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Abstract

We give a detailed analysis of the interaction of two moda¢apulse solutions of
a nonlinear wave equation. These solutions consist of gilseenvelopes satisfying
approximately a Nonlinear Schrodinger equation, advanan the laboratory frame,
and modulating underlying wave-trains. We improve the laofan the possible shift of
the envelopes caused by the interaction of two well preppuotsks from orde©(1) to
orderO(¢e). Thus we manifest the statement that there is almost naitien of pulses

with different carrier waves.

1 Introduction

The transport of information over long distances througticapfibers is encoded digitally

by sending a light pulse or not. Physically such a light puds@ complicated structure. It

consists of an underlying electromagnetic carrier waveingpwith phase velocity, and of

a pulse like envelope moving with group velocityand modulating the underlying carrier
wave. The fact that there is very few interaction of pulsas @ifferent carrier waves allows

to increase the information rate through the fiber by usifffgmdint bands, cf. [Ace00].

In most theoretical descriptions the dynamics of the empetaf the modulating pulses is
approximately described by a Nonlinear Schrodinger (N&@)ation. In such a description
the envelope has an amplitude of ord#&) and a width of orde©(1/¢), wheres > 0 is a
small perturbation parameter. See Figure 1.

O
Figure 1:A modulating pulse described by the NLS-equation, see Le@haelow.



It is the purpose of this paper to show in detail that therelnsoat no interaction of
two such NLS-described modulating pulses if they possdésreint carrier waves. It has
been known for long time that pulses with different carrieaves do not interact in lowest
order, see [PW96] for a rigorous proof and Remark 3.3 for theristic argument. Here
we improve this statement by giving &M s)-bound for the possible envelope shift resulting
from the interaction. In order to do so we give a mathematgcallysis of the interaction
of two such modulating pulse solutions of a nonlinear waveaéiqn. For well prepared
NLS-described modulating pulse solutions we improve thenddor the physically relevant
possible envelope shift caused by the interaction of thegsuirom orde©(1), cf. [PW96],
to orderO(e) on anO(1/¢?) time scale. The proof of the bound is based on an explicit
description of the phases and on the consideration of pelsestructed with the help of
higher order approximations.

On a0(1/&?) time scale, the natural time scale of the NLS—approximatianodulating
pulse of widthO(1/¢) can pass at mog?(1/<) many modulating pulses of widif¥(1/¢).
As a consequence of our result, the interaction of such a latidg pulse withO(1/¢) many
modulating pulses with a different carrier wave can lead@dtrto anO(1)-pulse shift. Thus,
with respect to the question of the transport of informatlmough glass fibers the influence
of different frequencies to the dynamics in one band is gdgk w.r.t. to the transport of
digital information.

The plan of the paper is as follows. In Section 2 the relevafitke NLS-equation and
the associated NLS-pulses is explained. The precise iestidtted in Section 3. The proof is
based on a number of Lemmas which are also stated in Sectom @;,0ved subsequently. In
Section 4.1 we construct approximate modulating pulsds thé help of the NLS-equation.
A high order formal approximation of the interaction of twd_8tdescribed modulating
pulses with different carrier waves is constructed in $ec#.2, and the validity of this
approximation on a time scat@(1/¢?) is established in Section 4.3.

Although we restrict our analysis to a semilinear wave aquawith cubic nonlinearity
the statement can be transfered to all systems where theeju&ion has been justified,
i.e. semilinear wave equations with a quadratic nonlingaricase of no resonances [Kal88,
KSM92] and in case of resonances [Sch98b, Sch05], water madels [Sch98a] and finally
wave equations in periodic media [BSTUOQS].

Notation. Many possibly different constants that are independent afe denoted by .
The spacd?®(m) consists of-times weakly differentiable functions for whigh|| s,y =
lup™ s = (33— [ 105(up™)Pdx)'/* with p(z) = 1+ 2 is finite, where we do not
distinguish beween scalar and vector—valued function®ak and complex-valued func-
tions. The spac€’; consists ofs-times continuously differentiable functions for which
ullog = 32— sup,er [OJul is finite. We sometimes write, e.dlu(z)||¢; for the C; norm
of the functionz — u(z).
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Forschungsgemeinschaft DFG and the Land Baden-Wrttgntireugh the Graduiertenkol-
leg GRK 1294/1: Analysis, Simulation und Design nanotedbgischer Prozesse.




2 TheNLS-pulses

As a prototype of a nonlinear wave equation possessing &ippate modulating pulse solu-
tions we consider throughout this paper the semilinear eguation

Otu = O%u — u + v, (1)

with z € R, t € R, andu(z,t) € R. Itis well known that on time-scales of ordéx(1/<?)
equation (1) ha®(¢)-amplitude solutions which are slow spatial and temporadutations

of an underlying carrier wave(*o*—«o!) 'wheres > 0 is a small perturbation parameter and
wherek, andw are related by the linear dispersion relatigh= k2 + 1. Such solutions are
described by the formula

ua(z,t) = e(A(X, T)ekor=0t) 1 ¢c)) 4+ O(2).

Here X = e(z — cit) andT = 2t are the long spatial and temporal scales, respectively
c, = ko/(1+ k3)'/? is the linear group velocity, and the complex enveldpsatisfies

2iwoOr A + (1 — (c,)*)0Xx A+ 3|APA = 0. (2)

The nonlinear Schrodinger equation (2) has a three-paearfamily of time-periodic
solutions of the form . ' ‘
A(X,T) = A(X — Xy)e 0T gioo,

in which the real-valued functioA satisfies the second-order ordinary differential equation
DA = CLA — C A3, 3)

whereCy = —2yowo/(1 — (¢})?), C2 = 3/(1 = (c,)?). Foryy < 0 andw, > 0 this equation
has two homoclinic solutions

. 1/2
Apulso<X) ==+ (?) sech (011/2X) (4)
2

which connect the origin of thed, 9x A)-phase plane with itself and which fulfill

% _ | —270wo
A X)) < rX| =, —.
| pulse( )| = Ce ) r 1 — (c’g)2 (5)

This procedure therefore gives modulating pulse solutibtise nonlinear wave equation
which are described by the approximate formula

Upulse :5<Apulsc<X - Xo)e—i’yoTei(kox—wot) + C.C.)

=¢(Apuse(e(w — ct) — emg)eiFor=(wom0)) 4 ¢ ¢ ) (6)

over time-scales of orde&p(1/=?).



3 Theresault

In contrast to the formal analysis of Section 2 the well kndmon-existence of breathers’
result [Den93, BMW94] does not allow the global existencenaidulating pulse solutions,
i.e. there are no solutions to (1) of the form

u(z,t) = v(x — cgt, koxr — wot),

wherew is 2r-periodic in its second argument afich, ., v(¢,y) = 0. However, to any
polynomial order such solutions can be computed. This mtwighere are approximate
modulating pulse solutions for which the residual

Res(u) = — Ofu + 0%u —u +u®

can be made small to any powersfThe residual contains the terms which do not cancel
after inserting an approximation into (1). lfes(u) = 0 thenw is an exact solution of (1).
For our purposes we need the following approximate modgaiulses.

Lemma3.l Lets > 2, ky, > 0 andy, < 0. For sufficiently smalk > 0 there exists a
two-dimensional family of approximate modulating pulseisons to (1) of the form

u(z,t) = evg, (x — cgt + o, kor — wt + @), (7)
parametrized by envelope shiff € R and phase shifp € [0, 27), wherevy, is 27-periodic
in its second argument; = wy + Y0 + O(e*) = koc,, With phase velocity, = ¢}, +71¢” +
O(e*), v = 70/ko, and group velocity,, = ko/w = 1/c,. Moreover,

ev, (&, y) = 5Apulse(5§)eiy + c.c. + O(3e7melEN (8)

with flpulse andr > 0 given by the homoclinic solution of (4) and (5). The residuéillls
HRes(z—:ka)HHs < CeM/?, (9)
Proof. See Section 4.1. [

Remark 3.2 For upyse defined in (6) we havélRes(upuise) || s = O(£5/%). In particular,
to achieve (9) we need th@(c?) correction to the linear group velocity = kq/w, from
Section 2, i.e.¢, = ¢, + O(¢?) in (7) and in Fig.1.

To analyze the interaction of two approximate modulating@sifrom Lemma 3.1 with
different carrier waves we introduce subscripgtand B to indicate the wave numbeks #k g
of each pulse, the associated group velocitigs andc, s, the envelope shifts, andz
and so on. Note thaty # kg impliesc, 4 # ¢, 5. If the two pulses are separated initially,
and, sayxs > xp andky < kp such that, 4 < ¢, 5 and the faster pulse is in front, then,
since the pulses are exponentially localized, it is natir&xpect that the dynamics of the
two pulses can be described by the sum of the two individulalgsy at least on af?(1/£?)
time—scale, which is the natural time scale to approximaketions of (1) by solutions of
the NLS, cf. [KSM92]. However, if the two pulses are, sé),1 /<) separated initially, with
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x4 > xp andky > kg, then, since the group velocities differ k§)(1), the two pulses must
interact on arO(1/£?) time—scale. Clearly this is the mathematically more irténg case.
For notational simplicity we assume that = ¢z = 0 and thus study the interaction of

eV, (T — g at + x4, kar —wat) and evg,(x — ¢y pt + g, kpr — wpt), ka # kp.

We prove that the form of the pulses is almost preserved aidhh interaction mainly leads
to phase-shifts(2; and to envelope shifts)4, i.e. after interaction the solution looks like

eV, (T —cgat+xa+e0a, kar—wat+eQq)+ev, (r—cy pt+rp+e0p, kpr—wpt+eQp),
for somedy, o, 4,25 € R.

Remark 3.3 There is a simple argument why the evolution equations/fgrand vy, de-
couple in lowest order in terms ef Going into the scaling of the envelopg, andvy,, have

an amplitude and a width of ordé€?(1). But since the group velocities differ by an order
O(1/¢) in this scaling the interaction time of , andvy, is only of orderO(¢). Therefore,

the influence of a termy, , v, on the dynamics ofy,, andvy, is O(e) and so in lowest order
the evolution equations far, , andv,,, decouple. This property can be observed in a number
of problems, cf. [PW96].

However, transfering as in the subsequent Remark 3.7 timaagst from [PW96] gives an
O(1)-bound for the possible shift of the envelope for- 0. Here we improve the bound for
the physically relevant envelope shift from ord2f1) to orderO(¢) in case of well prepared
approximate modulating pulses from Lemma 3.1. Thus we dgfyahe statement that there
is almost no interaction of pulses with different carrierves. We do this by extracting
explicity the shift of the phase of the underlying carrievea

The idea is to construct an approximation

eW(x,t) = eW(x,t) + >h(x, 1), (10)
of the pulse interaction, where

eWU(x,t) =evy, (x — cgat + x4, kar —wat +eQa(np))
+€Uk3(x—Cg7Bt+JJB,]{ZBSL’—w3t+€QB(T]A)), (11)
with explicit functions(2 4, 5, given by

nB

3| B, |2

Oy = / ¢ dng + Q% + (’)(526_”"5‘), ng = e(x + xp — cy.Bt), (12)
wa(ca —cp)

—0o0

nA 9
Qp = / _ A dija + Q% + 0%l g =e(x+ a4 —coat),  (13)
wgp(cp — ca)
whereB; andA, are given by (4) with constants, g, C> 5 andC} 4, Cs 4, respectively, and
whereQ’ andQ% are constants which normalize the initial phases. Note(thatepends on
r—cy gt andQp onz —c, 4t as the phase shift accounts for so called cross phase miodulat
In (10), h(x, t) are higher order terms, and the ansatz leads to estimatéefogsidual simi-
lar to the ones of Lemma 3.1, i.dRes(e W) || ;- = O(e'/?), andh(z, t) isO(1)-bounded on
the naturatD(1/<2) time scale. We remark thRes(c V) ||z« = O(%/2) would not allow to
prove estimates for the approximation of solutions of (1}thyon theO(1/£?) time scale.
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after interaction

Figure 2: lllustration of our main result, as detailed in Lemma 3.4 dm@orem 3.6 below. Here
k4 > kp and the slower pulse is in front. Thug; — c4 < 0in (13), andQ2 5 is a decaying function
of z. The constant§)’, andQ% have been chosen in such a way that at 0 (upper two pictures)
there are no phase-shifts for the pulses, §)g; is exponentially small near the positienc s of vy,
while 2 4 is exponentially small near the positienc 4 of vy, ,. Note that2 4, moves with theB—pulse,
while Q23 moves with thed—pulse.

Lemma3.4 Lets > 2, ka,kp > 0, ka # kg, Y0.4,7%.8 < 0, 24,25 € RinLemma 3.1,
andT; > 0. Then there existy, > 0 andC, C,s > 0 such that for alk € (0, g¢) there exists
an approximatiorr W of the pulse interaction in the form (10), where

In( 1)l < C. (14)
and )
sup  ||Res(eW)|| s < Crese™/2. (15)
te[0,To/e2]
Proof. See Section 4.2. [ |

Using (15) it is easy to show that given initial data close\fﬂix, 0) the solutionu to (1)
stays close to the approximatied of the pulse interaction.

Lemma 3.5 Under the assumptions of Lemma 3.4 there exist 0 andC;, C5 > 0 such
that for alle € (0, () the following holds: if

dyu(-,0) — Ei‘i/(-,O)

< Oye"? 1
dt < Cie (16)

u(-,0) — e¥(-,0)

l

Hs Hs—1



with U from (10), then

sup (
t€[0,Tp /2]

Proof. See Section 4.3. [
The triangle inequality with (14) and (17) and Sobolev’s ewhting theorem/* C
Cg‘l, immediately gives the main result, see fig. 2 for illustrati

u(-,t) — (-, t) du(-,t) — 5%@(-,15)

i

) <O )

Hs Hs—1

Theorem 3.6 Lets > 2, ka, kg > 0, ka # kg, Y04.%5 < 0, x4,z € R in Lemma
3.1, andTy > 0. Then there exist, > 0 andCy, Cy > 0 such that for alle € (0,¢) the
following holds: if

u(z,0) — v, (T4xa, kar+eQa(MBli=0)) — Vikp (T+T 4, kpr+Q25(Nali=0))

Hs

d
+ ||0vu(z, 0) — — vk, (z+2 4, kaz+eQa(nBli=0)) + Viy (2424, kpz+Qp5(Nali=0))]

dt Hsfl
< Cye"2. (18)

where) 4, Q5 are given by (12),(13), then

sup Hu(x, t)—vp, (x—cg at+z 4, kar—wat+eQa(np))
tE[O,Tg/aﬂ

— Vkp ({L’—C%Bt + g, ]{?B{L'—wBt—f—EQB(?]A))‘ 0571 S 0263. (19)

Remark 3.7 If x4, — x5 > Ce~0%9 for ad > 0, then initially, i.e., att = 0, Q4 is expo-
nentially small nearx 4 andQ23 is exponentially small nearx , see fig. 2 for illustration,
and we may replace (18) by the more readable condition

u(z,0) — v, (z4xa, kax) — Vg, (T2 4, kpT)

Hs

—+ S C(1 57/2 ) (20)

Hs—1

d
8tu(9:, 0) — d_t [UkA (l'—l—ZL'A, ]{?A{L') + Vkp (l'—l-{L‘A, ]{/‘BZ')}

which means that is really close to the sum of two pulses. It finally remaingémsfer the
result (19) into an estimate for a possible shift of the eppel Suppose that the error comes
from a shift of the envelope. Then due to the long wave formhef eénvelope “vertical”
estimates of orde©(¢?) in L>° can lead on a pulse of amplitud®(c) only to a possible
envelope shifta of orderO(e), due to

eg(e(z + ca)) — eg(ex) = eg'(ex)e’a + O(e(e%a)*) = O(e%).

This, together with Theorem 3.6 means that there is almosttecaction of well prepared
modulating pulse solutions to carrier waves with differeatze numbers, i.e., the physically
relevant envelopes are almost not affected by the intemacti



4 Theproofs

4.1 Construction of well-prepared pulses

Lemma 3.1 can be proved as in [GS01] with the help of spatiabdyics and invariant
manifold theory. In order to keep the paper as self-contharel as simple as possible, here
we give a proof only using simple perturbation analysis. Vékethe ansatz

Vg, = EALE + *A3E® + 8 AsE° + c.c.

where theA; depend on the variable = =(z — ¢,t) and whereE = ¢ihor=wt)  With
A_, := A, this yields

Res(svy,) =e(w? — kg — 1)ALE + 2e*(—iwe, + iko)Ox AL E
+ (1 — )% A1 + 3A1|A1P)E + €°(3A3A% ) E
+ & ((9w? — 9kg — 1) Az + A E® + 2" (—3iwe, + 3iko)Ox A3 E®  (21)
+ 55((1 — C;)&;Ag + 6A3‘A1‘2)E3
+ €%((25w? — 25k3 — 1) A5 + 3A3A2)E° + O(e%) + c.c.

We choosev? — k2 — 1 = ye?, 72 = 2wpyo + €292, which cancels th&(e)E term in
Res(vk,) and addsy, 4, E to theO(3) E term. Next we choose, = kq/w which cancels
the O(¢?)E andO(e*) E3 terms. Now we proceed in a somewhat non standard way whicl
however will simplify the estimates of the pulse—pulse riatéions, cf. Remark 4.1 below.
Define A5 by

(25w — 25k3 — 1) A5 + 34342 = 0,

which cancels thé(s°) E° term. A3 can be defined by
Ay = —aAl—c%a((1— )05 As + 6A35|A1°), a= (9w —9k5 —1)7!

which means thatl; = A; + O(e?), 4; = —aA3. So in order to cancel terms up @(e?)
it suffices to set

As = —add+e2a(1— 2)0% A3 + 643 Ay ). (22)
Now this is used to defind; as the solution of

0 = (1—c)0%Ar + 1AL +3A1|A]” + 3524342
= (1— )% A1 + A + 341 A1 — 3%l A" AL.

For all values) < ¢ <« 1 and~,; < 0 this equation has two solutions homoclinic to the origin
in the (Ay, dx A;)-plane which yield the approximate pulse solutions.

Thus, all terms up t@ () in the residual cancel such that formaltys(vy,) = O(g9).
We obtain||Res(e¥)||gs < Ce™/? due to||A(e-)||z2 = e~ V2||A| 1> while |0, A(e")|| 2 =
£1/2||0x Al| > and similar for the higher order derivatives, i.e., the loks'/? comes from
the way thel?-norm scales in terms af The exponential bound in (8) follows directly from
(5) and the definition ofvy,. |




4.2 Construction of aformal approximation for the pulse interaction
To prove Lemma 3.4 we make the ansatz

eV (x,t) = A1E + e*A3E® + 2 AsE° + e B F + B3 + £* By F°

23
+ E3YUE + YR F + 3 Mpixeq + C.C. (23)

whereT = £2t,
E = ei(kA:c—wAt—i—aQA(nB))’ F = ei(/’cBx—unset-i-aﬂjge(77,4))7
na=¢c(@x+xs—cat), np=c(x+2xp—cpt),

where A; and B; depend om4 resp.ng, whereY, = Ya(na,T) andYp = Yi(ng,T),
and whereAs, As, Bs, B; depend om4, ng andT'. Although only two ofn4, np andT are
independent, for notational clarity we write; = As(n4,ng,7) and so on. In (23)4; and
B, are chosen as in Section 4.1, whilg, B;, A5 and Bs will be small corrections compared
to (22). Thus, the first line in (23) essentially correspotadsy from (11).

The termM nixed = Mmixed (A1, A3, As, By, Bs, Bs, Ya, Yp, E, F') accounts for terms in-
volving both £ and F, i.e., for the mixed frequencies, which are generated bytmdinear-
ity according to the formula

(eAVE + e A3E° + " AsE® + e B1F + e*B3F® + €° B3 F® + €Y, E + £°YpF + c.c.)’
_ 3 o
= Z m(&AlE) (Y F)ke.

k1+...4+k16=3, k; >0
At 3E%F for example the termi? B, appears. To cancel this we extend the ansatz by
a2 A2 B E?F and get an algebraic equation foy; of the form
(14 (2iwy + iwp)? + (2ikq + ikp)H)ag = 3.
The procedure is essentially the same for each such terufingel
(14 (lwa + jwg)® + (lka +jk:B)2)alj = 0.

Now M,,.ixeq CONtains all these extensions, which means that we can ctateon the re-
maining terms of the residual.

Exactly as in Sec.4.1 we choosg — k% — 1 = y5'e? andw? — k% — 1 = 782 The
group velocities can also be set analogouslyte= k4 /w4 andcg = kp/wp.

At e3E and<®F we obtain

(2(ka—wacp)Oy, Qa—6|B1 ) Ay + (1—c4)02, Ay + 7' A1 —3A1 | Ay |2 + 362 A3 A%, =0,
(2(kB—chA)8nAQB—6|A1|2)Bl + (1—023)82331 + ’}/2BBl—3Bl|Bl|2 + 36233331 = 0.
By associating the coupling termB; |2 A; resp.|4,|*B; with 9,,Q4 resp.9,, 5 this cou-
pled system splits into a decoupled set of equations. Meredw replacingAs, B; by
Az = —aA}andB; = — (3B}, a = (9wi —9k% — 1)1, 8 = (9w% — 9k% — 1)1, we choose

A, and B, as the solutions of
(1 — ci)ﬁ%AAl + 7§4A1 — 3141‘141‘2 + 382143142_1 = 0,
(1—c3)02, By + 45 By — 3B1|B1|* + 3¢ B3 B2 | = 0.
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Thus, A;, B; only depend om 4, g, respectively. Finally we chooge, and() to satisfy,

respectively,

3| B, |?
0,2y = ————
AT walea — cp)

Thus

nB
3| B |? B
QA:/ —| 1 diig + Q%
wa(ca —cp)

—00

Ona 2B =

3| A2

onlch —cn) (24)

nNA
A 2
and QB:/ _SAE o,
wpB

(cB —ca)

— 00

with suitable constants of integratiély, and2%, cf. Fig. 2.
At 2 E3 ande® F? we choosed; and B; as

Ag = —OéAi + 06252(6‘141‘214? + 6|Bl‘2A? + (Ci - 1)82AA§ + BA%YA),

By = —(3B7] + 3*(6|B1|* Bt + 6| A [* B} + (cj; — 1)0;, B + 3B{Y).
Compared to Section 4.1, in the equationfgrthere are new coupling term$(6| B, |? A3 +
3A42Y,), and similar forBs. As long asY, andYy areO(1) bounded, which we will show
below, these terms do not make any diffuculties as they gugar in theD(¢?) part and the
defining equations fod; and B, only useA; and B;. TheO(1)-boundedness af, andYp
also yieldsAz — Az, By — By = O(&3).

At £5E ands®F we get, respectively,
2iwA07Y 4 + (1 — Ci)@%AYA + ’}/;YA + G4 =0, (25)
2iwg0rYp + (1 — 023)8$BYB + ’}/QBYB +Gp =0, (26)
with
Ga = 6lA1°Ya+ (1 —c5)(0,,Q4)* +6YpB_4)
e 1 (i(1 — (:2,3)(82 Qa)A1 + 2i(cacg — 1)(0,,24)(0,, A1),
Gg = 6|Bi*Ys+ (1 —c4)(0,,Q08)* + 6YaA_1) By
e 1 (i(1 — (:124)(82 Qp)By + 2i(cacg — 1)(0,,28)(0y; B1)) -

Finally, ate® E® ande® F° we choosed; and B; to satisfy

Ay

(25w% — 25k% — 1) A5 + 3A3A7 =0 and (25w — 25k% — 1)Bs + 3B3B; = 0.

Hence formally all terms up to ord€?(=°) in the residual cancel. Therefore, to prove (15)
and the second estimate in (14) it remains to show Yhaand Y are O(1) bounded for

T < Ty, where, by construction, we may choosglr—y = Yg|r—o = 0. This is done in
Lemma 4.2 below. Thus, the proof of Lemma 3.4 is complete.l@&gof<'/2 in (15) again
comes from the way th&?-norm scales undeX = ex. [

Remark 4.1 Here we need well prepared pulses. As already said, cf. ReBidyin lowest
order the NLS-equations fot; andB; decouple. However, ifi; resp.B; would have been
chosen to be time—dependent solutions of (2), thgrresp.G g would have contained the
termss~'2¢, 4070, , A1 resp.c~'2¢, 50rd,, B1, which can not be handled by the subsequent
analysis, i.e. the estimates would become worse.
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Lemma4.2 For all s > 2 there exists &' > 0 such that for alle € (0, 1] the following
holds. System (25)-(26) with zero initial data has a uniculet®on Yy, Yz € C([0, Ty, H?).
It satisfies

sup || (Ya, Yp)(T)]
T€[0,To)

e < C.

Proof. We rewrite (25)-(26) as

YA . YA 1 wzlGA
n(5) = (55)+5 ()
where)M is the linear part of (25),(26). The operafdr: D(M) — H* with D(M) = H**
generates a uniformly boundéd semigroup i i e™|| L= msy < 1. We want to
apply the variation of constant formula and thus it remamedtimate the inhomogeneous
terms.

SinceY,(-,T) depends om, but G 4 also contains, e.g&,%BQA which depends ong
we introduce the notation

1/2
He (m,dna) = (Z/I )" A1 (na, ))|2d77A> o p(na) = /1413,

A s (anay = A1l 5 0,dn.), @Nd similar for|| By || gsm.ang)» || Billmsans)- Since Ay, By
decay with some exponential rate in space we have3, € H*(4). This |mplie58§BQA,
92, € H*(2) and so terms liké(c; — 1)(9;,Q4) A, in G4 can be estimated as follows.

We have
/ 102, Q) Ay

< / 12,
0
T

< / o305 - an 47105, Qally st Al
T7€|0

A1

Hs dnA)dT

e @unp) || A1l s @.an) | 047 057 s () AT

Sinceoa(na)os(ns) = (141%)(1+(na—(ca—cg)) E) ) the time integral is of orde®(s).

Applying the variation of constant formula to the equatidoisY, and Yz with zero ini-
tial conditions and using Gronwall’s inequality yielsisp,c(o 7, [|(Ya, YB)(T)|las < C =
O(1). |

Remark 4.3 A way to increase the rate of information through the fiberishoose the
wave numberé 4 andk s close together. Fary — kg = O(e#) with 0 < o < 1 we formally
find a shift of the envelope of ordé}(s'~2*) by looking at the way (24), (25), and (26) scale.
Thus we must expect a certain trade off between the wish tede€k 4 — k| to use more
channels and the need for larger spacing of bits in a givenraai.e., the need to increase
|za1 — 24| to account for possibly larger envelope shifts.
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4.3 Validity of the approximation

The proof of Lemma 3.5 is relatively easy due the fact thatobnice of an original system
(1) does not contain quadratic terms, cf. [KSM92]. There araumber of mathematical
papers proving error estimates for the approximation ofdhginal system by the NLS
equation also in case of quadratic nonlinearities. Seeg8&abch98b, Sch98a, Sch05] for
the spatially homogenous case and [BSTUOG6] for some firsttees the spatially periodic
case. The following proof is an easy adaption of the one fid8M92]. A similar adaption
holds in case of quadratic terms in the nonlinearity.

We define the deviation’/? R from the solutiorn. by

uw=eVU+ 2R
and find R to solve
a?R = &%R — R+ f, R|t:0 = Ro, atR|t:O - R17

with || Ryl zs = e 7?||u(z,0) — e¥(z,0)]
€8t\11(x, 0)| Hs-1 S Cl, and with

o1 = e 2||0pu(x,0) —

g < O} and||R1|

f=—e"23e"2W2R + 36*WR? + /2R3 + Res(e0))
satisfying

1 fllms < Cs®|| Rl ms + Ca(Cr)e”?|| R|| 3 + Cresc” (27)

as long ag|R||zs < Cg with Cr a constant defined below independentef ¢ < 1.
For the time derivative of

Z / (8, R)? + (%' R)? + (& R)*dx

we find, using (27) andlR||z+ < (E(R))"/?,

s

% O,E(R) = Z{ / (00 R)(57R — R + 05 f)

i=0

(@R O,IIR) + (9 R) (0,0 R) }dx

= Z/ R)f du

E(R)1/2(0352E(R)1/2 + Cu(Cp)eY? B(R) + Cresc?)
< (Cs+ Cres)e*B(R) + C4(Cr)e*? E(R)*? + Chese”,

IA

as long asZ(R) < C%. If we chooses > 0 so small that
e22C4(Cp)Cp < 1, (28)
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then

% DE(R) < (Cs+ Cro + 1)E2E(R) + Cruce?.

By Gronwall’s inequality we find

C
E < E 2(C3+Cres+1)To Res 2C1+Crest)T0 _ 1) —. (2,

(R) < B(R(0))e oot )=:Ci
Since||R||ys < E(R)'? we are done if we defing, > 0 through (28). |
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