� ��µ �L:W�ü¨ ï À �÷u � � :W�üu Á º for somesufficiently small º ?¹: , it is clearthat
(80)hasaglobalsolutionin î � gÞî � gY5 . Moreover, thereexists �zþX4·5 suchthat¨àø �sµ �0/1�ü¨ ï À ��¨1� �sµ �0/1�ü¨ ï À ��u � � /1�E���zþQu Á ¢c� ~��0� �
as /,¦ �yb . Thisconcludestheproof. Õ
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7 Numerical simulations

Usingnumericalsimulations,we illustratetheresultsfrom section2 concerningmodulated
fronts, and, for a differentmodel, the existenceandstability of modulatedpulses. These
computerexperimentsgivetheimpressionthattheassertionsof Theorem2.6and2.8arealso
truefor Ö and º not necessarilysmall,i.e. theexistenceandstability of modulatedstructures
alsoholdsfor non-smallvaluesof thebifurcationparameterandnon-smallperturbations.

7.1 Modulated fronts

To solve (5) numericallywe subtractthe (unmodulated)front CED&FHGJILK�MONHPED&FHQSROG from T ,
i.e, we set TUI6CHVXW�Y andintegratetheresultingsystemfor D0Y[Z
\�G usingfinite differences,
periodicboundaryconditionsonthelargedomainF^]_Da`cbOd�efZ:bSd'egG (seeRemark7.1below),
and implicit time stepping. The parametershiI d�jlk and monpI d�jlk are kept fixed. We
startwith rathergenericinitial conditionsandcalculatethe (discretized)modulatedfronts
dynamicallywhich of courseis only possibleif they arestable(for thediscretizedsystem).

Figure4 shows theevolution towardsa modulatedfront for qrIsd�jut andinitial conditionsD0YvZ�\�G�u wuxHn-I DatyQ{z}|S~�PED0F�GZ�d�j�d�tg~���N�D0F�G
G . The hump in Y�u wuxHn is transformedinto a shift inT�I�C�W�Y ratherquick. The transienttime in which essentially\�D&��G reachesits proper
amplitude��D2�OG andthencouplesbackinto the T equationto producethemodulatingpulse
is about50 units. Convergenceof thesolutionto themodulatedfront with similar transient
behavior wasobservedfor morerathergenericinitial conditions.Startingwith initial condi-
tions D&Y[Z�\�G�u wuxHn�I D=tyQ{z}|O~
PED&FHGoZ:d�j���~���N�D0F�G
G we get a muchshortertransient. We canalso,
for instance,add ��DatyG humpsaway from F�I�d to D0YvZ�\�G�u wuxHn . Thesegetdampedout very
quickly.
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0

50
0
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60

-1

0

1

t=

y=
-50 0 500

30

60

-0.4
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�;��������� � ���
���$�

Figure4: Evolution towardsamodulatedfront, q-I�d�jut .
Figure5 shows snapshotsof the solutionsat somefixed times � . In a) ( ��I��Od with the
solutionfrom fig.4)with q-I�d�jut thedifferentamplitudesof theperiodicpatternsat F�I��vk�d
areclearlyvisible. In orderto displaythedifferentdecayratesto theperiodicpatternsahead
of andbehindthefront we takea smaller q�I�d�j�d�t ; b) shows themodulatedfront, andc),d)
thefunctions Y6I8T��;�X`_K:MON�PgD0F�QSRSG and \ . Theeffect of `�h�\� JD�CHVgW�Y¡G is that theTuring
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patternin \ getsdampedwhile passingthroughthemodulatedfront. It thenconvergeswith
rate �¢D�£�¤�¥X¦�§)¨0© ª!©«G to theTuringpatternin therecoveryzonebehindthefront.

a) q-I�d�jutSZ�T b) q�Ird�j�d�tSZ�T
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c) q-I�d�j�d�tSZ�T¬`�K:M�NHPED0F�QSRSG d) q-I�d�j�d�t , \

0

0.1

-100 0 100

-0.01

0

0.01

-100 0 100

Figure5: Snapshotsof modulatedfronts.

Remark 7.1 There is a conceptualproblemwith periodicboundaryconditions,in particu-
lar for very small �_®d . Strictly speaking, on any finite domainwith periodic boundary
conditionsthere is no”aheadandbehindthefront”. To minimizethiseffectwechosea large
domain,and seethat at the centerof mass,say F�]¯D=`ckOd�Z:kOd$G the analytically predicted
dynamicsof themodulatedfront are nicelyrecovered. Usingevenlarger domainsit canbe
checkedthat theinfluenceof theboundaryconditionsnearthecenteris indeedverysmall.

Finally, we illustratewhat happensin caseIII with  JD0T�G°ILt¡W±T . As an exampleof the
typicalevolutionof theunstablefront, fig.6shows T²D&�oZ�F�G�`JK�MONHP;D0F�QSRSG , i.e.,the T component
of theperturbationof thefront in thecomoving frame,with q-I�d�j�d�t .
7.2 Modulated pulses

In orderto obtainanexamplewith modulatedpulseswe couplea nonsymmetriccomplex
Ginzburg-Landauequation(nsGLe)with a Swift-Hohenberg like equation.ThensGLefor
thecomplex field ³´D2µEZ
��G@]·¶ reads¸ w&³�I�mB¹ ¸�º» ³±`±D�qEn{W_�2¼yn:G=³½W¾qf¹ ³¾W_¿S�1u ³�u º ³ (81)

where m�¹�IÀm�¹&Á@W���m�¹&ÂÃ]�¶ and qgn�Z:q{¹oZo¼ynU]�Ä areparameterswith ¼'n�Åq{¹¢Åd andin
particulard´ÆÇmB¹&ÁBZ:qEnBZ:q{¹fÈ t . Thus,thensGLeis adissipativeperturbationof thenonlinear
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Figure6: Typicalevolutionin caseIII; thehomogenousreststatebehindthefront is unstable,
anda Turing patterndevelopsbehindthe front. However, the front travels away from the
pattern,andtheresultingsolutionis not timeperiodicin any comoving frame.

Schr̈odingerequation,wheredue to the term qf¹ ³ the usual Ê ¹ -symmetry ³ ËÌ £}ÍÏÎ'³ is
broken. It arisesfor instanceasamodulationequationfor opticalfiberswith phase-sensitive
amplifiers,see[KK96] andthereferencestherein,or for dissipativesystemswith a resonant
spatiallyperiodicforcing [Uec01]. For suitableparametersthensGLehasanexponentially
stableoneparameterfamily ty³4Ð�ÑÒDaÓ$`_µÔnGÖÕ�µÔn×]-Ä�Ø of pulsesolutions.See[KS98] for this
resultandacomprehensivediscussionof thensGLe.For mB¹&ÁÙI�d thepulseis explicitly given
by ³4Ð�ÑÒD2µ�GÚI�Û Ü}¹=~
Ý!z:P²D�Û Ü º µ�G=£}ÍÏÎ�Zz!|S~yD�R�Þ;GfI�qgnoQ�qf¹Z Ü º I8D�¼'nÉW½q{¹�~���NED�R�Þ�G
G
Q�m�¹&Â�Z Ü}¹ÚIrm�¹&Â&Ü º QSRÒj (82)

For small mB¹&Á4Çd this pulsepersists,andthespectrumof thelinearizationof (81)about ³5Ð�Ñ
is asfollows. Thecontinuousspectrumis givenby thetwo curvesß ¹�à º D�á�GÚI�`cqEnÙ`�m�¹&Á:á º ���aâ D0m�¹&Â0á º W½¼'nG º `pq º ¹ j
Moreover, we obtainonesimpleeigenvalue d from the translationalinvarianceandtherest
of thediscretespectrum,consistingof 5 moresimpleeigenvalues,is in theleft complex half
plane,see[KS98].

Wenow couplethensGLefor ³�I±TX¹;W_��T º with theSHefor \^]UÄ , i.e. we consider¸ w)ã�I�äÙã½W¾å�D)ã×G (83)

where ã�I6D0T;¹!D2µEZ
��GZ�T º D2µEZ
��GZ
\�D2µEZ
��G
GÙ]æÄÚç ,
äpI èéê q{¹²`_qgnÉW½mB¹&Á ¸ º» `_mn ¸ » `cmB¹&Â ¸ º» W½¼'n ëg¹m�¹&Â ¸ º» `_¼yn `°D0qf¹XW½qEnoGEW½mB¹&Á ¸ º» `_mn ¸ » dd d `°DatÙW ¸ º» G º W½q º

ì}íî Z
å�D)ã¡GïIsð:`4¿+u T&u º T º Z�¿Du T,u º TX¹:ZB`5\ ç W¾ë º TX¹�\�ñ!ò[Z u T,u º IrT º ¹ W¾T ºº Z
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andwhereqEn�Z:q{¹oZo¼'n and mB¹ arefixedin suchawaythatthensGLehasastablepulsesolution.
We use ë²¹�à º ]�Ä ascouplingparametersand q º asthebifurcationparameter. Moreover we
set CED&ó$GÖI�D0T;¹!D2ó�GoZ�T º D&ó$G
G¡]�Ä º ZfóôI�µ�`�mon
� , where T;¹D&µ�G²W���T º D2µ�G5Iõ³5Ð�ÑÒD2µ�G is thepulse
solutionof thensGLe.

Using the spectralpropertiesof ³5Ð�Ñ and setting ë º I d it is clear that the analogueof
Theorem2.1 holds for (83), i.e., that for q º Æöd the pulse D�C;Z:d$G is exponentiallystable.
Moreover, numericalsimulationsof thensGLereveal thatalsofor small mB¹&Á¬÷d thepulse³5Ð
Ñ fulfills ø�ÝB³5Ð
Ñ�D&µ�G[IÅT;¹!D2µ�GJù�d for all µr]±Ä . Using this, we canconcludeasin the
proof of Theorem2.1thatfor q º Æ±d thelinearizationof (83)around D�C;Z:dSG hasspectrumin
theleft complex half-planefor all ë º�ú d , andin factevenfor d¬Æ½ë º ÆûëXü for asufficiently
small ëXü´I¯ëXüyD0q º G�id . Hencewe have roughly the samestartingpoint for a bifurcation
analysisfor (83)asfor (1), andmayexpectmodulatedpulsesto bifurcatefor q º �d .
This is now illustratedby numericalsimulationsof (83), wherewe fix D�qEn�Z:q{¹oZo¼'n}Z:m�¹=GæID�d�j�b�Z�d�j���ZBtSZ:d�jutÒW¢t�dO�2G , monÙI6t and ë²¹fIõt , andintegrate(83) in themoving frame F´IrµÚ`°mon
� ,
againon the largedomain ó�]rDa`cbOd�efZ:bSd'egG with periodicboundaryconditions.In orderto
obtainnicegraphs,thevalue m�¹&Â²Iit�d hasbeenchosenrelatively largesothatthepulsehas
awidth largerthantheperiod R'e of periodicpattern.

a) ë º Iõ`vt b) ë º I�t
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Figure7: T º and \ for amodulatedpulse,�×I�d�j�d$k . a) ë º Iõ`Ãt , b) ë º I6t
In the first simulationwe let q º I�� º I®d�j�dSd$RSk and ë º IL`vt . Again we choosea small�¾Iýd�j�d$k in order to resolve the differentconvergenceratesaheadandbehindthe pulse.
We startwith anapproximationof ãg�XÐ in theform T;¹!D2óHZ:dSGgW���T º D&ó�Z:d$G�I6³4Ð�Ñ�D2ó�G with ³5Ð�Ñ
from (82) and \�D2ó�G¡Iþ�{z}|O~�D&ó$G . Thesolutionconvergesquickly to a modulatedpulse ãg�XÐ ,
which illustratesthe stability of the modulatedpulses. In figure 7a) we show T º D&��IökOd$G
and \�D&�fIÿkOd$G for óJ]¾D=`Ãt�dSd�ZBtBdSd$G , i.e., roughlyhalf thecomputationaldomain;cf.Remark
7.1. Thefirst componentT;¹ is similar to T º but �JM��@T;¹!D2óHZ
��G�� t sothat T º is moreeligible
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for graphicalpurposes.Theeffect of ë º Ii`Ãt is thattheTuring patterngetsdampedwhile
passingthroughthepulse,with an �¢D�£�¤�¥E¦�§�¨&© ª!©«G convergenceto theTuringpatternbehindthe
pulse.

For ë º I t we get the converseeffect, seefigure 7b). The patterngetsamplified while
passingthroughthe pulseanddecaysto amplitude �¢D&�OG in the recovery zonebehindthe
pulse. Note however that this is now alsoa nonlineareffect of the damping `4\�ç in the \
equation.

Finally, in figure8 wepresentsnapshotsof T;¹ and \ from anumericalsimulationwith �OI×d�j � ,ë º I�`ÿt andthe remainingparametersasabove. The convergenceto the periodicpattern
is equallyfastaheadandbehindthe pulse. We remarkthat numericallywe could produce
stablemodulatedpulsesã4§�XÐ upto ���ÿR . Thisworksmosteasilybycontinuationin � , i.e.,by
slowly increasing� , integratingandwaitinguntil thesolutionsettlesto ã4§�XÐ , thenincreasing� again.For �°ÇR this breaksdown andthesolutiondisintegratesinto wave–packets.

0

0.3

0.6

0.9

-40 -20 0 20 40

-1

-0.5

0

0.5

1

-40 -20 0 20 40

Figure8: T;¹ and \ for amodulatedpulse,ë º Iõ`Ãt , �ÃIrd�j �
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