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Abstract

Whenthe steadystatesat infinity becomeunstablethrougha patternforming bifurca-
tion, atravelling wave may bifurcateinto a modulatedront which is time-periodicin a
moving frame. This scenarichasbeenstudiedby B. SandstedandA. Scheefor aclass
of reaction-difusion systemsn therealline. Undergeneralassumptionghey shaved

thatthe modulatedronts exist andarespectrallystablenearthe bifurcationpoint. Here
we considera model problemfor which we can prove the nonlinearstability of these
solutionswith respecto smalllocalizedperturbationsThis resultdoesnot follow from

the spectralstability, becausehe linearizedoperatoraroundthe modulatedfront has
essentiakpectrumup to the imaginaryaxis. The analysisis illustratedby numerical
simulations.
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1 Introduction

Localizedstructuressuchas pulsesand fronts play animportantrole in the mathematical
theoryof informationtransport. Typical situationswheresuchnonlinearphenomenarise

are the propagationof electromagnetiavavesin wires or fibers[AA97, NM92], andthe

motion of electricpulsesalongnere axons[Hux52]. An importantissue bothfrom atheo-

reticalanda practicalpoint of view, is therobustnes®f thesesolutionswith respecto small

inhomogeneitiesf the propagatiormedium.

In aremarkablepaper[SS99, B. SandstedandA. Scheelktudieda new bifurcationscena-
rio for traveling pulsesin reaction-difusion systemson therealline. They investigatedhe
situationwherethe homogeneousteadystateat infinity becomesinstableandbifurcatesto
a spatiallyperiodic Turing pattern. The originally stablepulsethusundegoesan “essential
instability”, in the sensethat the essentiakpectrumof the linearizedoperatorcrosseshe
imaginaryaxisat the bifurcationpoint. Undergeneralassumptionghe authorsshovedthat
the original pulsebifurcatesto a “modulatedpulse” which is time-periodicin a uniformly
translatingframe. They alsoprovedthatthis bifurcatingsolutionis spectrallystable[SS00].
However, sincethe spectrumof the linearizationextendsall the way to the imaginaryaxis
(without gap),this lastresultdoesnot immediatelyimply the nonlinearstability of the mo-
dulatedpulse.Theanalysisof [SS99 SS0Q canbegeneralizedo front solutionsconnecting
two differentstableequilibria[SS01a,SS01b].In this case modulatedronts may bifurcate
from anexisting traveling wave if oneor bothof thereststatesatinfinity becomeunstable.

In this paper we go beyond the linear stability analysisof [SS0Q SS01b]and we shaow,
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at leaston a specificexample,that modulatedfronts are nonlinearly stablewith respecto

spatiallylocalizedperturbationsin simpleterms,this resultimpliesthatinformationcanbe

transportedn a stablemannerevenif the propagatiormediumbecomesunstablethrougha

Turing bifurcation. To keepthe analysisassimpleaspossible we do not considerabstract
reaction-difusion systemsasin [SS99, but we preferto concentrateon a model problem
that exhibits all featuresof the generalcase. Although this hasnot beenproved sofar, we

certainlyexpectthatall resultsbelow hold true for generakeaction-difusionsystemsunder
thesameassumptiongsin [SS0Q (for pulses)or [SSO01b](for fronts).

Our modelproblemis a Chafee-Infanteequationfor thefirst variableu coupledto a Swift-
Hohenbeg equationfor the secondvariablev, namely:

u = 2u+ 3(u—co)(1 —u?) +v,

1
o =—(1403)?v+av—v® —ywF(u), 1)

whereu(z,t),v(z,t) € R, z € R, andt > 0. This systemis especiallycorvenientto
analyze becauset couplestwo scalarequationswvhich areratherwell understoodIn what
follows, the speedbarameter, andthe couplingparametery will befixed,with 0 < ¢y < 1
and~y > 0 nottoo big (seeTheorem2.3below). Our bifurcationparametery will thenvary
in a neighborhoof the bifurcationpointa = 0. To cover all interestingcaseswe shall
considerthreedifferentfunctionsF', namely

) Fu)=1-12 ) Fu) =1—u, IM) F(u) =1+ u.

For all choicesof F', system(1) possessesvo spatiallyhomogeneougquilibria (u,v) =
(£1, 0) andaone-parameteiamily of front solutions

(u,v) = (tanh((xz — ¢yt — x9)/2),0), zy € R, 2

connectingtheseequilibria. For a < 0, the equilibria and the family of front solutions
areasymptoticallystablewith someexponentialrate. Whena crosseghe origin from left
to right, someof the equilibriabecomeunstable dependingon the particularchoiceof F.

In casel, the steadystatesaheadof andbehindthe front undego a Turing bifurcationand
spatially periodic equilibria are created. In casell, this happensnly for the steadystate
(u,v) = (1,0) aheadof the front, andin caselll only for the steadystate(u, v) = (—1,0)

behindthefront. In thisrespectcasd is closeto the caseof a pulse.

At the bifurcationpoint o = 0, the front solutions(2) becomeessentiallyunstableand,in

cased andll, afamily of modulatedrontsis created.Thesesolutionsaretime-periodicin

a moving framewith speedc = ¢y, andthey connecta spatially periodic Turing patternat
x = +o0 to anotherTuring pattern(casel) or to theuniform steadystate(—1, 0) (casell) at
r = —o0, seeFig. 1. We shallnotconsidercaselll ary longer, sincetheanalysisn [SS014
shavsthatatleastgenericallyno modulatedrontsexist in thatcase typically the patternis

outrunby the front, seefig.6 on page44 for anillustration. As for the stability, it turnsout
thatin casell thefamily of modulatedrontsis asymptoticallystablewith exponentialrate.
This canbe provedrathereasilyusingweightedspacesseesection6. Thusthe challenging
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Figure 1. Modulatedfrontsfor (1) in cased (left) andll (right). The snapshotshowv the
u-componenbbtainedirom genericinitial dataat somelargetime; seealsosection?.

casein proving stability is casel. In this situation,the linearizationaroundthe modulating
fronts hascontinuousspectrumup to the imaginaryaxis. It is the purposeof this paperto
explain how neverthelesshe nonlinearstability of thesesolutionscanbe showvn.

Remark 1.1 In casel, the modelproblem(1) seemsion-generic,sincebothhomaeneous
equilibria (1, 0) undegoa Turing bifurcationat thesamevalueof theparameterw. In fact,
weimplicitly restrictour analysisto systemsor which the destabilizatiorof bothequilibria
hasthe sameorigin (in our example this is the coupling of the bistable u-equationto a
singleSwift-Hohenbeg equation).Thisalsoexplainswhythewavelengthsf the bifurcating
patternsaheadof and behindthe front coincide Aswas observedoy one of the refelees
of this paper it would then be more natural to considerthe caseof a pulseinsteadof a
front. But thenwe would haveto replacethe scalar u-equationin (1) by a 2 x 2 system,
which malestheanalysisevenmore intricate. Also,wefoundit interestingto encompasall
possiblecaseqd|, I, andlll) in a single relativelysimplemodel.

Acknowledgments. This work was supportedoy the French-Germarooperationproject
PROCOPEO00307TKentitled“Attractorsfor extendedsystems”. The authorsalsothankB.
SandstedandA. Scheefor stimulatingdiscussionsandbothrefereedor usefulcomments
andsuggestions.

2 Main Results

In this sectionwe give our resultsin themostinterestingcasej.e. whenF' (u)=1—u2 in (1).
To simplify the notation,we rewrite (1) in theform

U = L(8,)U + N(U), (3)
whereU = (u,v) and
w02 (1) = (Ca¥a) - ¥ ()= (W505000)

In theinvariantsubspacd (u, v) | v = 0}, system(1) hasexactly threehomogeneousquili-
bria, namelyU, = (¢, 0) andU. = (£1,0). In addition,thereexistsa family of traveling
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wavesUy(z,t) = (h(z — cot, 0)) connectingl_ to U,. The profile h satisfieghe ordinary
differentialequation
R" + coh' + (h — o) (1 — h*)/2 =0, (4)

togetherwith the boundaryconditionsh(+oc0) = +1. Up to translationsthe uniquesolu-
tion is h(y) = tanh(y/2). Thefunction U, (z,t) will be referredto asthe “original front
solution”, asopposedo the “modulatedfront” which will be consideredelow.

To studythe stability of thefront solutionl,, it is advantageou$o goto a comoving frame.
Thenew spacevariablewill bedenoteddy y, i.e. y = x — cot. System(1) thenreads

8U = L(8,)U + cd,U + N(U) . (5)

We first investigatethe stability of the homogeneousquilibrialU. = (+1,0). Linearizing
(5)atU = Uy, weobtaing,U = L(0y)U + ¢,0,U + DN (U)U, or explicitly

dpu = 02u+ codyu — (1 F co)u + v,

6
O = —(1+95)*v + coOyv + av . ©)

Thespectrunof thelinearoperatoin theright-handsideis easilycomputedf wedecompose
u,v in Fouriermodese*s. Wefind £* = {AF(k) |k € R} U {\s(k) | k € R}, where

ME(k) = —k2 — (1 F o) + coik,  do(k) = —(1 — k)% + o + coik . (7)
Sincel < ¢y < 1 weimmediatelyconcludethatthetrivial equilibrialU,. = (+1, 0) arestable
for a < 0 andunstabldor o > 0.
We next considerthestability of the original front U, (y) = (h(y), 0), whichis a steadystate
of (5).

Notation: Forn € Ny = NU {0} we denoteby C7' (R) thespaceof all functionsu : R — R
whichareboundedanduniformly continuoudogethemith theirfirst n dervatives.We equip
C(R) with thenorm [|ullcp = Y-7_g sup,cg [0fu(z)].

Theorem 2.1 For a < 0 thefamily {U,(- —vo) | yo € R} of frontsolutionsis asymptotically
stablewith exponentialrate . > 0 (dependingn «). More preciselygivenanyC > 0, there
existsd > 0 sudh that, for all U, € [CP(R)]? with

inf sup ||Us(y) — Un(y — %0)[lr2 < 0,
yoER y€eR

system(5) hasa uniqueglobal solutionU € C°([0,4+00), [CP(R)]?) with initial data U,
andthere existsy; € R sud that

sup ||U(y,t) — Up(y — y1)||r> < Ce ™ forallt>0.
yeR

Proof. Thestratg)y is standardsee[Sat77]or section5.4in [Hen81]. Linearizing(5) atUj,
we obtaino,U = AU, whereA = L(0,) + ¢o0, + DN (U,). Explicitly,

Oyu = Oyu + coOyu + s(1+ 2c0h — 3R%)u+ v,
v = —(14 02)°v + codyv + av — y(1 — h*)v .
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We have to studythe spectrumof the linear operatorA in C7 (R), or equivalentlyin L*(R).

Due to translationinvarianceof the original system,the operatorA hasa zeroeigervalue
with eigenfunction/; = (h’,0). If o < 0, we claim thattherestof the spectrumis strictly
containedn theleft half-planeof the complec plane. Indeed,the essentiabpectrumis de-
terminedby the linearizationaroundthe steadystatesU.., henceit follows from (7) that
Yess(A) C {z € C|R(2) < Ao}, where)y = max(a, —1 + ¢9) < 0. Assumenow that ) is

anisolatedeigervalueof A with R(\) > o, andletU = (i, 9) bea(nonzero)igenfunction.
ThenU(y) decaysxponentiallyas|y| — oo, and? satisfieshe decoupledequation

—(1+82)%0 4 co0y0 + ad — y(1 — h?)o = A0 .

Taking the scalarproductof both sideswith 4 andusingthe factthat(1 — »?) > 0, we
obtaintheinequality

ROAONZ < =1 +0)lLe + alldlli: < alld]Z.

which impliesthat? = 0 dueto a < 0. It follows that A% = A4, where A is the second
orderdifferentialoperator

1
A= 85 + C()ay + 5(1 + 2(30h — 3h2) .

We know that0 is a simple eigervalue of A, andthat the correspondingigenfunctions’
is positve. By Sturm-Liouville theory the otherisolatedeigervaluesof A areall strictly
negative. We concludethateitherA = 0 (in which caseiz = Ch' for someC > 0) or A < 0.
Thus,thereexists > 0 suchthatX(A) C {0} U {z € C|R(z) < —p}. Now, applyingfor
instancethe centermanifoldtheoremHen81], we obtainthe desiredresult. O

Accordingto Theorem2.1,for o < 0 informationcanbetransportedn the systemusingthe
stablefrontsU;,. We now considerthe bifurcationthatoccurswhena crosseserofrom left
toright. In whatfollows, we set

a=¢2>0,

wheree > 0 is a small parameterlt is clearfrom (7) thatthe homogeneousteadystates
U, arenow unstableandsois thefront solutionU,,. Remarkthat,whena crossesero,the
essentiakpectrumof the linearizedoperatorA crossegheimaginaryaxis, sothatclassical
bifurcationtheoryis notapplicable.

For laterusewe remarkthat,whene > 0 is nottoo big, thespectrunof A canbe*“stabilized”

if we introduceexponentiallyweightedspacessee[Sat77]. Indeed,if we setU(y,t) =

e~ PvU(y, t) for somes > 0, thelinearequationd,U = AU becomes,U = AzU, where

Ag = L(®, — B) + co(d, — B) + DN(Uy,) .

Proposition 2.2 Fix 0 < ¢; < ¢y. Thee exists 5, > 0 sudh that,if 0 < 8 < [y and
e? < ¢18, ther existsv > 0 (dependingn ) sud that the spectrunof A4 satisfies

S(Ag) € {0} U {z € C|R(2) < —20} .
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Proof. The essentiabpectrumof Az is
Sess(Ag) = {A (K +i8) |k € R} UL\ (k+iB) |k € R} U {do(k +iB) |k € R},
see(7). Clearly RO\ (k+i8)) < —1+¢o(1-8)+5° < 0if Bissufiiciently small. Similarly,
RN (k +18)) = €2 — coff + 4k25% — (1 — k2 + )2 < €% — cof + 48%(1 + 28%) .

Thus,if £2 < ¢;8 andS > 0 is sufficiently small,thenTe (Ag) C {2z € C|R(2) < Ao} for
some), < 0 dependingn 5.

Assumenow that ) is anisolatedeigervalueof A with R()\) > )¢, andlet U = (i, 7) bea
nonzeroeigenfunction.Proceedingxactly asin Theorem2.1, we showv thaty = 0 andthat
u(y) = e P¥i(y) is aneigenfunctiorof the Sturm-Liouville operatorA, sothateither\ = 0
(in whichcaseu = C'h' for someC' > 0) or A < 0. This concludeghe proof. O

Of course,Proposition2.2 doesnot imply stability of the front U, whena > 0, because
the nonlineartermscannotbe controlledin the weightedspace.Neverthelessthe spectral

stabilizationpropertywill beoneof thekey ingredientsn thestability proofof themodulated
fronts,seesections.1andsection6. Theproofof Propositior2.2is alsotheonly placewhere

aparticularstructureof our modelsystemis really used seeRemark2.10.

In orderto find new stablestructuremearthe original front Uj, we first considerthe bifur-

cationscenaridor the homogeneousteadystates... If we restrictourselhesto the space
of periodicfunctionswith period2z, we canapply classicabifurcationtheory Indeed,the
spectrunof thelinearizationL(0,) + DN (U.) consistof the eigervalues

(k) = —k2 = (1F o), Nolk)=—-(1-k)+a, (8)

wherek € Z (or k € Ny if we furtherrestrictthe spaceo evenfunctions).In thelattercase,
asa crossezero,a singleeigervalue A, (1) = a crossegheimaginaryaxis, while all the
otheronesstay nggative and boundedaway from the origin. As is easyto verify, thisis a
supercriticalpitchfork bifurcation. Thus,for o = 2 > 0 small enough thereexist stable
periodicequilibrialU;, () satisfying|U;, — Ux| = O(e). This patternforming bifurcation
is oftenreferredto asa“T uring bifurcation”, see[Tur52.

Theorem 2.3 Fix ¢y € (0,1). Thereexiste, > 0 andy, > 0 sudthat,forall ¢ € (0,¢,) and
all v € (0, v), there existtwo families{ Uz, (z—x,) | zo € R} of smoothperiodicequilibria
of (3), satisfyingUz:, (z) = Uz, (z + 2) for all z € R, and

per

+
Uper(z) = (£1 + ;i o 98T ea* cosx) + O(e?)
with a®(co, 7) = % + O(v).
Proof. Seesection3.1. O

For simplicity, we restrictourselesto the caseof periodic equilibria with period 27, but
the bifurcationargumentabove alsoappliesto periodicfunctionswith a nearbyperiod,see
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[CE9OQ] for a completediscussionn the caseof the Swift-Hohenbeg equation.As is well-
known [Eck69, the bifurcating periodic equilibria are linearly stableif andonly if their
periodis closeenoughto 2.

In whatfollows, we fix ¢y € (0,1), v € (0,7), andwe alwaysassumehate > 0 is suffi-
ciently small (in particular 0 < £ < &3). Althoughthelinearizationaroundthe bifurcating
equilibriaUpier hascontinuousspectrumall theway to theimaginaryaxis,the nonlinearsta-
bility of thesesolutionswith respecto spatiallylocalizedperturbationsanbe shavn using
thetechniqueslevelopedin [Sch96 Sch98aSch9o8h.

Notation. Forn € N, let H*(R) bethe (Sobole) spaceof all functionsu € L*(R) whose
first n derivativesarealsoin L*(R), equippedwith the norm|jul|g» = (37_ [|0%ull7.)"/2.

Fors > 0, wesetH? = {u € H"(R) | p*u € H"(R)} wherep(z) = (1 + 22)'/2. Thespace
HY is equippedwith thenorm||u||u» = ||p*u|| g~

Theorem 2.4 Lete > 0 besuficiently small,andlet Uyey = U, OF Uper = Uy, Where

per per?
Ug;r are the periodicequilibria constructedn Theoem?2.3. Thee exist C, § > 0 sud that,
forall Vo € (H3)* with [|[Vo]|az)2 < 4, equation(3) hasa uniqueglobal solutionU (z, t) =
Uper(2) + V (2, t) withinitial dataUpe: + Vo. Moreover, ||V (¢)||(zeory2 < C(1 +¢) /2 for

all ¢t > 0.

Proof. Seesection3.4. O

Remark 2.5 Much moreis knownabouttheasymptotidehaviorof theperturbationV'(z, t)
ast — oo. Undertheassumptionsf Theoemz2.4there existsV, € R andd > 0 sud that

1 2

_ _ — (O(4-14n
ilelg V(z,1) \/%V; exp ( 4dt> O:Uper(z)| = O(t™'1")  ast — oo,

for somearbitray but fixedn > 0, seeTheoem2.8 below Thus,spatially localizedpertur-
bationsvanishasymptoticallyasa solutionof a linear diffusionequation.

Finally, we studythebifurcationthatthefront U, undegoeswhena crossegero.For o = &2
sufficiently small,in additionto the (unstable)original front Uj, equation(3) hasa family
of modulatedronts connectinghe stableequilibria U, andU,.. Thesebifurcatingsolu-
tions aretime-periodicin a frame moving with speedc = ¢, + O(g?), andtheir profile is
O(e)-closeto theoriginal front U, . Thisbifurcationscenaridhasbeenthoroughlystudiedby
B. SandstedandA. Scheefor generareaction-difusionsystemsn [SS99 SS01& Unfor-
tunately our modelproblem(1) doesnot exactlyfit into this abstractramework, because¢he
fourth order Swift-Hohenbeg equationis not a reaction-difusion system. For this reason,

the proof of the following resultwill be outlinedin section4.

Theorem 2.6 For ¢ > 0 suficiently small there existsa modulatedfront solution of (3) of
theform
U(z,t) = Une(x —ct,x), z€R, teR,



whee Uy (&, z) is 2r-periodicin its secondargumeniandc = ¢, + O(e?). Moreover, there
exist positiveconstants”, 51, 32 (independendf ) sud that

sup |Umi(§,7) — Up(§)| < Ce,

¢,zeR

and

”Umf(f? ) - Ul;tar(' + x+)||(H2(O,27r))2 < 06_1315 ) § >0 )
”Umf(f, ) - Up_er(' + x—)||(H2(0,27T))2 < 065ﬂ2£ ) 5 <0 )

for somex. € [0, 27).
Proof. Seesectiond. O

Remark 2.7 Dueto translationinvarianceof theoriginal problem,Uy,¢(z — ct — zg, x — x1)
is alsoa solutionof (3) for all zy, z; € R. Thus,withoutlossof geneality, we canassume
thatz_ = 0 in Theoem2.6. We mayalsobreakthetranslationinvariancein thevariable ¢
by imposingU,,¢(0,0) = 0.

We arenow ableto stateour mainresult,which showns thatthefamily of modulatedrontsis
asymptoticallystablewith respecto small,localizedperturbationsWe recallthat 3, is the
positive constandefinedin Proposition2.2.

Theorem 2.8 For 5 € (0, 5y) ande > 0 suficiently small,there exist positiveconstant,
v, 6, d suc thatthefollowing holds. For all V; : R — R? with ||Vy(z)(2? + €°7)||(2)2 < &
there existsa uniqueglobal solutionU (x, t) of (3) with initial datalU(x,0) = Ups(z, z) +
Vo(z). Moreover, there existsa shiftfunctiong : R, — R andtworeal constants,, V. suh
thatU(z,t) canberepresenteds

U(z,t) = Unt(x —ct — q(t),z) + V(z,t), z€R,t>0,

whee
sup |V (z,t) — iV exp (_a:_2> OpU ()| < < t>1 9)
z€R ’ Vi 4dt ) TPt - =
and
1q(t) — qu| +sup |V (€ +ct,t)e’é| < Ce ™, t>0. (10)
£ER
Proof. Seesectionb. a

Remark 2.9 Fromthe proofit will be clear thatthe decayin (9) canbeimprovedto ¢=1+7
with arbitrary smalln > 0. For simplicitywestick to ¢ 3/,

Remark 2.10 Asweexplainin section5.1,theessentiapropertiesof systen(3) thatweuse
are the stability of the Turing patternU_, behindthe front, and the fact that the spectrum
of thelinearizedoperator canbe stabilizedusingappropriateweightedspaces.Thus,Theo-
rem2.8 will hold for any of the reaction-difusionsystemsonsideed in [SS014 provided

onecanprovetheanalagueof Proposition2.2and Theoem?2.4.
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a) t=0, localized perturbation ahead b) t=0O(1), perturbation transport:
of the front behind the front

c) t>>1, diffusive decay way behind the front

A\
/\/\/\/\/\/\/\/\\

Figure 2: Spatiallylocalizedperturbationga) are transportedbehindthe modulatedfront
(b), wherethey aredampedliffusively (c).

Theoren®.8shavsthatsmall,spatiallylocalizedperturbation®f themodulatedront donot
destrg theform of Uy, but leadto afinite shift ¢,. In fact,the perturbations transported
behindthefront, whereit vanishegliffusively, seefig.2. Thus,informationcanbetransported
in a stablemannerevenin essentiallyunstablemediaexhibiting a Turing bifurcation.

Exponentialweightshave beenwidely usedto prove the stability of fronts propagatingnto
unstablestatessee[Sat77,CE90,Gal94 ES02].In our casetheinvadedsteadystatelU |,  is
in factstable but this factis not usedin the proof of Theorem2.8. If we usein additionthe
stability of the equilibrium U, it shouldbe possibleto replacethe exponentialweight e#®

with a polynomialone,in which casethe corvergenceof ¢(t) andthe decayof V (x + ct) in

(10) will bealgebraic(i.e. like someinversepower of t). In ary casethe decayof V (z, t)

in thelaboratoryframewill alwaysbe algebraic becausehisis whatwe have for localized
perturbationof the periodicsteadystatelU . (), seeTheorem2.4.

This paperstandsn line with [BK92, ES02,ES00],wherethe diffusive stability of aground
state,herethe spatially periodic equilibria Ugter, hasbeenusedto prove diffusive stability

of more complicatedstructures.In contrastto thesepaperswe have to dealherewith an
additionalzeroeigervaluewhich leadsto the shift ¢(¢) in Theorem2.8.

We proceedasfollows. In section3 we prove the existenceandthe stability of the Turing
patternsl;, (x). Section4 containsa shortproof of Theorem2.6, i.e. the constructionof
the modulatedfront solutions. In section5 we prove Theorem2.8. The proof is basedon
a stratgy similar to the oneusedin [ES02]. The methodis improvedin the sensethatin
contrastto [ES02], whereg = O(¢), herewe canchooses = O(1) which simplifiesthe
proof. Section6 is devotedto the stability of modulatedfrontsin casell. As alreadysaid,
thesesolutionsareasymptoticallystablewith anexponentialrate. In section7 we illustrate
our analysiswith numericalsimulations,also shaving computerexperimentsfor a model
with modulatedpulses.Theseresultsindicatethattheassertion®f Theoren2.8remaintrue

for relatively large valuesof ¢ andé.
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3 Existence and stability of Turing patterns

The aim of this sectionis to give a shortproof of Theorem2.3and?2.4. Thiswill bedone
by adaptingto system(1) someknown resultsaboutexistenceandstability of periodicsolu-
tions for the Swift-Hohenbeg equation.The existencepartis a ratherstandardifurcation
argument,seee.g. [CE90] for moredetails. The stability proof is basedon previousresults
by thesecondauthor[Sch96,Sch98aSch98b].

3.1 Existence

We areinterestedn 2r7-periodic stationarysolutionsof (3) that bifurcatefrom the homo-
geneoussteadystatesU,. = (+1,0) asthe parameterx becomegositive. Sinceequation
(3) remainsinvariantif (U, co) is replacedwith (—U, —c), it is sufficient to investigatethe
solutionsthatbifurcatefrom U_ = (-1, 0). SettingU = U_ + W, we obtainthe system

oW = LW + N(W), (11)

where

: (wl) _ (8§w1—(1+co)w1+w2>’ N(wl) _ (_%(3—1—00)11)%— %w?)) (12)

Wy —(1 4 0%)%wy + awy Wy w3 — yws (2w —w?
We studysystem(11) in the Hilbert spaceX = H,, , (R)?, where
ngr,Jr(R) ={u € H. (R) |u(z) = u(x + 27), u(z) = u(-z), Yz € R}.

In otherwords,in thespaceof 27-periodicfunctions,we freezethetranslationinvarianceby
assuminghe function W to be even,a symmetrythatis presered underevolution. In the
spaceX, thelinearoperatorL in (11) hascompactresohent,hencepurelydiscretespectrum.
Its eigervaluesare { A\ (k) }ren, @and{Ao(k)}ren, » Where

M) =—k—(1+c), lk)=-01-k)+a,

see(8). As we shallshav, whenthe largesteigervalue A\;(1) = « crosseshe origin (from
left to right), a supercriticalpitchfork bifurcationoccurs:the origin W = (0, 0) loosesits
stability, anda pair of stableequilibriais createdat a distanceO(,/«) of theorigin.

If @« > —(1 + ¢), the largesteigervalue « of the operatorL in L2 is simple, with

per,+
eigervector
1

24+co+a

LetE. = {r®|r € R} andE; = (1 — P)X, whereP : X — X is the spectralprojection
onto the one-dimensionaéigenspacer, of £. By construction,PW = (IIW)® for all
W € X, wherell : X — R istheboundedinearform definedby

I (Z:) - %/0% ws() cos(z) da.

11
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Fromnow on, we assumehat|y| < 7, for somey, > 0 which will be fixedlater By the
centemmanifoldtheoremif |« is sufliciently small,system(11) hasa one-dimensiondbcal
centermanifold of theform

Ve={r®+ f(r)[lr| <ro},

wherer, > 0andf : (—rg,79) — E, is aC?® functionsatisfyingf(0) = 0, f'(0) = 0. In
addition, f maps(—ro, o) into thedomainof £, andthefollowing identity holds:

) (ar + TN (e + £())) = £F() + (1 = PN (1@ + f(r)), [r| <7o.  (13)
Theevolutiondefinedby (11) onV, is givenby thereducedsystem

r=ar+IN([r®+ f(r)). (14)

Sincef(r) = O(r?) asr — 0, it follows from (12) that NV (r® + f(r)) = r2¥ + O(r3),

where
3+ Co

U(z) = ( A? cos?(x), —2vA cos? (x)) .

Remarkthat TV = 0, sothatTIN (r® + f(r)) = O(r?). Ontheotherhand,sincef € C3,
thereexists= € E; suchthat f(r) = Zr? + O(r?). Insertingthis expansioninto (13) and
keepingonly the lowestordertermsin r, we obtainthe relation (£ — 2a)=Z + ¥ = 0. It
followsthat
E(x) = (Bcos(2z) + D, bcos(2z) + d),
where
b:—vA g —vA B:b—i—?’f%A? :d-i—?'ch"A?
9+’ 1+ o 5+co+ 20 1+co+2a
Usingthisinformation,we concludethatTIN (r® + f(r)) = —ar® + O(r*), where

3 3,
a—Z—i-’y(B—i-QD—i-A(b—i-Qd)—ZA).

It is clearthata > 0 if v € (0,7) for o > 0 sufiiciently small. In this casejf a = % is
smallenough.equation(14) hasexactly threeequilibriain a neighborhoof sizer, of the
origin: » = 0 andr = r4, where

ry = iia + 0(e%), ase —0.

Va

By the centermanifold theorem,equation(11) hasalsothreeequilibriain a neighborhood
of zeroin X, namelyWW = 0 andW = W, = r.® + f(ry). Since(11)is translation
invariantin the spacevariablez, it is straightforvardto verify thatW_(z) = W, (z + )
for all z € R. Thus,equation(11) hasin facta uniquefamily {Wye(z — 2¢) | zo € R} of
non-constan?r-periodicsolutionsin aneighborhoof the origin, where
g

Wper = %(I) + 0(62).
SettingUp,, = (—1,0) + W, we obtainspatiallyperiodicequilibriaof (3) with thedesired
properties. As was alreadymentioned, U, is obtainedby replacingc, with —c¢, in the
expressiorof —U__ . Thisconcludeghe proof of Theoren?2.3.

per*
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3.2 Bloch waves

Thefirst stepin the stability analysisof the Turing patternss studyingthe linearizationof
(3) aroundUgte]r Since Upier( ) are spatially periodic functionsthe associateckigervalue
problemis naturally formulatedin termsof Bloch waves. In this sectionwe briefly recall
the definition of the Bloch wave transformandlist a few identitiesthatwill be usefulin the
sequel.For arigorousintroductionto Bloch wavestechniqueswe referto [RS73.

The startingpoint of Bloch wave analysisin the caseof a 27-periodicunderlyingpatternis

thefollowing (formal) relation

u(x) — f+°° ikx (k) dk = nerl/Q i(n+f)x 7’L+€) dv

1/2 i(n+f)x 1/2 1/2 etz (15)
=/ 12 > ez € a(n+£)dl = f_1/2 a(l,x)de
wherez is the Fouriertransformof « definedby
1 [t ,
(Fu)(k) = a(k) = —/ u(z)e ™ dx |
2 J_
and is the Bloch wave transformof u definedby
(Tu)(,z) = Zem”” (n+4). (16)

neZ

FromPlanchereb theoremandParseval’s identity we easilydeduceherelation

/R|u(m)|2d:v _ /11//22(/02 (o) de) de

which shaws that the Bloch wave transform7 definedin (16) is anisomorphismbetween
L*(R) andL?((—1/2,1/2)%(0, 27)). Theinversetransformis givenby (15), namely

1/2
w(z) = (T-'0)(z) = / a0, 7) de |

1/2
We notethe usefulelementaryproperties
u(l,z) = e*u(l+1,x),
u(, a(l,x + 2m) ,
a(¢,r) = a(—¢,x) for real-valuedu .

The Bloch wave transformof the productuv is acorvolution

1/2
(@)(¢,z) = / Wl — 0, 2)(¢,x)d0 = (a*0)(4, 7).

-1/2

Ontheotherhand,if v is 2r—periodicwe simply have
(wv) (L, z) = u(l, z)v(z) .

13



Letn, s € N, andlet H? = H?(R) betheweightedSobole spacedefinedby thenorm

1/2
Julley = (Z/ 07 u(z)* (14 2°)° dz ) .

Theimageof H? underthe Bloch wave transformations the spaceﬁg definedby thenorm

il = (ZZ / . / D07t o) da ow)m.

7=0 m=0

It is notdifficult to show thatthereexistsC' > 1 suchthat

C M ulley < llallg, < Cllullng,

for all v € HY.
In the sequelwe mainly work with thespacegorrespondingo s =n =20rs =0,n = 2.
To boundthe nonlineartermswe needthe following estimates!f v € HZ andv € H3, then
uv € H2 and

@l = llaxdllg < Cllallg [19]gs -

If w € H2 andf € CZ(R), thenfu € H and
- 2
[fullag < Cllfllez llallag ,  where |[fllcz = ngﬂglﬁif(w)
i=0 "

Notation. If A is alinear operator we defineits Bloch wave transformby A = T AT 1.
For instancejf T, is thetranslationoperatodefinedby (7, f)(z) = f(z — (), then

(Tea) (6, z) = e “a(l,z - ).

3.3 Linear stability

In this section we studythelinearizationof (3) aroundthespatialIyperiodicequiIibrlaU;Eer
Sinceonly thestability of U, will beusedn theproofof Theoren?.8,we shallconcentrate

hereonthis case.SettingU = U__. + V in (3), we obtainfor V' thelinearizedequation

per
oV = MV, or equivalently oV = MV, @an

with M = L(9,) + DN (Up,,). Ourgoalis to localizethe spectrumof the linear operator
M in the spaceL?(R) (actually theresultwould be the samein H2.) Sincethis questionis
well-documentedn theliterature,we just summarizeéheretheresults.On this occasionwe

alsointroducesomenotationswvhichwe will usein section5s.

As the linearizedproblem has periodic coeficients, the operatorM = TMT~! canbe
representeasdirectintegral [ M () d¢, where,for eacht € [—1/2,1/2], M(¢) is the
linear operatoron H2, ([0, 27]) definedby M(f)w = e *“* M (e**w). The spectrumof

per
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M(?) is asequencef eigervalues{y,(¢) }nen, WhereR(u,(¢)) — —oo asn — oo. The
correspondingeigenfunctionswhich are 27-periodic, will be denotedby w,,. Thenthe
spectrunof M is givenby

o(M) = {un(e) ‘e €[-1/2,1/2], n ¢ N} .

By construction,the Bloch waves e®“w;,, satisfy M(e®w,) = pn(£)ew,,. As in
[Sch96],0nehasthefollowing result:

Lemma 3.1 For ¢ > 0 suficientlysmall,there exist/, > 0 andvy > 0 sud that
a) If || > 4y, thenR(p,(£)) < —p forall n € N.
b) If |¢] < 4y, theprincipal eigervaluey; (¢) is isolatedand hasthe expansion

p(0) = —d®> + O, ast—0, (18)

whee d = 4 + O(¢). Thecorrespondingeigenfunctiony(¢) = w,; dependsmoothlyon ¢
andsatisfiesp(0) = cy0,U,.., wheecy > 0 is anormalizationsud that ||(0) || 2(0,27)=1-

per?’

Finally, ®(p,(€)) < -1, forall n > 2.

Proof. Forall ¢ € [—1/2,1/2], thelinearoperatorM (¢) is explicitly givenby

Oy +10)2 + f1 1

M() = (( f2 —(1+(8$+i£)2)2+f3) ’

whereUg,. = (Uper; Uper) and

f1=3(1+ 2couper — 3ul,) = —(14co) + O(e),
f2 = 2'Yupervper = 0(5) ) f3 =¢’— ’Y(l - uf)er) - 3Uger = 0(8) :

Thus, M(¢) is a small,boundedperturbationof the constantoeficientsoperatorobtained
by settinge = 0, namely

o [ (041 = (1+ o) 1
M = < 0 ~(1+ (0, +i£)2)2> '

Theeigervaluesof M°(¢) aregivenby
ME+O)=—k+0?—1+c), MEk+0)=—-1-(k+0>*, keZ.

Obserethattheseeigervaluesareall boundedaway from zero,exceptfor A, (+£1 +¢) which
touchtheorigin when? = 0. Thereforejf 0 < ¢; < 1/2 ande > 0 is sufficiently small, the
following holdsfor the eigervaluesy,, (¢) of the perturbedoperatorM (¢):

i) If [£] > 1, thenR(u,(¢)) < —¢; foralln € N,

i) If [£] < £, thenR(u,(£)) < —1/2foralln > 3.

Asis clearfromii), we denoteby 1, (£) andus(¢) thetwo eigervaluesof M (¢) thatbifurcate
from Ay(£1 + ¢) whene is nonzero.

15



Ontheotherhand,whene > 0 and/ = 0, we know that M (0) hasa zeroeigervaluewith
eigenfunctiord, Uper, sothaty; (0) = 0. Moreover, it followsfrom theanalysisn section3.1
thatus(0) = —2¢2 4+ O(£?). Indeed by constructionu,(0) is the corvergenceratein time
of 27r-periodicsolutionsof (3) towardsthe circle of equilibria {U,(z—o) [ zo € [0, 27]}.
This ratecanbe computedon the one-dimensionatentermanifold V.. ThemotiononV, is
givenby - = g(r) = £r — ar® 4+ O(r*), andthe steadystateU,,, correspond$o r = r =
e/v/a+ O(e?). Theng(r,) = 0 andus(0) = ¢'(r,) = —2¢% + O(&?). Thus,in contrasto
M?O(¢), theoperatorM (¢) hasa simplezeroeigervaluewhen? = 0.

Now, a straightforvard expansionin the parameter shows that the first eigervalue p; (¢)

satisfieq18), andthatthe correspondingigenfunctiony(¢) is proportionalto

(24]}-60 ) sin(z) + i/ ( 2%0 ) cos(x) + O(e + £2) .

In particular ¢(0) = ex0, U,

er- Finally, theseconceigervalue i (£) hasthe expansion

pa(f) = —26% — df* + O(® + ¢4 (19)

whered = 4 + O(e).

If £, > 0 ande > 0 aresmallenoughijt follows from (18), (19) that

iii) If [£] < £y, thenuy(£) < —202 anduy(f) < —e? — 2/,

iv) If [£] <e,then0 > pyi(€) > pa(€) > R(u,(¢)) foralln > 3.

Combiningi)-iv), we seethatLemma3.1holdswith, for instancef, = ¢ andyy, = £2. O

Fromnow on, we fix ¢ > 0 smallenoughso thatthe conclusionof Lemma3.1 holds. We
definethe centralprojections?, (¢) : H2,. — HZ__ by

per per

P.(Of = @0, NHe®), |t <to, (20)

where(-, ) is the usualscalarproductin L?([0, 27])* and(¢) is the solutionof the adjoint
eigervalueproblemM* () (€) = p1 (€)1 (£) normalizedsothat (v (¢), ¢(¢)) = 1.

Sincewe work in H2, we will alsoneeda versionof the projectionthat dependssmoothly
onthevariable/. To dothat,we fix onceandfor all a nonngative smoothcut-off function
x with supportln [—4o/2,£5/2] which is equalto 1 on [—4y/4,¢,/4]. Thenwe definethe
operatorsk,, F, : H2_ — H2__ by

per per

A

E() = x(OP:(0),  Ey(0) = 1(0) — E(0) . (21)
It will be usefulto defineauxiliary modefilters £ and E by
B0 = x(t/F(0), BLO) = 1(0) = x2OP(0) -

Thesedefinitionsaremadein suchawaythatE" E, = E, andE" E, = E,. Asaconsequence
of Lemma3.1, thereexistsC > 0 andw, > 0 (dependingn¢) suchthat,for all 4 € H2,

leM Bl < Ce™|fallgy , ¢>0. (22)
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Let Vy, € H3, andlet V(¢) = eV} bethe solutionof (17) with initial datal,. Thenthe
Bloch wave transformof V (¢) canbe decomposedsV (t) = E.V (t) + E,V (t). In view of
(22),thestab|epartEsV(t) cornvergesexponentiallyto zeroast — +o00. Ontheotherhand,
by Lemma3.1,thecentralparti(t) = E.V () satisfies

b0tz t) = e op(0,2) + O(?), t— +00. (23)

To formulatethis resultmoreprecisely we introducea few notationswhichwill beusefulto
handlethe nonlinearmproblemalso.

Foro € (0, 1], weintroducetherescalingoperatorﬁa definedby
(L,0)(0,z) = (ol ).

Notethatthe scalingdoesnot acton the z variable,only on the Bloch variable/. Sincethe
domainfor / is finite, it will changewith the scaling. Therefore we introducethe function
space

Kop = {1 (-1/(20),1/(20)) x (0,27) = C | ||, < o0} , (24)
where
lallz,, = zmz// 20)/ Bora(t.o)P(1+ Ly da dr.  (25)

The polynomialweightin the Bloch variable/ will beusedin section5 to controlthe nonli-
nearterms.Indeed,f 4, € K, , for somep > 1/2 andif

1/20
B(l,z) = (axd)(l,2) = / al— 0, 2)0(l,z) dr
—1/20
thenthereexistsC' > 0 independenotf o suchthat||w||x, , < Cl|d|k, ,||9] .,

It follows from the definitionsthatC, , = H2 with equivalentnorms(note,however, thatthe
constantsn the equialencerelationdependon p). Moreover, £, is anisomorphismfrom
H3 to K, ,, or moregenerallyfrom K,n-1 , 10 K,n , for ary n € N. In particular

Lo fllicpn, < 072721 fllx,,m, and (IL5" fllx < o | fllk,n, ,  (26)

o-n_l,p

wherein thefirst estimatethe additionalfactoro =% is dueto theweightin the ¢-variable.

Usingthedefinitionsabore togethemwith Lemma3.1,it is notdifficult to verify that(23) can
bewrittenin the morepreciseform

~ . C -~

IZ 0BV (1) = e POVo(0, )l e, < 2lVollig s #21-
Ontheotherhand,using(22) and(26), we find

1L, 1BV (1)

iy, < PTNEV Oy < Ce Vol , t20.

Thuswe have
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Proposition 3.2 Fix p > 0. If ¢ > 0 is smallenoughthe solutionV (¢) of (17) with initial
dataV, satisfies

o _ae C -~
|V (et 12, 2, t) — Ae % QO(O,iU)chl/ﬂ,p < m”%”ﬁga

forall ¢ > 1, where A = (1, V;(0, -)). Moreover, there existsy; > 0 sud that

(B V) (2,2, 0)Ix, e, < Ce™Vollgs

LAVt
forall ¢t > 1.

To translatethis resultinto the original variableswe obsene that

V(z,t) eIy (012 g 1) de
\f/f/z

= —(/_ Ae’dzzgo((),x) 0 qg 4 0(1/\[))

Vi
ACN 22 (aar)

= €$ aUer +O]-t7
— @) +O(1/1)

ast — +oo. This provesthe analogueof Theorem2.4 for the linearizedsystem(17), see
alsoRemark2.5. SinceV(z,t) behaesfor large timeslike a solution of the linear heat
equationd;,V = do2V multiplied by the derivative of the steadystateU,,,, we say that
V(z,t) corverges“dif fusively” to zero.

3.4 Nonlinear stability

In [Sch9§ EWW97,Sch98aSch98b]it hasbeenobsenedthatspatiallyperiodicequilibria
with theabove spectralpropertiesarealsononlinearlystablewith respecto spatiallylocali-

zedperturbations.The proof relieson the fact thatthe nonlineartermsare “asymptotically
irrelevant” whencomparedo thelineardiffusion. This is not obviousa priori, becausehe
nonlinearitycontainsquadratictermsthat are potentially dangerousbut this happento be
truedueto nontrivial cancellationsThena standardenormalizatiorprocedurdBK92] can
be usedto prove thatthe perturbationd/(x, t) corverge diffusively to zeroin the nonlinear
casealso. Thisis the statemenof Theorem?2.4.

In section5, we shallapply this renormalizatiorprocedureo a moredifficult problem,na-
mely the stability of themodulatedrontsU,,;. Theproofof Theoren?2.4is a particularcase
of this morecomplicatedargument,seeRemark5.1 below. So, for the sale of brevity, we

shallnotdiscussTheorem2.4 ary longer andreferto section5 for moredetails.

4 Construction of modulated fronts

In this section,we follow closely[SS99]wheremodulatedpulsesolutionsare constructed
for generalreaction-difusion systems.However, sincethe assumption®f [SS99]are not
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exactly satisfiedin our case,we give herea shortproof of Theorem2.6. Throughoutthis
sectionwe referto [PSS9T, [SSO1b]for thefunctionalanalyticbackgroundandtherelation
betweerntemporalandspatialdynamics.

41 Theidea

As alreadysaid, the modulatedfronts are time-periodicin a frame moving with a speedc
closeto the speed:, of theoriginal front. In this frame,we shalldenotethe spatialvariable
by £ = x — ct, to distinguishit from y = x — ¢yt. Equation(3) thenbecomes

8U = L(3:)U + cdeU + N(U) (27)

andwe look for solutionsU (¢, t) thatareperiodicin their secondargument.

Thekey ideain theconstructiorof themodulatedrontsis spatialdynamicsi.e., system(27)
will be consideredisanevolution systemfor U with respecto thevariable¢ = x — ct,ina
spaceof functionsU (¢, t) which areperiodicin t. Theuseof spatialdynamicsgoesbackat
leastto [Kir82] andis nowadaysawell establishednethodfor the constructiorof frontsand
pulses.

Writing (27) asafirst ordersystemwith respecto ¢ yields

0V =0,L,V +G(V), (28)
with
V' = (v1, va, V3, Vs, Vs, V) = (U, Oc, v, Ogv, 8§v 8§v)
and
/0 \ (?)2 \
U1 —3(v1 — o) (1 —vf) —v3 — cvy
0
LV = . avy=|"
0 Vs
0 Vg
K_U3) \( 14 a)vs + cvg — 205 — v3 — (1 — v) 1)3)

For afixeds > 2, thissystemwill beconsideredn theinfinite-dimensionaphasespace

s s—1/2 K]
X = Hpo(0,T) x HyV?(0,T) x Hy,. (0, T)
x H5Z14(0,T) x H:,12(0,T) x H:Z34(0,T)

per per per

whereT = (2x)/c. In the spatialdynamicsformulation (28) we will easilyfind equilibria
V. correspondingo theequilibrialU.. of (3), perlodlcsolutlonsze]r which correspondo the
spatiallyperiodicequilibriaU=,. of (3), andwe alsofind atrivial heteroclinicconnectiony,

per

betweenl” andV, which correspondso thetrivial front U, of (3).

The linearizationof the spatialdynamicsformulation (28) aroundthe trivial equilibria V.
possessesvo eigervaluescloseto theimaginaryaxis andinfinitely mary eigervalueswith
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Figure3: Theoriginal front andthemodulatedront. Theverticalplanessymbolizethe two-
dimensionakentermanifoldsat V_ andV, for the spatialdynamicsformulation(28). Left
picture(a < 0): V. areunstablesquilibria,andthe solid line representshetrivial front V.
Right picture(a > 0): V. arestable,V,;, areunstableandthe solid line is the modulated
front we wantto construct.

positive realpartandinfinitely mary eigervalueswith negative realpart. Hencetherewill be
atwo-dimensionatentemanifold W, (V. ), aninfinite-dimensionastablemanifold W, (V2.)
andaninfinite-dimensionalinstablemanifold W, (V..) of V... For a > 0 sufficiently small,
the periodicsolutionVZ_ liesin thetwo-dimensionatentermanifold W, (V).

per

The modulatedfront solutionswe areinterestedn will be foundin the intersectionof the
centerunstablemanifold W, (V_) of V_ andthe stablemanifold W, (V) of V.. The
reasoris asfollows. SinceV, £, is unstablen thetwo-dimensionatentemanifold W, (V) of

V., solutionscorverging towardsV,{ for £ — oo haveto bein thestablemanifold W, (V%)

per
of V,t,. Ontheotherhandfor § — —oo theperiodicsolutionV,, attractsall solutionsin the

two-dimensionatentemmanifold W, (V) of V_, exceptfor V_ };tself. Thereforeto corverge
towardsV,,, for £ — —oc it is sufiicientto bein the centerunstablemanifold W, (V_) of
V_. Thus,we will alImostbedoneif we shav thatthe centerunstablemanifold W, (V_) of
V_ andthestablemanifold W, (V;£,) of Vi, intersect.

As is explainedin [SS99],thisis thecaseonly if the parametert: is chosemappropriately To
copewith this problem,we consider(27) asadynamicalsystentor thepair (¢, V) € Rx X,
wherec obeysthetrivial equatior: = 0, andwelook for anintersectiorof thecorresponding

manifoldsin theextendedspaceR x X. We proceedn threesteps:

i) In Lemma4.1we prove that,for o = 0, the centerunstablemanifold W, (I x{V_})
of the family of fixed pointsI x {V_} andthe stablemanifold W,(Ix{V.}) of the
family of fixed pointsI x {V.} intersecttrans\ersallyin the extendedspaceR x X
(herel C R isaclosedneighborhoof ¢y). Moreover, thereexistsexactly onec € 1
suchthatW.,, (V_) intersectd¥, (V. ), namelythevelocity ¢, of thetrivial front.

i) In Lemma4.2 we reformulatethe bifurcationof thespatiallyperiodicequiIibriaUS;,r
for (3) ata = 0 asthebifurcationof time-periodicsolutionszﬂgr for the spatialdyna-
micsformulation(28).
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iii) By a perturbationagument,we shav thatfor o > 0 sufficiently small the center
unstablemanifold W, (Ix{V_}) andthe stablemanifold W,(I x {V,.}) intersect
trans\ersallyin the extendedspaceR x X'. SinceV, is attractive for { — —oo,

this implies the existenceof a modulatedront solutionwith a velocity ¢ closeto the
original velocity c.

4.2 Transversality in extended space

Forall o, c € R, system(28) possessethefixedpointsV,.=(+1,0,0,0,0,0). Moreover, for
all o andfor ¢ = ¢y we have the heteroclinicconnection

V(S, t) = Vh(g) = (h,(f), h’,(é-)a 0,0,0, 0)

betweerl_ andV,, i.e.lim¢_, 1 V4(€) = V4. Thesesolutiondlie in theinvariantsubspaces
Xoo C Xy C X, whered] is the six-dimensionakubspacehat consistsof ¢-independent
solutionssatisfyingo,V = G(V'), and &y is the two-dimensionabubspacety, = {V €
Xo | v3 = vy = v5 = vg = 0}. We now prove thefollowing result.

Lemma4.l Fix ¢g € (0,1). Thee existay > 0 andy, > 0 sud thatfor all « € R

with |a| < ap andall v € [0,~,) thefollowing holds. Thee existsa closedneighborhood
I of ¢y sudh that the centerunstablemanifold W, (I x{V_}) of the family of fixed points
I x {V_} and the stable manifold W, (I x{V,}) of the family of fixed points I x {V.}

intersecttransvesally in theextendedspaceR x X.

Proof. a) Existence of invariant manifolds. Thelinearizationof (28) at V.. is givenby
OV = ATV  with AT =09,L, + DG(Vy) . (29)

SinceV (&, t) is T-periodicin its secondargumentwith 7' = 27 /¢, it is naturalto decompose
it usingFourierseries:

V(D =D V€)™, wherew=c. (30)

meZ

ThespaceX thensplitsinto adirectsume,,,cz X, wherefor eachm € Z thesix-dimensional
subspace,, is invariantunder(29). Restricting(29) to A, yields

OcVin = AEV,, with AL =imwL, + DG (V) ,

or explicitly
( 0 1 0 0 0 0
iwm+ (1F¢) —c -1 0 0 0
A% 0 0 0 1 0 0
" 0 0 0 0 1 0
0 0 0 o 0 1
\ 0 0 —wm—l4a ¢ -2 0 )
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In orderto solve theassociate@igervalueproblemAV,, = \V,,, we analyzethe condition
det(AE — MId) = 0. This equationsplitsinto two partsandreducedo the system

MA+ce)—(1Fc)—iwm=0 or —(1+X) +ch—iwm+a=0, (31)

which canalsobe obtaineddirectly from thetemporalformulation(27), see[HS99].

For a = 0, we have exactly two eigervalueson theimaginaryaxis,i.e. A =i form = 1 and
A = —ifor m = —1. Moreoverthereareinfinitely mary stableandinfinitely mary unstable
directions,andtheassociate@igervaluesarecontainedn two sectorsseefig.2 in [SS99].
We defineprojectionsP*, P~ and P~ onthe stable,unstableandcentralpart of the linear
operatorsA®. This canbe donefor eachA: with m € Z, andsotheseoperatorsarewell-
defined.ThenthespaceX’ splitsinto

X=XoX oX 5  with X"=PX.
Therestrictions/\;-t = A% Xk generatenalyticsemigroupsn in satisfying

||€A?§||X2E—>Xci <C forall £ € R,
||€Asi£||xf—>xsi < Ce forall £ > 0,

||eA$§||X$_>Xui < Ce Pl forall¢ <0,

for someconstants”, 5 > 0. Thiscanbe provedby arescalingagumentseeLemma3.1in
[SS99. In the presentasethe appropriatescalingis:

Vign = Vign, Van = (L +m2) "V, Vg = Vi,

Vi = (L+m) Y2V, Vo = (1 +m?)* Vs, and Vi = (1 4+ m?)3 3V .
By construction)” € X if andonlyif V € H3..(0,T).
SincethenonlineatermA (V) = 9,L,V +G(V) — AV is smoothfrom X into X', [Hen81]
guaranteehe existenceof thefollowing local smoothinvariantmanifoldsin X': the center
manifoldsW,(V..) which aretangentto X* at V., the stablemanifoldsW,(V..) tangento
X%, the unstablemanifolds W, (V) tangentto XX, the centerstablemanifolds W, (V%)
tangento X = X* @ X*, andfinally the centerunstablemanifoldsW.,, (V.. ) tangentto
XE = X*F @ XE. In addition,asin [SS99 the centerunstablemanifold W, (V_) andthe
stablemanifold W (V/, ) canbe extendedto awhole neighborhoodf thetrivial heteroclinic
connectionV},. Theseglobalmanifoldswill still bedenotedby W, (V_) andW (V).
b) Transver sality. Themanifolds,, (V_) andW,(V.) do notintersectrans\ersallyin the
spaceX, seee.q.[SS99. To obtaintrans\ersalitythe spacenasto beextendedo R x X by
addingonedirectioncorrespondingo thevelocity c.
Thetranswersalityof W, (I x {V_}) andW,(I x {V,}) in theextendedspaceR x X for
(¢, V) meanghatthe tangentspacego thesemanifoldsat a point (¢, V,(0)) spanR x X,
namely

Rx X = {u —+v ‘ u e T(co,Vh(O))(Wcu(I X {V_})), v E T(co,Vh(O))(Ws(I X {V+}))}
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Sucha situationis robustundersmall perturbationsandhenceslightly perturbedmanifolds
will alsopossess nonemptyintersection.

To provetrans\ersality we follow again[SS99]andconsidetthelinearizationof (28) around
the heteroclinicconnectionV},:

OV = 0,L,V + DG(V;,)V . (32)

We first obsere that, for ¢ = ¢; anda = 0, (32) hasa uniquenontrivial solutionV &
C? (R, X) thatcorvergesexponentiallyto zeroasé — +oo, namelyV = 0¢Vp. Indeed,if
V (€,t) is ary suchsolutionandif U (¢,t) = (4:1(€, 1), 55(&, 1)), thenby construction(/ (¢, t)
is atime-periodicsolutionof thelinearizationof (27) aroundlU},:

0U = L(9)U + co0:U + DN (U,)U .

Moreover, for 3 > 0 sufficiently small, U € CS,.([0, T], X5) where X = L2(R, e’ d¢).
By Proposition2.2, the spectrumof the linear operatorL(9;) + co0¢ + DN (Uy) in Xj is
strictly containedin the left half-plane,exceptfor a simple eigervalue 0 with eigervector
0¢Up. Thuswe necessarihave U = 9;Uy, hencealsoV = 0, V.

Next we obsene that,for ary m € Z, the six-dimensionakubspacet,,, is left invariantby
thetime-independenequation(32). This propertyallows to studythe trans\ersalityof the
manifoldsW,,(V_) andW,(V,) in eachsubspaceY,, separatelysincethe tangentspaces
Ty, &) (Weu (V2)) (resp.Ty, (W (V4))) for differentvaluesof £ aremappedntoeachother
by solutionsof (32). Remarkthat(32) definesa well-posedevolution in eachsubspacet,,,,
but notin thewholespacet’.

Forarny m € Z, let
En =Ty, WeuV2) N X, B = Ty 0)(Ws(V2) 0 Xy

From (31), it is not difficult to verify thatdim(E;; ) = dim(E;, ,) = 3 for all m € Z.
Moreover, if m # 0, theagumentaboe shavs that £ N E;, , = {0}, sothat X, =
Eq @ E;, . If m=0,thendim(E§" N Ej ) = 1, sothat Eg" + Ej , hascodimension
1in Xy. Summarizingwe have shovn thatthereexists ¥ € X, suchthat

X = {u+v|ue Ty Wall ), v € TyoWa(Vi)} +span{T}.  (33)

If we furtherrestrictsystem(28) to the two-dimensionalnvariantsubspacety,, we obtain
the simpledifferentialequation

1
a§U1 =2, 851}2 = —CUgy — E(Ul — Co)(l — ’U%)

which governsthe travelling waves of the Chafee-Infanteequation. For ¢ = ¢, the one-
dimensionamanifoldsW,, (V)| x,, andW,(V,)|x,, intersect(nontranswersally)alongthe
heteroclinicorbit V}, | x,,. Thusthevector¥ canbechoserastheunitnormalto V;/(0) in Xy.
Moreover, it is easyto seethata variationwith respecto the parameter shiftsthe stableand
unstablemanifoldsthrougheachother namelyW., (I x {V_})|x, andWs(I x {Vi})| x4
intersecttrans\ersally in the three-dimensionaspaceR x Xy. Togetherwith (33), this
impliesthatW,, (I x {V_}) andW,(I x {V,}) intersectrans\ersallyin theextendedspace
R x X. O
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4.3 Bifurcation of Turing patterns

Thefollowing lemmais the analogueof Theorem2.3for the spatialformulation(28).

Lemma4.2 Fix ¢y € (0,1). Theeexistey > 0 and~y, > 0 sud thatfor all £ € (0, &), all
v € (0,7) andall ¢>0 equation(28) with a=¢? hastwofamilies{V;5 (£ +ct+&) | & € R}
of periodicsolutionssatisfyingV;, (z) = Vi, (z 4 27) and||Vie,(z) — Vi|lrs = O(e).
Remark 4.3 We mayprove Lemmad.2 directlyasfollows. For the eigervalueproblem(31)
in theproofof Lemma4.1all eigervalues) exceptfor m = +1 are uniformlyboundedcaway
fromthe imaginary axis and containedin two sectos. For « = 0 andw = ¢ we havetwo
eigernvalueson theimaginary axis,namely\ =iform = 1 and )\ = —i for m = —1. Wth
« changingsignfrom — to + thereal parts of theseeigenvalueschange signfrom+ to —.
To seethisweinsert A = i + p into the secondequationof (31) and obtain

—( +dip— D+ ep+a=0

andtherefore o
M= —E + O(az).

Nowthe S'—equivariantHopf-bifurcationtheoemapplies[GSS88, which showstherequi-
red result. On the two-dimensionatentermanifoldsiV, (V) we havean unstableorigin
for a < 0, andfor a > 0 a stableorigin and an unstableperiodic solution V;fgr with, e.g.,
Voa(&:1) = Vo + O(Va) (é + c.c.) + O(w).

4.4 Bifurcation of the modulated front

In orderto completeheproofof Theoren?.6it remaingo establistpointiii) of theprogram
of section4.1.

As a consequencef the continuity with respectto o = &2, the stablemanifold W, (I x
{V;i}) of the bifurcatingperiodicsolution V% staysO(e)-closeto W, (I x {V,}) for £ €
R*, seefor instance[GH83, SS99]. Therefore,the intersectionof W,,(I x {V_}) and
W (I x {V,i,}) is still trans\ersalfor £ > 0 sufficiently small. By [SS99,Lemma3.9], there

existsc = ¢y + O(&?) suchthatW,, (V) andW, (V. ) intersectwhich follows from

per

dist(Wau(V2), W (Vi) = O(Je — co|) + O(£2). (34)

per

This distancecan be measuredn Xy, by the distanceof the intersectionpoints of these
manifoldswith the vy-axisin Xy,. The dynamicsin Xj, is mainly describedby the first
equationin (1). Thelinearterm+wv in thefirst equationof (1) is O(¢). However, the O(¢)-

termsin v belongto X}, andby quadraticinteractionthey coupleO(¢?) backto X;. In all

otherX; with j # 0 dueto trans\ersalityfor ¢ = 0 thetangentspaceof W, (V_) N &; and
W, (Vi) N &; alsospand]; for e > 0 sufficiently smalland(34) follows.

A solutionof (28)in theintersectiorcorvemgesfor £ — oo to V. with someratee=%¢ where

per

B > 0 canbechosenindependentf . For {¢ — —oo all solutionsin the centerunstable
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manifoldof V_ corvergewith someexponentiakateto thetwo-dimensionatentermanifold
of V_. On this manifold exceptfor the origin V_ all solutionscorverge for £ — —oo with
somerate O (e~ ©©)I¢l) towardsthe unstableperiodicsolutionV; , cf. figure 3.

per?’

It remainsto prove that W,(V;£,) is not connectedvith W, (V_). This canbe shavn asin
[SS99 by remarkingthatthedistancebetweenV, (V. ) andW, (V) nearV,,(0) is of ordere?,
sincebothmanifoldsaresmoothin oz = 2. Onethe otherhand,sincedist(V5 , V) > Ce,

per?

onecanverify by looking at X; thatthe distancebetweeniV,(V;f,) andW, (V) nearV(0)

is alsoboundedfrom belonv by Ce. Thus,if ¢ > 0 is small enough,therecannotbe an
intersectiorbetweeriV,(V;t ) andW, (V). In detail

per

dist(Wu(V2), Ws(Vier)) = dist(We(Vi), Wi (Voer)) — dist(Wa (V) Wi(V4)

per
Z 018 — 0282 Z 018/2

for e > 0 sufiiciently small.
Summarizingwe have found modulatedront solutionsV,,¢(&, t) of (28) connectingl/., to

per

Vi with avelocity ¢ = ¢ + O(g?). Moreover, supg jeg | Vint (€, 1) — Vi(€)| < Ce. Setting

Unt(§,€ + ct) = (vmea(€, 1), vme3(€,t)) we obtaina modulatedfront Uy, satisfyingthe
conclusionf Theorem?2.6. O

45 Remarksoncasell and caselll

Thefollowing two remarksareanadaptionof thetheorygivenin [SS014 to our situation.

Remark 4.4 In casell there is no Hopf-bifurcationat V', but the sameargumentasabove
showsthetransvesality of W, (I x {V,{.}) andW, (I x {V_}) inR x X. Theefore, for c
closeto ¢y, there are modulatediront solutionsU (z,t) = Umt(z — ct, x) of (3) which are
2m-periodicin the secondargumentand satisfy

lim Ung(€,2) = Ufyp(x) and  lim Unmg(€,2) = U- .

£—o0 {——o0
Remark 4.5 In caselll thereis no Hopf-bifurcationat V., . Theeis still atransvesalinter-
sectionbetweeriV,, (I x {V_}) andW,(I x {V}). Butfor ¢ = ¢, weknowthat W, (V_)

and W, (V) intersectalongthe heteoclinic connectionV,,. By uniquenesshereis no other
connectiorbetweenV,, (V_) andW(V,) andsono modulatedrontin this case

5 Thenonlinear stability proof

This sectioncontainsthe proof of Theorem2.8. As alreadysaid, the linearizationaround
themodulatedrontshascontinuousspectrumup to theimaginaryaxis,becausehe periodic
patternU,,. behindthe front is only diffusively stable. In addition,we have an embedded

zeroeigervaluewhichis responsibldor the shift alongthefamily of modulatedronts. This
coexistenceof discreteandcontinuousspectrunon theimaginaryaxisis the maintechnical
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difficulty in proving the stability of the modulatedronts. To handlethis problem,we follow

the approachdevelopedin [ES02]. The basicideais to assumehatinitially perturbations
decaywith an exponentialrateasz — +oo. Evenif the steadystateaheadof the front

is weakly unstable(in our case,it is not), suchperturbationswill be “overtalen” by the

propagatingront beforethey have enoughtime to grow. Oncethey arefar behindthefront,

they vanishdiffusively becausethe periodic patternU,,, is stable. In casell, the steady
stateU_ behindthe front is exponentially stable,so that the perturbationsdecayto zero

exponentiallyast — oo, seesection6.

Throughoutthis section,we fix ¢ > 0 and$ > 0 smallenoughso that the conclusionsof

Proposition2.2, Theorem2.3, Theorem2.6 andLemma3.1 hold. Unlessexplicitly stated,
the constantdbelov will dependon ¢ and 5. The small parametersve shall useare the

sizeof theinitial data,which we denoteby §, andthe rescalingparameter which will be

introducedn section5.3.

51 Theidea

Thezeroeigervalueof thelinearizedoperatomwill leadto a spatialshift of thefront. There-
fore,we write solutionslU (z, t) of (3) asashift of themodulatedront plussomeperturbation
V(z,t), namely

U(x,t) = Unt(x —ct —q(t),z) + V(z,t), z€R, t>0, (35)

whereq(t) € R isthespatialshift. Thisrepresentatiois clearlynotunique,but we shalluse
this freedombelow to imposea conditionon V' (z, t) thatwill determiney(¢) uniquely The
perturbationV (z, t) satisfies

OV (x,t) = L(0z)V(x,t) + DN (Unt(z — ct — q(t), )V (z,t) (36)

+ N1 (Unt(z — et — q(t),z), V(z,1t)) + §(t) 1 Uns(z — et — ¢(t),x) ,
With N1 (U, V) = N(Une+V) =N (Umt) — DN (Umg)V = O(V?). To analyzethebehavior
of V(z,t) nearr = +o0, it is corvenientto goto thecomaoving frameandto useexponential

weights[Sat77]. Let 8 € (0, 5y), wherep, is definedin Proposition2.2. We introducethe
weightedvariableWW definedby

W) = V(E+cet,t)e®, €eR, t>0. (37)
Theequationfor W' is

oW (&,1) = LW (&, 1) + DN (Uni(§ — q(t), & + ct))W (&, 1)
+ N2 (Une(§ — (1), € + ct), VI(§ + ct, 1), W (£, 1)) (38)
+Q(t)alUmf(€ - Q(t)7 6 + Ct)€/3€ )

where
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Eqg. (38) is coupledto (36) throughthe nonlinearterms Ny (Uy,e, V, W), which arein fact
linear with respecto W, seesection5.2. AlthoughV andW aresimply relatedvia (37),we
find it corvenientto keepbothvariablesn thesequel We shallassuméhat’V € H?*(R) and
V € H2 = {f € H*(R) |22 f € H*(R)}, whichis equivalentto requiringthat (z? + )V
liesin H?(R). Thisdefinesaweightedperturbatiorspacevhichis analgebrafor the product
of functions.

To understandhe spectrunof the linearoperatorin (38) we write
Lﬂ,cW + DN(Umf)W = L,B,coW + DN(Uh)W + (C — 00)85W + LA(Umf)W ,

whereLa (Upg)W = DN (U)W — DN (U,)W. Since|c — ¢y| = O(e?) and| DN (Uyyt) —

DN(Uy)| = O(e + |q(t)|) by Theorem2.6,we seethat, providede andg aresmallenough,
the time-dependenoperatorLs . + DN (Uy¢) canbe consideredasa perturbationof the
simpleroperatorAg = Lg ., + DN (U,). By Proposition2.2, the spectrumof Az is strictly

containedin the left half-plane,exceptfor a zero eigervalue which is due to translation
invarianceandis not affectedby the exponentialweight. LetI1. : H?> — H? bethespectral
projectionontothe one-dimensionatigenspacef Az correspondingo the eigervaluezero.
Wealsosetll, = 1 —II... If W is definedby (37), weimposethe conditionII. W (¢) = 0 for

all ¢, whichamountdo fixing the shift ¢(¢) in (35). Underthis assumptioron W, a standard
argumentshowsthatary solutionU (z, t) thatstayssuficiently closeto the modulatedront

Unmt(z — ct,z) canbedecomposeth auniqueway accordingto (35).

Theevolution systemfor W andq reads

OW = I,(Lg W + DN Ung)W + No(Uns, V, W) + G0 Unee®) |

. (39)
i = —(IL(0,Umse)) L ((c — o)W + La(Unt)W + No(Uns, V, W),

wherell, (8, Unte®) = 1 + O(e + |q|). By Proposition2.2, thereexists v = v(3) > 0
suchthat |41 || g2 = O(e™%) ast — oo. If V(z,t) andq(t) areboundedandremain
sufficiently small,dueto ¢ = O (W) we expectthatthe solutionsof (39) will satisfy|(t)| +
W (t)|| 2 = O(e™*) ast — +oo.

In orderto usethis exponentialdecayof the auxiliary variable W, we rewrite (36) in the
form

0,V = L(0;)V + DN(U,e.)V + Ni(Upers V) + G01Ung + G (Umns — U,

per per? per?

V), (40)
where

G(U — U, V) (Umf, V) (Uper’ V) ( (U ) DN(Uper))V :

per?

To boundthelasttermin (40), we have to controlthe quantity
Qz,t) = [Unt(z — ct — q(t), ) — Uper(2)] \V(rv t)] (41)
= ‘Umf(w_Ct_q(t)’x)_U ( )‘6 (w—et) ‘W(x_Ctat)‘ :

per

Taken > 0 smallenoughsothatns < v. By Theorem2.6,we have

—efant i _ _ < —
Q1) < Ce |V (x,t)] ff x—ct—q(t) < —nt,
CePt—aO) W (z,t)| if z—ct—q(t) > —nt.
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It followsthat G (Uns — Uy, V) = O(e™*PV) + O(e”'W), where; = Bon. Thus,since

per’

W = O(e~ "), we concludethat G (U, — U,,, V') decaysexponentiallyast — oc. As a

per?

consequencef theseobsenations,(36) hastheform

0,V = LV + DN(U;,,)V + N1 (U, V) + O(q) + O(e™P'V) + O(e"'W) . (42)

per per?

Thisis asmallperturbatiorof the equation

8,V = LV + DN(U)V + Ny (U, V) (43)

per per’

which governstheevolutionof theperturbationd/ (z, t) = U(z, t) — UL, () of theperiodic
equilibriumU,,,. As wasalreadymentionedin section3.4, sufiiciently small solutionsof
(43) in H2 corverge diffusively to zeroast — oo, anddueto the analysisin [ES02] the
exponentiallydecreasingermsO(q), O(e=%:'V), O(e*'W) in (42)donotchangetheresult.

Thisis theideaof the proof of Theorem2.8, whichwe now developin moredetail.

5.2 Theunscaled equations

We first give explicit formulasfor the variousquantitiesappearingn equationg36), (38),
(39), and (40). In whatfollows, U will eitherdenoteUy, or U,,,. If V' = (V1,1;) and
U = (U1, Us), equation(36) holdswith

A
w09 = (o s )

1 2
_( 5(1+2¢U, = 3UY) 1 Vi
Leo = 3UL)VE = LV
N _ 2(Co Yt 72" .
{BV) (UQ(WE —3V3) + 20UV, = V5 + 7V12V2>

Next, if W = (W1, W) andUps = (ums, vme), then(38) holdswith (for instance)

m v = L (eo — 3U)VAWs — V2W; )

Us(YViWy — 3VoWa) + 20U  ViWe — VEW, + Vi VoW,

TheoperatorAs = Lg ., + DN (U,) hastheexpression

(9= B)*+co(0—B) 0
Ag = < 0 —(1+(8g—,3)2)2+60(3f—5)>
1(142coh—3h?) 1
+ ( 0 a—v(l—h2))

Sincel < S < fy, we know that A = 0 is asimpleisolatedeigervalueof Az with eigen-
functione?*9;U,,. The correspondingpectrajprojectionis givenby

h! e
W = ( 8 )/R(wal + psWy) d€
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where B
/w(lz — Khle(CO*ﬂ)ﬁ , K — (/ (hl)2600§ dé’) ,
R
andvs is theuniquesolutionin H? of thedifferentialequation
—(1+ (9 + B)*)*5 — co(0e + B)Ys + (o —v(1 — h*))yhs +4f = 0.
Finally, if G = (G1, G;) andUpns — Uy, = U? = (U{, Ug), thenequation(40) holdswith

Gl(Ud, V) = C()Ud‘/l (Umf + Uper)UdVi U?V? s
Go (UL, V) = 29(0miUf + e US)Vi + 7 (Ut + e UTVa = 3(Vint + Vper) U5 Vo
_3U2 V2 + ’YUz Vl + Q’YUfVﬂ@ .

We now startthe analysisof the evolution system(39), (40) for V, W, q. Our goalis to show
that,if theinitial datal’(0), W (0), ¢(0) aresufficiently small,thenWW (¢) and¢(¢) will goto
zeroexponentially while V' (¢) tendsto zerodiffusively asdescribedn Theorenm?2.4. As was
explainedin the previoussectionwe shallconsider(40) asa perturbatiorof (43),which can
betreatedusingthetechniqueslevelopedin [Sch96],see[ES02]. In particular we shalluse
the Bloch wave formalismintroducedn section3.2.

If V = TV is the Bloch wave transformof V, we seté, = E.V andd, = E.V, where
E., E, arethe modefilters definedby (21). In particular V = T (4, + ). For notational
cornveniencewe alsosetw = W. Thensystem(39), (40) is equialentto

Ode = Mo, + BN (b, b5) + Ee

By = Miy + EN: (0c, %) + Es

Orw = Agw + I[(c — ¢o)Ocw +
g = Nz(ie, s, w, g, 1)

(0, D5, w, ¢, 1)
(/UC’ /Us’w Q’ )’

N (0, U5, w, g, 1)]

i
e (44)

whereM = L(0,)+DN(U,), Ag = Lg.c,+ DN (Uy), andM = TMT . Theremaining
termsin (44) aregivenby

Ni(be,05) = TN, (Uper, V),
ﬁ(ﬁc, U5, w,q,t) = TGUmt — Uper, V') + GT 01Un
No (e, U5, w, q,t) = LA(Umf)w + No(Upt, T oV, w) + G(0,Ups) €% | (45)
N (e, s, w, ¢, 1) = —(Te(O1Umee®)) " x

L. [ (c—c0)Oew + La(Ung)w + No(Unng, TV, w)] ,

whereV = T (o, + 05), (T_ V) (&,t) = V(€ + ct, t), andg = N3(De, 05, w, g, t). For later
use,we obsenrethat\; is alinear functionof its third agumentw, andsois ;.

As explainedin [Sch96],it is usefulto modify this systemby eliminatingthequadratiderms
with respecto 7. in the equationfor 5. We thusintroducethe new variablest., i defined
by

1~ ., . ~
ﬂc - ﬁc ; 7:Ls = @s - EM_IESN{I(O)[@C: ﬁc] 3 (46)
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whereN”(0) = D3, UCJ\/’l(vC, 0)|s.—0- As we shallseein the next section this changeof va-
riableseliminategheleadingtermsin theasymptotidoehaior of o5 ast — oo andsimplifies
thereforetheanalysis.

Applying this transformatiorto (44), we obtainour final system

Opite = Mite + Ne(iie, its) + He(iie, s, w, q) ,

Oyl = M\ﬂs+N( o Gs) + Hy (e, G5, w, q) a7

ow = Agw + I ((c — o) 0w + Ny (e, Us, w, q))

q = Nq(@c,@s,QU,Q) )
where N R

Ne(tie, Gis) = EcNi (e, s)

Nilliey i) = BN (b, %) — 30:(MTENY (0)[oc, b))
?zc(@c,as,w,q) = Eﬁ( o s, W, 4, ) (48)
Hs (e, Us, w,q) = EsH(e, 05, w,q,t),
Na (e, s, w, q) = Na(0c, U5, w, ¢, 1) ,

Nq(uCa Us, W, Q) = N3(UC5 Vs, W, ¢, t) .
In the right-handside of (48), the variablesi., ©s have to be replacedeverywhereby their

expression(46) in termsof 4., us. For simplicity, we alsodroppedthe explicit dependence
ontin He, Hs, Ny, andAN,.

Remark 5.1 If wesetw = ¢ = 0 andUwns — U, = 0, then(47) reducego the system
atﬂ'c = M\ac +~/Vc(ac, '&s) 5 at'as = M\ﬂs +~/vs(ﬁ'm ﬂs) 5 (49)

which governstheevolutionof theperturbationsof thespatiallyperiodicpatternU,,,. All the
argumentsn sectionss.3and5.4applya fortiori to (49), andshowthattheseperturbations

satisfy(9). ThusTheoem2.4followsasa particular caseof Theoem?2.8.

5.3 Therenormalization procedure

In section3.3, we describedhe asymptoticoehaior of the solutionsof the linearizedequa-
tion (3) aroundthe periodic steadystateU,. We shoved that the rescaledcentral part
ECV(Et—l/Q, x,t) corvergesto the Gaussiarfunction Ae~% ast — oo, while the stablepart
is exponentiallydamped.This continuousrescalingof the Bloch variable/ canbe usedto
treatthe nonlinearproblemalso,see[EWW297]. However, it seemssomavhateasierno use
a discrete versionof the above rescaling,which is known asthe “renormalizationgroup”
method,see[BK92, Sch96]. The ideais to fix some(sufiiciently small)o € (0,1) andto

define for all n € N, therescaledjuantities

ﬁc,n(%, Z, T) = ﬁ,c(o'n%, Z, O._ZnT) = (Enﬂc)(%; z, O'_ZnT) ’
a*3n/2as(a”%,:v,a*2n7-) = 0*3n/2(£nﬂs)(%’x’072n7) ’ (50)

Vs (22,2, 7)
wa(&,7) = 7 " Tw(E, 0 2T),  go(r) = glo 7)),
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wherev > 0 is asin Proposition2.2 and. = Ea is therescalingoperatordefinedby

(L)t z) = f(ot,2).

Inserting(50) into (47), we obtainan evolution systemfor {0 ,,, U », Wy, ¢, } Whichwe de-
noteby S,,.

For notationalcorveniencewe take our initial datafor (47) attime ¢t = 1 insteadof ¢t = 0.
Startingfrom thesedata, we first solve the evolution systemsS; for {91, 0s1, w1, ¢} on
thetime interval 7 € [02,1]. Evaluatingthe resultattime 7 = 1 providesthe initial data
for the rescaledsystemsS, satisfiedby {2, s 2, w2, g2}, Which we againsolve for 7 €
[02,1]. Repeatinghis procedurewe seethat solving (47) for ¢t € [1,00) is equivalentto
solvingasequencef rescaledsystemsS,, onthefixedtime interval [02, 1]. Since(47)is not
autonomoustherescaledsystemsS,, will alsodependxplicitly ontime.

The advantageof this iterative procedurds thattherescaledsystemsS,, becomesimpleras
n — oo becausdhe asymptoticallyirrelevanttermsin S,, are multiplied by exponentially
smallfactorssuchasoc™. Thisis dueto the prefactorsin (50) which anticipatethe decayof
the quantitiesu., us, w, q. For instance sincethe quadratictermshave beeneliminatedby
(46), we expectthat (¢, z, t) will decaylike1/t ast — oco. Now, sincet = o 2"7 andr

variesin a boundednterval, we canthink of o™ asbeing1/+/t. Thus,therescaledsariable
bsn(T) = o73/2(L ) (0~207) still corvergesto zeroasn — oco. Moreover, replacing
L, with o3 245, in theevolution systems,, producesmallfactorss3"/2. Similarly, since
w(t) = O(e™®*) ast — oo, we expectthatthe rescaledquantityw,, (£, 7) definedin (50)
will vanishrapidly asn — oco. In contrastj,. convergesto a Gaussiarandg to afinite limit

g, Sothe correspondingescaledjuantitieshave no prefactorsin (50).

Our startingpointis theintegral equatiorsatisfiedby therescaledjuantitieg50) onthetime
interval € [02, 1]. Using(47), we find

—2n A4 2\ A
Men(r—0 )vc’n,l(a%, z,1)

Ve (56,2, 7) = €7
-~ T —on A A I ANre A~ ~
4o fa2 e’ "Men(r—T )M,n(vc,n; Osp) (5, z, 7') AT’
_ T —2n AA NG ~ A
+o 2n o2 e’ Mom(r—r )Hc,n (Uc,m Vs, W, qn) (%a z, 7—/) dTI:

—2n A4 2 _ ~
Msn(1—07) 5 3/205,7171(0.%,%’ 1)

ﬁs,n(%a z,7) =€’
o ™2 [T, 0 M Man TN (D, Do) (6, T, 7) A (51)

+o.—7n/2 f;z @U_znﬂsx"(T_T’)ﬁs,n(ﬁc,n’ /ﬁs,n, Wy, qn)(%, z, 7./) d’]’l,
wy(€,7) = €7 AetT= gy (€,1) + o720 I o M (Aptv) (=)
Hs [(C—Co)aﬁwn + Nw,n('ﬁc,n, ﬁc,n; Wn,, qn):| (5’ 7-1) dT’,

n(T) = @n-1(1) + 07" [ 5 Ny (Oein, Osjn; Wn, @) AT
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whereﬂm = E”EhM\E*", M\S,n = LA"E?M\LA*“, and

N (Bem, Dym) = LN(L e, 0*2L )
N (lony Dsm) = LNG(L e, 0% L)
ﬁc,n(@ c,n Us ny Wn,y Qn) = Anj'ZC(E_n@c,na U3n/22_nﬁs,na e_uaiznTwn: Qn) ) (52)
Hon (e Doy Wiy Gn) = LHG(L ™y 0L ™5y e 7 " T, 4n)
Ny (Uc n Us ny Wn, Qn) = Nw(z_n@c,na U3n/22_n@s,n: W, Qn) )
Nq,n(vc,n,vs,n,w”,qn) = e’”"_2n7./\fq(2’"@c,n,03”/22’”ﬁs,n,wn,qn) .
We recallthat N, and N, arelinearfunctionsof the third argumentuw.
We shall control the evolution of o, 95, in the n-dependentunction spacesC;.., K.,
where
Ks = Kogper Ky =Ko, (53)

and/C, , is definedin (24). Thereasorfor theseparticularchoicesof theparametep (which
measurethedecayin theBlochvariablef) will beexplainedin theproofof Lemma5.4. On
theotherhand we shallusethefixedspaces7?(R) andR to controltheremainingvariables
wy andg,, respectrely.

To estimatethe varioustermsin (51), we now list a numberof lemmaswhich are very
similar to the correspondingstatementsn [ES02, Section7]. The proofsuseexactly the
sametechniquesso we shall be ratherbrief andwe refer the readerto [Sch96,ES02] for
moredetails.

We first boundtheIlnearsemlgroupsgenerated)y Mcn, Msn, andAg + v. Thefactthat
applyinge®  Menr improvesthe decayin the Bloch variablewill be usedto compensate
the“lossof p” in estimatg55) below. Similarly, thesmoothingoropertyof e~ " (As +2)7 wi|
allow to controltheterm (¢ — ¢;)0:w, in theequatiorfor wy,.

Lemmab.2 Fix p; > py > 0. Ther exist positiveconstants’, v, andv, sud that, for all
o€ (0,1],alln € N, andall 7,7" € [¢%,1] with7 > 7/, onehas

o™ Hen O EBLE g0, < Calr =T dle,
||eo.72nﬁ/[\sn T_T,)EnEhE_ng”Kj " S Cle—Ula'*Zn(T—T’)(T . T,)pQ_pIHQHICU—n,pz ,
e At Ly < Cre—7 0= — 7)o /2 o]

Proof. Theseestimategollow directly from Lemma3.1andProposition2.2. We recallthat
v = O(?) andv, = O(B). O

Next, we estimatethe nonlinearterms(52). Most of thesetermsareboundedn a straight-
forwardway by “countingthe powersof ¢” andusingestimatg26) aswell astheidentity

LML ™ax L) = o™(G*D). (54)

However, to boundthe critical term j\A/'cn one hasto usethe structureof the systemin a
deeperway andto exploit somenon-trivial cancellations.We needthe following lemma
which generalizeshe factthatdervativesproducepowersof o underscaling. As we shall
see althoughthe nonlinearity\. ,, doesnot containary deriative, it hasa “derivative-like”
structure seealso[Sch96].
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Lemma5.3 Letp; > p, > 0 andassumehat f € C?7,.([—1/2,1/2],C?([0, 27], C) satisfies
107 £ (£, )l c2(0,2m,c) < ClEPr=P2=0 1 5 =0,1,2.
Thenthere existsC' > 0 sudh that, for all o € (0, 1],

(Lo f)illk,,, < Co™ =il .
Proof. Thisfollows from supge(_; /o1 /a1 [(00)217P2) /(1 + £2)1 =02 | < o201 =p2), O
Lemma 5.4 Theee exist positiveconstantLs, g, andvs sud thatfor all n > 2, all o€(0, 1]

andall 7€[0?, 1] the following estimateshold. If max{||icnllice,; [0snllics,,» [[wnlla2} < 1
and|q,| < g, then

INenllicnas < Co0™*(llicnlice, + dsnllcs,)? (55)
||/\A/;,n||Kgn < Co™ ([emllxe, + D5 mllis,)? (56)
[Henllie, < Coe™ " (|0emllice, + 8smllxe, + llwalla) (57)
[Hanlls, < Coe " (llicnllce, + dsnllis, + lwallme) (58)
INwallaz < Cale + lgnl + 0" (I 0cnllxe, + 8snllcs. ) lwnlla2 (59)

ol < 02671/0—2%“11]””}[2_ (60)

Proof. We startwith (60). From(52), (50), (48) and(46) we have
Non(Bens Doy Wn, @) = €77 "N (Be, B, Wn, o 1) ,

wheret = 02", 9, = E*"ﬁc,n andd, = 03”/22*”®S,n+ %M\*lESJ\A/{’(O)[E*”@C,n, Z*”ﬁc,n].
In particularif V = T 1(9. + 0s), it followsfrom (15), (25) that

Va2 < Co™2(0enllice,, +0*?|[tsallxs.)-
Thereforeusing(45), wefind

vo 2T

—1
‘Nq,n (ﬁc,na @s,na Wn, Qn)| =e Hc(al Umf(g_qna §+Ct)666)‘
ML (= o) Dt + Loy (Ut wn+-Na (Un, V)| (62)
< 0o (e + gl + 02l + lisalles)) Il

sincell, (8, Unte®) = 14+ O(e+gal), |c — co| = O(e?), |La(Ums)| = O(e+|¢a|), andsince
N, is alinear function of its third agument. This proves(60). Hereandin the sequelwe
alsoimplicitly usetheassumptiomax{||c,a||xe,,; [|Osnllxz .., [|wallm2} < 1. Following the
samdinesandusingin additionestimatg(61)for ¢ = 0?"¢,, = N, we obtain(59). Finally,
from (53),(52), (48) and(26), we have

”Hc,n(ﬁc,n: ﬁs,na Wh, Qn) ||IC§n S 007771/2”%(@0 @S’ eiya_QnTwn: Gn,s t) ”I?I% )
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wheret, ., s areasabove,and¥ is givenby (45). To boundthenew term G (Ums—U,,,
whereV = T~1(¢, + 05), we proceedasis suggesteafter (41) andobtain

|G (Ut —Uper, Vg < Ce™”

per?

V),
T (I9emlle, + 10snllz, + llwallaz) |

for somev; < min(ef,,v/2). Togetherwith (61), this yields (57), and(58) is provedin a
similar way.

To estimate/\A/’C,n, we first notethatV; (4., ;) = TN (Uper, T8 + 05)) Where

(o — 3V )V ) ;
u..,V per; + O(V°).
Ni(Upers V) = (Upm(w; 2 3v2) 1+ 290 vivs ) T O

Therefore,
Now = LMENG (L 0,0, 032 L0, 5 + LM EGNT(0)[L ™0, £ en])
— EnEC A ( 3[]per l)al (QA)C,TH Us ﬂ) R A )
Up_er 2(’)/@1 (Uc,m Us,n) 3a2 (Uc,n, Us,n)) + Z’YUper 103 (vc,na Us,n)

+./<7(?;1) ('Uc n; Us n) ;

whereas, aq, ag arethequadratidermsin o ,,, Us and/\/’c(f,’z) containghehigherorderconvo-

lutions. Settingd.,, = (2%, 8%2), wefind

a1 (e Do) = (L7"0)2 +20° (L7008 x L70) + 0% (L700))*2 = ay+ara+ars

andsimilar expression$oldfor a, andas. Mostof thesetermscanbeboundedn astraight-
forward way, using(54) togethemwith thefactthat||£A"Ec2‘”f||,<3n < CJ|f|lxe, for some
C > 0independentf o andn. Forinstance]|2"a12||,<3n < Co™2||demllice, |0s,mllxcs., - HO-

wever, (54) is not sufficient for the quadratic(and cubic) convolutionsinvolving ., only:

proceedingasabove, onewould obtain|| £"a;; ke, < Co™|enllfe, » while we needo™/2

in theright-handside,see(55). Thus,morecarefulboundsarenecéssary

Following [Sch96]we write J\Afcn =51+ 5 +/\A/’C,n,,«, wheres; ands, containthe quadratic
andcubic corvolutionsof 9, respectrely, and/\Afc,n,r containsthe highercorvolutions of

., andall the corvolutionswith atleastonefactoro3”/2ﬁsn. Thus

Wenslixe, < Co™(ltenllxe, + 19snllce.,)

o —

Ontheotherhand,s; is givenby §; = L‘,”ECTB(T*E*%C ns T*%*"@m) whereB is the
symmetricbilinearform definedby B(Uy, Uy) = 5 (D% N1 (U, V) lv=0) (U, Us). Thus

per’
1/2
TBW,V)(,z) / Bo(@)[TU( — m, ), TV (m, z)] dm ,
—1/2
where B, is againa symmetricbilinear form, dependingexplicitly on z dueto the mul-
tiplication by UZ,. Writing 9, (s, z) = LPEPL e (52, 1) = an(5)p(0™ 3, ), where

©(£,-) is the critical eigenfunctiorof M (¢) from Lemma3.1, andusing(20), (21), we ob-
tain 5, (s, x) = (0" 3¢, ) x (0" )5, (3¢) with

51 (%) = o" 027r<¢(gn% ), flﬁg; By () [0cn (3¢—m, )V (M, )] dm>(C2 dz
nfl/QU

san (LMK (52, 32 = m, m) ) an (¢ — m)ag (m) dm,
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andwherey (¢, -) is thecritical eigenfunctiorof M(¢)*, and

Ko(6,0 = mym) = /0 (lt.2), B@)lolt — m,2), p(m,2)])_dr. (62
Similarly, §;(s¢, x) = (0™ 3¢, ) x(0™3¢)52(3¢), where
59(5¢) = ™" //(E"KZ(%, w—m,m —k,k))ay(3c —m)a,(m — k)a, (k) dkdm .

Thekernel Ky (¢, ¢ — m, m — k, k) encodeshe cubiccorvolutionsof o ,.

Next we shaw that |K; (¢, {—m, m)|=0(f*+m?) and|K,(¢, (—m, m—k, k)|=0(¢+m+k)
asl,m,k — 0. Then,usingLemma5.3with p; = 3/2 andp, = 3/4, we gainafactoro>"/2
whenestimatings;. Similarly, choosingfor instancep; = 1 andp, = 3/4, we gain ¢"/?
whenestimatings,. This givesthe correctpower of ¢ in (55), andexplainswhy we estimate
/\A/’C,n in K,n 3/4 andnotin KC¢,.. As wasalreadymentionedthislossin p will becompensated
by the smoothingpropertiesof eMenT seelemmas.2.

First, from the translationinvarianceof (3), we have K1(0,0,0) = 0 and K»(0, 0,0, 0) = 0.
Indeed,thecase/ = m = k = 0 correspondso the spatially periodiccase,in which there
existsa centermanifoldI = {U_.(z—a) | a € R} of 2r-periodicequilibria, cf. section4.
It is notdifficult to verify (see[ES02])thatthe flow inducedby (3) onT is givenby

a = K1(0,0,0)a® + K5(0,0,0,0)a® + O(a*) ,

whichimmediatelyyields K (0, 0,0) = 0 andK£,(0,0,0,0) = 0.

It remainsto shawv |K; (¢4, £ — m,m)| = O(¢* + m?®). From B(U,V) = B(V,U) we have
Ki(£,£—m,m) = K1(¢,m, {—m) andhence->- K/ (0,0, 0) = 0. Finally, £ K1(0,0,0) = 0
is aconsequencef y, (¢) = O(¢£*), which canbe seenasfollows. As in [Sch98b]wewr|te

o(l) = o + Loy + O(8),  h(€) =g + lpy + O(£),
M) = Mo +LEMy+ 0%, M(L)* = M§ + LM+ O(F?).

From M (£)e(€) = Moo + £(Migo + Mopr) + O(£2) = O(¢?) andthe similar relation
for M (£)*y(¢), we obtain

Mopo =0, Mgpo =0, Mopr + Mipg =0, Mg+ Mihy=0. (63)
Moreover, for ary fixed# andary 2r-periodicfunctionV, we have

0. (M(OV) = 0, (e(L + DN(Uy,))Ve)

=l ((L+DN( Uper))0:V + DN (U, ) (V, 0 Uper)) (64)
= M(0)0,V + 2B3(z)[V, 0,Upg,] -

If we now choosel’ = ¢ + L1, we have M (£)V = O(£2). Henceit follows from (64) that

MOaﬁESDO + 232[@03 8 per]

(65)
M 0500 + MoOz01 + 232[901, ver] = 0.

per
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Using(63),(65),andyy = cy0,U,
we thusobtain

%Kl (0; 0; 0) = <¢1, B?[@Oa QD()]) + <w05 BQ[(JDOa @1])
—ﬁ(Mm + Mitho, Oz¢p0) — ﬁ(M?ﬂ/}o, Oatp1) = 0.

wherecy isthenormalizatiorfactorfrom Lemma3.1,

per J

This concludesthe proof of (55). Finally, estimate(56) on J\A/;n follows from expressing
Oy N —%@(ﬂ/l\‘lEs/\Afl"(O) [0c, Uc]) by (47) andusing(55), (54) andLemma5.3. This gives
the desiredpower of o, becauseNA/’s,n containsno quadratictermsin 9., sincetheseterms
werepreciselyeliminatedby the changeof variables(46). The proof of Lemmab.4 is now
complete. O

To estimatetheintegralsin (51), we introducethe quantities

Ryn = sup,epoz, [10en(7) ||k, +8ubrefoz,y [105n(7)llics,,

Rw,n = SUDPr¢[g2,1] ||wn(T)||H2 ) Rq,n = SUPr¢[g2,1) ‘qn(T)‘ :

Lemmab5.5 Thek exist positiveconstant<;, C, suc thatfor all o € (0,1], all 7 € [¢2, 1]
andall n > 2 thefollowing estimatesold. If max(R, ,, Ry») < 1andR,, < g, then

—2n||f072 =2 M T—T’)N\’ o () dTI”lCﬁ,n < Cy0™2R2

g v,n I
0.—7n/2||f 72"Msn7' T)-/\[SR(TI) dT,”’C;n S C3Gn/2R3n )
o2 fjs ¢ " Ten B (1) dr ks, < Ca™H B+ R
T o Tt (1) A7 s, < Coo™(Ru+ Ru), (66)
o 2| [ €7 eI | (e—co) Ot + Nogn | (') d'|| 22

(04(5 + Q) + C3O'n/2Rv n)Rw,ﬂ )
02| [ No(™) 7] < oo™ " R

Remark 5.6 TheproofshowshatC; — oo ase — 0, while C, canbechosenindependent
ofe.

Proof. Theseestimatesareeasilyobtainedoy comblnlngLemmaSS 2and5.4. Theassump-
tion n > 2 is usedto simplify the boundson ”H,cn and%sn For instancen the estimate
involving ’Hc,n, we use

—2n,1 0102 —go—2n+2

.,
0_2”/ CiCe™ T dr < —Z¢ < Cy0™/?
o2 V3

Thelastinequalityis very crudeif n is large, but it is sufficient for our purpose$ecauset
matchesvhatwe have for N, ,,, N;,,,. Note however thatwe keepthe exponentialfactorin
theestimatefor NV, . ]

Finally, thefollowing boundshold for thefirst termson theright-handsideof (51).
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Lemmab.7 Thee existsC5,Cs > 0 andm € N sud that, for all ¢ € (0,1] and all
T € [0?,1], onehas

“60*2"/\70,71(7—02)2”E?E‘”EQH;CE“ < C5o_m||f]||;cgn71 )

||6072n/</1\s,n(7'—g2)EnEglz—no.—fi/ZEg||’C§n < 050.—me—u1072n(T_02) ”g”’Czn_

||ea_2"(A5+V)(T—02)HSw”Hz < 066—1/20_2"(7—02)”“]”]{2 .

1 ?

Proof. This follows immediatelyfrom Lemma5.2 andestimate(26). The constant’s can
bechosenndependentf ¢. a
In thesequelwe sety = C, (e + ) andassumehaty is sufficiently smallsothat

(2Cs +1)p < 1/2. (67)

Combiningthe abore Lemmaswe arenow readyto give a priori boundson the solutionof
(51) in termsof theinitial data.Let

Pon = Oen (s Dlle, + 10sn(s 5 Dz, s Pwn = llwal Dllaz s pon = lga(D)] -

Proposition 5.8 Ther existoy, > 0 andC; > 0 sudh that, for all o € (0,00) andall n > 2,
thefollowing holds. If p, ,—; < C7o™ with m asin Lemmab.7,and py, n—1 + pgn-1 < C7,
then(51) hasa uniquesolution (dc », 9s n, W, gn) € C([0?, 1], KSn x Kin x H? X R). In
addition,wehavemax(R, n, Ryn) < 1, Ry, < ¢, and

Rv,n S 050-7mp11,n—1 + 2030.n/2(R37n + Rv,n + Rw,n) J
Rw,n < Cﬁpw,n—l + (/1' + C3Un/2Rv,n)Rw,n ’ (68)

_ —2n+2
Rq,n S Pgn—1 + 03 e’ Rw,n .

Proof. Let U,, = (¢ n, Os.n, W, ¢) @andlet X,, = C([0?, 1], K< x K2, x H? x R) equipped
with thenorm||U,||x,, = Run + Ruwn + Ryn/q. LetalsoB, betheunitball in X,,. Given
initial datad. ,,—1 (-, -, 1), Osn—1(, *, 1), wn_1(, 1), ¢go—1(1), theright-handsideof (51) defines
amapF, : X, — X,. FromLemmasb.5and5.7,we know that,if U,, € B, then

IFUn)llx, < C5(0 ™pum 1+ Pgn 1/7) + Copun 1+ (1 + Co™?)||Unllx, -
Similarly, if U,, U,, € B, wefind
IF(Un) — FU)lx, < (u+ Co™?)|Uy — Unllx, -

By (67),we have u < 1/2. If wenow assumeCo < 3 ando ™" pyn—1+puwn—1+Pgn—1/q <
C, for somesufficiently small C; > 0, we seethat F,, mapsB,, into itself andis a strict
contractionthere.Theuniquefixedpoint U, is the desiredsolutionandsatisfieq68). O
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5.4 lteration and Conclusion

To shaw thatthe recursionrelation(68) canbe iteratedandto concludethe proof of Theo-
rem 2.8 we needa bettercontrol on the critical term ¢, ,,(5¢, z, 7). For eachn € N, we
decompos¢hesolutiond, , (-, -, 1) into aGaussiarpartandaremaindeyi.e.

@Cﬂl(%vxa 1) = Anql(%)gp(an}f’ -T) + TA’H(%: SC) ’

whereA, € Cand¥(sx) = e~% with d andy(¢, x) from Lemma3.1. TheamplitudeA,
is determinecby the condition7,(0,z) = 0, z € [0, 2x]. Equivalently, A,, = I, (:, -, 1),
wherell : K, , — C is definedby

see(20). Then(51) canbe decomposedccordinglyandtakesthe form

An — An—l + 0_72nﬁ(f012 eg—2n/\7c,n(1*'r’)(./\7€m + ﬁc,n)(Tl) dTI) ’ (69)

_zn/\’/\[c,n(l_az)fn—l (U%, .’17)

Tn(se,x) = €°
+ 0_—277.‘]‘0-1260'*271/(/[\0,77,(1—7")(N‘C,n + ,}:Zc,n)(%’ ./I,', T,) dT/ (70)
+ ea_mﬂc’”(l_”Z)An_l\D(J%)gp(o”%, z) — Ap ¥ (30) (0" 5, x) .
We alsodefine p, ,=||7y |xe,, + 9.4 (-, -, 1) ||z, - By constructionwe have p, , <C(|A,| +
prn). OUrmainestimatds now:

Proposition 5.9 Undertheassumptionsf Proposition5.8,the solutionof (51) satisfies

|A, — Ap_i| < Cs0™20™(|Ap-1| + pro—1 + Pwn—1) ,
Pron < Cg0prp1 + Cso™ 207 ™(|Apy| + Pra—1+ Pwn-1) (71)
pun < (Cs0 + ) puwn—1
lgn — gn-1| < Cs 6_U0_2n+2pw,n71 ;

for someCy > 0.

Proof. Since|Ilf| < Clfllxe, for someC > 0 independendf n, it follows immediately
from (69) and(66) that

|Ap — Ap_i| < Co™*(Ryp + Ruy) - (72)
Next, sincer,,_1(0, z) = 0, thereexistsC' > 0 suchthat
a_Q"A//Tc,n(lfUZ)E?qn

e ke, < Collfnallee,

see[Sch96,ES02]. This crucial estimateshaws that, if ¢ is sufficiently small, the linear
semigroupcontractstheremaindeterm#,,, whichis thereasorfor subtractinghe Gaussian
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partfrom 9.,. Moreover, the lastline in the right-handside of (70) canbe estimatedby
C|A, — A,_1| + Co™ R, ,, sSee[ES02]. Summarizingwe obtain

Prn S Co-pr,n—l + COH/Z(R’U,TL + Rw,n) . (73)

Ontheotherhand.,it followsfrom Lemmab.7 that

o7 (Ag+v)(1—0?) —va0 " (1—0

lle Wn_1||g2 < Ce Nwp-illgz < Collwailae

hence
pw,n S Co'pw,nfl + (,U/ + C30n/2)Rw,n - (74)

Finally,

V0.72n+2

‘QH - QH—1| S 03 e Rw,n . (75)

Now, if we assumehatCsoy < min(y, 1/8), it followsfrom (68) that
PR pw,n—l ) Rv,n S 2050_mpv,n—1 + Rw,n - (76)
"

Insertingtheseboundsnto (72),(73),(74),(75),andusingthefactthat2,.Cs / (1—2u) < 1/2
by (67),we obtain(71). a
It is now straightforwardto concludethe proof of Theorem2.8. First, we chooser € (0, o)
sufficiently small sothat Cso < o3/, Then,we setn, = 2m + 2 andtake initial data
Ve,ngs Us,ng» Wnos dne SUChthat

|Ano| + Prino + Pwmno T Pgno < 05

for somed > 0. Remarkthat, sincethe original problemis autonomousye may without
lossof generalitytake ourinitial dataattimet, = o2,

As is easyto verify, if § > 0 is sufficiently small, the recursionrelation (71) implies that
|Ap|+prntpwntpen < Céforalln > ng. In particular theassumptionsf Propositiorb.8

aresatisfiedfor all n > ny. Moreover, thereexistsCy > 0, A, € C, andg, € R suchthat,
forall n > ng,

[An — Al + prp < C'95071/2 g — gl < 095671/072" s Pun S0 (77)

It remainsto shav thattheseestimatesmply (9) and(10). First, combining(77) with (76)
andusingthelastboundin (66), we obtain

Ryn+ e " sup |gu(7) —q.] < C6, n>ng.
T€[02,1]

If we undothe changeof variableg50), we thusfind

(W)l +lat) —al) < Co, t2>1,
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whichimplies(10),see(37). Similarly, remarkingthat

Ve (36,7, 7) — AU (50y/T)p(0, ) =
_2n/\//\lc,n(7—02 (

Ve (56, x,7) — €° Ven—1(02e,2,1) — 7y (0, x))
+ Anfl (eO'—Zn/T/[\C,n(T—a2)\II(O_%) _ ‘II(%\/F))QD(OJL%, .Z')
+ (An1 — A) W (ey/T)p(0" 22, 2) + AU (50y/7) (00" 3¢, ) — (0, 7)),
andusing(77),(76),(66), (51)andLemma3.1,we arrive at
sup. (e (cs7) = ACCVTIR0 ez, + BouaCors Dl ) < €O, n>ma.
TE|o4,1
In particular using(24), we have for all n > ny,
1/2¢™
sup  sup / (‘@C7n(%,$,7')—A*\IJ(%\/F)QO(O,.Z')‘-H@SJZ(%,l’,T)|) dz» < Céc™?.
T€l0?,1] 2€[0,27] J —1/20™
If we now undothe change®f variableg50) and(46), we obtain
1/2 . Cs
sup / V(6,2,1) — AT (VD (0, 2)| de < >t (78)
] —

zef0,2x] J —1/2 t3/47

since [’ ¢V (¢, z,t) d¢ = V(z,t) and

—-1/2

1/2 A
ilx * —x2/(4wdt -1
ATV (0, 2) Al = ——e = /WM 0, 2) + O,
/_1/2 (VD)0 7) dt = 0(0,2) + O ™)

we seethat(78)implies(9). Theproofof Theorem2.8is now complete. O

6 Resultsincasell

In this section,we give the resultsaboutexistenceandstability of modulatedrontsin case
Il, namelywith F'(u) = 1 — w in (1). Whena crossezero,the homogeneousteadysate
U, aheadof the front destabilizesandundegoesa Turing bifurcation, but the equilibrium
U_ behindthefront remainsasymptoticallystablewith someexponentialrate. As explained
in Remark4.4, we have existenceof a modulatedfront connectinghe Turing patternU

aheadf the front with thetrivial solutionU_ behind.

Theorem 6.1 For ¢ > 0 suficiently small, there exist a modulatedfront solution of (3) of
theform
U(z,t) =Upe(x —ct,z), z€R, teR,

whee U (&, x) is 2m-periodicin its secondargumentandc = ¢y + O(£?). Moreover, there
exist positiveconstants”, 3, fs (independentf¢) sud that

sup |Umi(€, ) — Un(€)| < Ce,

§zeR
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and
Ut (€, ) = Ufr ) lar20,2my2 < Ce e, €20,
1Umt (€, ) — U—|(m20,20))2 < CeP | £<0.

Remarkthat,in contrastwith Theorem?2.6,the corvergencerateof Uy,¢(§, ) towardsU_ as
& — —oo isindependentf ¢.

Proving the nonlinearstability of themodulatedront is mucheasietherethanin case:

Theorem 6.2 If 8 € (0, ;) ande > 0 is suficientlysmall, there exist positiveconstants’,
v, § such thatthefollowing holds.For all V4 : R — R2 with ||V, (z) (1 + €%2)]| 42 < 6, there
existsa uniqueglobal solutionU (z, t) of (3) with initial datal (x,0) = Une(z, z) + Vo(z).
Moreover, there existsa shift functiong : R, — R andareal constanty, sud thatU|(x, t)
canberepresenteds

U(z,t) = Unt(x — ct — q(t),z) + V(z,t), z€R, t>0,
whesee

sup |V (@, ¢)| +sup [V/(€ + et, )™ | + |q(t) — ¢.| < Ce™, t2>0. (79)
T€R £eER

Proof. We proceedxactly asin section5.1. Setting
Uz, t) = Unt(z —ct —q(t),z) +V(z,t), and W(Et) = V(E+ct,t)e,
we obtainequation(36) for V' and(39) for W andq. However, we replace(40) with
0,V = L(0;)V + DN(U_)V + Ny (U_,V) + G0, Ut + G(Us —U_, V) .

In contrastwith thepreviouscasethespectrunof thelinearoperatorl = L(9,) + DN(U_)
is strictly containedn theleft-half plane.In addition,if we assumehat0 < 8 < 3, (where
(s is definedin Theorem6.1),we have

Sgulg ”Urnf(g - Q(t)a ) - U—”H?(O,Qﬂ—) e—ﬂf < C.
S

Thus,proceedingsin (41),wefind
|GUns = U, V)2 < ClWla2(1+ [[V][a2),

for someC > 0. Summarizingtheevolution systemfor V, W, ¢ hastheform

oV =LV +0(VH+0(G) +O0W),

OW = AgW + O((e+]g) )W) + O(VW) , (80)

¢ =O((e+lg )W)+ O(VW) .

By constructionthereexistsv > 0 suchthat||e'V || g2 < Ce ||V || 5= and||e®s'W || g> <
Ce™"!||W ||z for all t > 0. Thereforejf £ > 0 is smallenoughandif theinitial datasatisfy

IV (-, 0)||z2 + [|W(-,0)||z2 + |g(0)] < ¢ for somesufiiciently small§ > 0, it is clearthat
(80) hasaglobalsolutionin H? x H? x R. Moreover, thereexistsg, € R suchthat

VOl + WV Dl + 1a(t) — g < Ce™

ast — +oo. Thisconcludegheproof. O
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7 Numerical smulations

Using numericalsimulationswe illustratethe resultsfrom section2 concerningnodulated
fronts, and, for a differentmodel, the existenceand stability of modulatedpulses. These
computerexperimentgive theimpressiorthattheassertionsf Theoren2.6and2.8arealso
truefor e andé notnecessarilygmall,i.e. the existenceandstability of modulatedstructures
alsoholdsfor non-smalivaluesof thebifurcationparameteandnon-smallperturbations.

7.1 Modulated fronts

To solve (5) numericallywe subtractthe (unmodulatedfront A(y) = tanh(y/2) from u,

i.e, wesetu = h. + w andintegratetheresultingsystemfor (w, v) usingfinite differences,
periodicboundaryconditionsonthelargedomainy € (—60m, 607) (seeRemark7.1below),

and implicit time stepping. The parametersy = 0.5 and¢, = 0.5 are kept fixed. We

startwith rathergenericinitial conditionsand calculatethe (discretized)modulatedfronts
dynamicallywhich of courseis only possiblef they arestable(for thediscretizedsystem).

Figure4 shows the evolution towardsa modulatedfront for o = 0.1 andinitial conditions
(w,v)|t=0 = (1/cosh(y),0.01sin(y)). The humpin w|,— is transformednto a shift in

u = h + w ratherquick. The transienttime in which essentiallyv(t) reachests proper
amplitudeO(e) andthencouplesbackinto the  equationto producethe modulatingpulse
is about50 units. Cornvergenceof the solutionto the modulatedront with similar transient
behaior wasobseredfor morerathergenericinitial conditions.Startingwith initial condi-
tions (w,v)|;=0 = (1/ cosh(y),0.3sin(y)) we geta much shortertransient. We canalso,
for instanceadd O(1) humpsaway from y = 0 to (w,v)|,—o. Thesegetdampedout very
quickly.

Figure4: Evolutiontowardsa modulatedront, o = 0.1.

Figure 5 showvs snapshot®of the solutionsat somefixed timest. In a) (¢ = 80 with the
solutionfrom fig.4) with « = 0.1 thedifferentamplitudef the periodicpatternsaty = +50
areclearlyvisible. In orderto displaythe differentdecayratesto the periodicpatternsaahead
of andbehindthe front we take a smallera = 0.01; b) shaovs the modulatedront, andc),d)
thefunctionsw = uy,s — tanh(y/2) andv. Theeffectof —yvF'(h. + w) is thatthe Turing
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patternin v getsdampedwhile passinghroughthe modulatedront. It thencorvergeswith
rateO(e~9C)l¥) to the Turing patternin therecovery zonebehindthe front.

a) a=0.1,u b) a=0.01,u
‘ ‘ ‘ X ‘

-50 o 50 -100 0 100

c) «=0.01,u — tanh(y/2) d «a=0.01,v
0.1
0.01
0
-0.01
0
-100 0 100 -100 0 100

Figure5: Snapshotsf modulatedronts.

Remark 7.1 Thee is a conceptuaproblemwith periodic boundaryconditions,in particu-
lar for verysmalle > 0. Strictly speaking on any finite domainwith periodic boundary
conditionsthere is no "ahead andbehindthefront”. To minimizethis efectwechosea large
domain,and seethat at the centerof mass,sayy € (—50,50) the analytically predicted
dynamicsof the modulatedront are nicelyrecovered. Using evenlarger domainsit canbe
chedkedthattheinfluenceof theboundaryconditionsnearthe centeris indeedverysmall.

Finally, we illustrate what happensn caselll with F'(u) = 1 + u. As anexampleof the
typical evolution of theunstabléront, fig.6 shavsu(t, y) — tanh(y/2), i.e.,theu component
of the perturbatiorof thefront in thecomoving frame,with o = 0.01.

7.2 Modulated pulses

In orderto obtainan examplewith modulatedpulseswe couplea non symmetriccomplex
Ginzhurg-Landauequation(nsGLe)with a Swift-Hohenbeg like equation. The nsGLefor
thecomple field A(x,t) € C reads

A = c102A — (g +ivp) A + an A + 4i|A]PA (81)

wherec; = ¢, +ic; € C andag, a1,y € R areparametersvith v > «; > 0 andin
particular) < ¢y, ap, 1 < 1. Thus,thensGLeis adissipatve perturbatiorof thenonlinear
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Figure6: Typicalevolutionin casdll; thehomogenouseststatebehindthefrontis unstable,
anda Turing patterndevelopsbehindthe front. However, the front travels away from the
pattern andtheresultingsolutionis nottime periodicin any comoving frame.

Schidingerequation,where due to the term a; A the usualS'-symmetry A — A is
broken. It arisedor instanceasa modulationequatiorfor opticalfiberswith phase-sensite
amplifiers,see[KK96] andthereferencesherein,or for dissipatve systemswith aresonant
spatially periodicforcing [Uec01]. For suitableparametershe nsGLehasan exponentially
stableoneparametefamily { A,, (- — z¢) : 2o € R} of pulsesolutions.See[KS98] for this
resultandacomprehensie discussiorof thensGLe.For ¢, = 0 thepulseis explicitly given
by

Apu () = V/bysech(v/boz)e?,

cos(29) = ap/a1, by = (vo + agsin(29))/cii, by = c13b2/2.
For smallc;, > 0 this pulsepersistsandthe spectrunof thelinearizationof (81) aboutA,,
is asfollows. The continuousspectrums givenby thetwo curves

(82)

)\1}2(1&') = —Qy — Cler + i\/(clikQ + 1/0)2 — Oj%.

Moreover, we obtainonesimpleeigervalue( from the translationainvarianceandthe rest

of thediscretespectrumgonsistingof 5 moresimpleeigervalues,is in theleft complex half
plane,see[KS98].

We now couplethensGLefor A = u; + iup with the SHefor v € R, i.e. we consider
o,U=LU+ N(U) (83)

whereU = (uy(z,t), us(z,t),v(z,t)) € R3,

) — g+ C11~3§ — Co0y —Cuai + 1 M1
L= 011-82 — ) —(a1 + O.’()) -+ 01,82 — C()ax 0 5
0 0 (1403’ +

T
NU) = (—4|U|2U2, 4‘“‘2111, —v® + ,U2u11)) ) \U|2 = U% + U’ga
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andwhereqy, a;, vy ande; arefixedin suchawaythatthensGLehasa stablepulsesolution.
We usey; » € R ascouplingparametersinda, asthe bifurcationparameterMoreover we
seth(§) = (u1(€),u2(€)) € R?, £ = x — cot, Whereuy (z) + iug(z) = A,u(z) is thepulse
solutionof thensGLe.

Using the spectralpropertiesof A, andsettingu, = 0 it is clear that the analogueof
Theorem2.1 holdsfor (83), i.e., thatfor a; < 0 the pulse(h,0) is exponentiallystable.
Moreover, numericalsimulationsof the nsGLerevealthatalsofor smallc,,. > 0 the pulse
Ay, fulfills ReAp, () = ui(z) > 0 for all z € R. Usingthis, we canconcludeasin the
proof of Theorem2.1thatfor ay < 0 thelinearizationof (83) around(k, 0) hasspectrumn
theleft complex half-planefor all iz, < 0, andin factevenfor 0 < uy < p,. for asuficiently
small ., = p.(ag) > 0. Hencewe have roughly the samestartingpoint for a bifurcation
analysisfor (83) asfor (1), andmayexpectmodulatedoulsesto bifurcatefor as > 0.

This is now illustratedby numericalsimulationsof (83), wherewe fix («g, a1, v, ¢1) =
(0.6,0.8,1,0.14+10i),¢o = 1 andy; = 1, andintegrate(83)in themoving framey = = — ¢y,
againon the largedomain¢ € (—60m, 607) with periodicboundaryconditions.In orderto
obtainnice graphsthevaluec;; = 10 hasbeenchoserrelatively large sothatthe pulsehas
awidth largerthanthe period2r of periodicpattern.

a) g = —1 b) o =1

03l w(e) | w()

-100 -50 0 50 100 -100 -50 0 50 100

0.05 1
v(€)
0
-0.05 | ‘ ‘ ‘ ) ‘ ‘ ‘
-100 -50 0 50 100 -100 -50 (0] 50 100
Figure7: u, andv for amodulatedoulse,c = 0.05. @) s = —1,b) pup = 1
In the first simulationwe let o, = ¢ = 0.0025 andp, = —1. Again we choosea small

e = 0.05 in orderto resohe the differentcorvergenceratesaheadand behindthe pulse.
We startwith anapproximatiorof Uy, in theform u; (£, 0) + iuy(€,0) = Apy(§) with Ay,
from (82) andwv(£) = e cos(€). The solutioncornvergesquickly to a modulatedpulseUs,p,
which illustratesthe stability of the modulatedpulses. In figure 7a) we show uy(t = 50)
andv(t = 50) for £ € (—100, 100), i.e., roughly half the computationatlomain;cf. Remark
7.1. Thefirst component; is similarto u, but max u,(€,t) ~ 1 sothatu, is moreeligible
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for graphicalpurposesTheeffectof u, = —1 is thatthe Turing patterngetsdampedwhile

passinghroughthe pulse,with anO(e~°©)¥) corvergenceto the Turing patternbehindthe
pulse.

For us = 1 we getthe corverseeffect, seefigure 7b). The patterngetsamplified while

passingthroughthe pulseand decaysto amplitudeO(¢) in the recovery zonebehindthe
pulse. Note however thatthis is now alsoa nonlineareffect of the damping—v? in the v

equation.

Finally, in figure8 we presensnapshotsf u; andv from anumericakimulationwith e=0.9,

o= — 1 andthe remainingparameterasabove. The corvergenceto the periodic pattern
is equallyfastaheadandbehindthe pulse. We remarkthat numericallywe could produce
stablemodulatecpulsedJy;, , uptoe ~ 2. Thisworksmosteasilyby continuatiorine, i.e., by

slowly increasinge, integratingandwaiting until the solutionsettlesto U¢, , thenincreasing

mp?

¢ again.For ¢ > 2 this breaksdown andthe solutiondisintegratesnto wave—paclets.

0.9

-40 -20 0 20 40 -40 -20 0 20 40

Figure8: u; andv for amodulatedoulse,u, = —1,¢ = 0.9
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