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Abstract
The KS-perturbed KdV equation (KS-KdV)

1
@uz—@iu—§8x(u2)—5(6£+3§)u,

with 0 < ¢ < 1 a small parameter, arises as an amplitude equation for small
amplitude long waves on the surface of a viscous liquid running down an inclined
plane in certain regimes when the trivial solution, the so-called Nusselt solution,
is sideband unstable. Although individual pulses are unstable due to the long-
wave instability of the flat surface, the dynamics of KS-KdV is dominated by
traveling pulse trains of O(1) amplitude. As a step toward explaining the per-
sistence of pulses and understanding their interactions, we prove that for n =1
and 2 the KdV manifolds of n-solitons are stable in KS-KdV on an O(1/¢) time
scale with respect to O(1) perturbations in H"(R).

1 The results

The Kuramoto-Sivashinsky (KS)-perturbed KdV equation

L ) — (02 + 0, u=ulz,t) €ER zER, t>0 (1)

atu = —8§u — 9

where 0 < € < 1 is a small parameter, arises for instance as an amplitude equation
for small amplitude long waves on the surface of a viscous liquid running down an
inclined plane [TK78, CD96]; see fig. 1 for a sketch, and the monograph [CD02] for
a comprehensive review of the so-called inclined-film problem. Equation (1) describes
this system in certain ranges of parameters when the trivial solution, the so-called
Nusselt solution, which shows a parabolic flow profile and a flat top surface, becomes
sideband unstable. For a partial result on the validity of amplitude equations in the
inclined-film problem we refer to [Uec03].



Figure 1: The inclined-film problem: A fluid of height § = h(Z,t) = ho + @(Z,t) runs down a
plate with inclination angle # subject to constant gravitational force g. In appropriate ranges
of parameters (1) is the amplitude equation for this problem, where ¢, x,u are rescalings of
t,# and 4.

For ¢ = 0 equation (1) is the well known KdV equation for which there exist
2n-dimensional families M,, of n-soliton solutions; see, e.g, [AS81]. For n = 1 the
two-dimensional family M; is explicitly given by

My = {u(z,t) =u(v —ct +¢): ¢ €R, ¢ >0}, u.(y) = 3csech®(vey/2).

The amplitude parameter ¢ also determines the speed, and ¢ is called the phase. For
small ¢ > 0 there is an amplitude/speed selection principle [Oga94]: there exists a
unique velocity ¢. = 7/5+ O(e) and a one-dimensional family of solitary waves for (1)
of the form

M. = {u(z,t) =u(z —ct + @) : p € R}

with ||u® —ue, ||z < Coe. In particular ||us||p~ = O(1) for e — 0, and |u(y)| < Ce= 5oyl
with constants C' and By > 0 both O(1) for € — 0.

For all ¢ > 0 the pulse u® is unstable since the linearization around u® gives the
same essential spectrum as the medium, the unstable trivial solution v = 0. However,
a remarkable phenomenon occurs: in numerical simulations, the pulse u® is stable on
long (but finite) time intervals. More generally speaking, the dynamics is dominated
by KdV pulses over long times. On the other hand, for t — oo the solution generally
converges to a traveling pulse train consisting of (boosts of) the individually unstable
pulses u®. See fig. 2 for an example. Such dynamics of surface waves are typical of
observations in the inclined film problem [CD02], both experimentally and in numerical
simulations of the free boundary Navier-Stokes problem describing this system.

The local-in-time stability of u® based on spectral information has been analyzed
in [CDK96, OS97, CDK98, PSU04]; additionally, see [CD02] and the references therein
for the structure of families of traveling wave solutions to (1) which is a first step in the
analysis of the large time behaviour of (1). To add to the understanding of the long- but
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Figure 2: Numerical simulation of (1) for € = 0.2 on a large domain with periodic boundary
conditions: (a) illustration of long time stability of u; (b) convergence towards the traveling
pulse train. The initial condition in (a) is ug/s(z) + 0.8 sin(z)sech(z/4 — 5). The pulse keeps
its shape until ¢ ~ 200, while the wave packet spreads and grows on the unstable background.
In (b) the solution has converged to a pulse train with speed ¢y ~ 0.3 consisting of 8 copies

of roughly u® — ¢; with ¢; &~ 1.2. Applying the boost v(z + c1t,t) = u(x,t) + ¢; we recover
the expected speed ¢ = ¢1 + ¢y = c..

finite-time stability of u® from another point of view, here we make explicit use of the
first conserved quantities of the KdV. A similar approach was used in [EMR93]; there
the dynamics on the attractor for the problem over a bounded domain with periodic
boundary conditions is studied in terms of the perturbed dynamics of the action angle
variables for the KdV over a bounded domain.

Here, over the unbounded domain, we prove results that may be paraphrased as
orbital stability of KdV n-pulses (with arbitrary speed parameters c¢;) on an O(1/¢)

time scale with respect to O(1) perturbations in H™"(R). For n = 1 the result is as
follows.

Theorem 1.1 Let ¢, > 0. For all Cy,ds > 0 there exist 01, Ty, g9 > 0 such that for all
e € (0,e0) the following holds. Let inf yeg ||uo(-) — e, (- + @) || < 1, JJuo|lmz < Co,
and let u be the solution of (1) with u(x,0) = ug(x). Then

sup inf |lu(-t) — ue, (- + @) | < 02. (2)
te[0,Tp /<] PER

From Theorem 1.1 we may directly infer a result in the spirit of a stability statement.

Corollary 1.2 For all Cy, 69 > 0 there exist 01,1y, C*, 69 > 0 such that for all € €
(0,e0) the following holds. If inf e ||uo(-) — u®(- + @)|| g1 < 61, |Juo||g2 < Co, then

sup inf |Ju(-,t) —u°(- + @) || < o + C*e.
te[0,Tp /e] PER



The proof of Theorem 1.1 is based on the orbital stability proof for KdV 1-solitons
given in [Ben72, Bo75], i.e., the orbital stability of u. in the case ¢ = 0. There it is
shown that the Hamiltonian

H(u) = / (%(&Cu)z— %u?’) do

of the KdV equation has a line of minima along the orbit {7yu. : ¢ € R}, tyu.(-) =
ue(+ + ¢), under the constraint

1
E(u) = / §u2 dz = const.

In fact, this constraint yields the first part in the inequality
Cs inf Jlu— Touellzn < H(u) — H(ue) < Callu — ||, (3)

with C3,Cy > 0, which implies the orbital stability of a pulse u. in the KdV-equation.
Here we adapt this proof to (1) with € > 0 by proving a priori estimates

H(u(t)) — H(uo) + [E(u(t)) — E(uo)| < Cet. (4)

On the other hand, the mass

is conserved also for ¢ > 0. The idea for using (3) and (4) to prove Theorem 1.1 is
sketched in fig. 3, where M; symbolizes the one dimensional family of KAV 1-solitons
obtained from varying ¢, and where ¢(0),c(t) > 0 are the unique numbers such that
E(uc)) = E(ug) and E(ucw) = E(u(t)). Given D := infyer ||u(0) — mpue, || g we want

Figure 3: Scheme for estimating (7) := infgcp ||u(t) — Tpu®||gr < @+ @+ ® in the proof of
Theorem 1.1. For Corollary 1.2 we additionally assume c, = c..

to estimate @) := infyep ||u(t) — Tpte, || 11 < @+ @+ ® with appropriate norms on the
right hand side. Estimates on 2), 3) and @) follow from the explicit shape of u., while
(4) yields an estimate on (6 in the sense given by the Hamiltonian. Combining this
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with (3) we then obtain an estimate on &) < ®+ @+ @ in the H! sense. If ¢, = c.,
then the estimate in Corollary 1.2 follows from @ = O(e) in H'. In order to prove
(4) we additionally need a priori estimates on the next integral Hy of the unperturbed
KdV equation.

Remark 1.3 Theorem 1.1 improves the local in time and space stability result from
[PSU04, Theorem 5.1] in two directions: Theorem 1.1 is global and not only local
in space; i.e., no weight in space is needed, and the allowed magnitude of the initial
perturbations in Theorem 1.1 is O(1) and not O(g) as in [PSUO04]. |

Remark 1.4 Besides the local-in-time stability stated in Theorem 1.1, also the local-
in-space attractivity of the pulses proved in [CDK96, PSU04| helps to explain why the
dynamics of (1) is dominated by essentially unstable pulses. Due to the fact that the
local-in-space attractive two-dimensional structure found in [PSUO04] is not invariant
under the flow of (1) and does not lie in the phase space H!(R), the method of [PW94]
cannot be applied directly. Therefore, the attractivity result [PSU04, Theorem 5.1] is
not improved substantially using the a priori estimates from the proof of Theorem 1.1.
However, the coefficients §,(0) and 9,,(0) from [PSU04, Theorem 5.1}, which describe
the magnitude of the initial perturbations in an unweighted and a weighted norm, can
now be chosen up to order O(1) in H'(R) instead of O(g), and O(¢?) in H"(R) for
general n, respectively. |

The orbital H'-stability result for KAV 1-solitons has been generalized to H"™-stability
for n-solitons in [MS93]. (Recently, higher-order H™-stability of 1-solitons was studied
in [BLNO04].) For fixed n > 2, KdV n-solitons are given by a 2n-parameter family of pro-
files u™ (y;c1,...,Cn, d1,...,¢,). For instance, for n = 2 we have u®® = 1207 log(7®)
where

7@ =1 + exp(\/ar(y + ¢1)) + exp(Vea(y + 62)

Va - e\’
+ (m) exp(ver(y + é1) + Ve (y + ¢2))-

The time-dependent 2-soliton solution of KdV then is

()

ug(w, ; g) = U(Q)(x; c1,Co, 1 — Cit, Py — Cot).

Below we shall often omit the phases gg when they are not important, for instance in
the evaluation of conserved quantities like £ and H.

There is an important difference for the notion of stability of the families of n-
solitons for n = 1 and n > 2. For n = 1 and given ¢, the time orbit of a 1-soliton, or
equivalently the orbit of its spatial translates, traverses the full family M;(c), while for
n > 2 and given ¢, the time orbit and the spatial translates only traverse (different)
one-dimensional submanifolds of M, (¢). Consequently, for n > 2 there is a somewhat



different notion of orbital stability of KdV n-solitons, namely that solutions stay close
to m-soliton profiles with given ¢ but varying ¢. For (1) with & > 0 and n = 2 (see
Remark 1.6) we then have:

Theorem 1.5 Let ¢, € Ri. For all Cy, 09 > 0 there exist 01, Ty, 9 > 0 such that for
all € € (0,&0) the following holds. Let ||uo(-) — u® (-, ¢, ¢)||g2 < 01 for some ¢ € R?,
lluoll gz < Co, and let u be the solution of (1) with u(x,0) = ue(x). Then

sup inf [Ju(,t) — u® (-, 8, )| 2 < bo. (6)
t€[0,To /] pER?
The proof of Theorem 1.5 uses the same idea as sketched for Theorem 1.1 in fig. 3,
namely the fact [MS93] that 2-solitons are minimizers of the next integral

1
Ha(u) = / (§(a§u>2 - gu(amu %w‘) de 1)
of the KdV equation under the constraints E(u), H(u) = const.

Remark 1.6 The generalization of Theorem 1.5 to n > 2 is true for all n, with
constants independent of €, but these constants depend on n. For instance, T} typically
decreases with increasing n. Therefore, for large n the result will be more of theoretical
interest, while for smaller n the O(1/¢) time scale n-soliton dynamics can be well traced
also in numerical simulation of (1), i.e., Ty can be chosen rather large in (2) and (6).
Moreover, for large n the computations become lengthy. Therefore, here we restrict to
n = 2; further explications for the general case are given in sec. 2.3. |

Theorem 1.5 itself does not imply that the solitons really interact, cf. the discussion
in [MS93] for the unperturbed KdV equation. However, a soliton interaction that
happens on an O(1) time scale in the unperturbed KdV equation also occurs in the
KS—perturbed KdV equation due to the following approximation theorem. Numerical
illustrations of local-in-time 2-soliton dynamics in (1) are given in figures 4 and 5.

Theorem 1.7 Fiz an integer s > 2. For all C1, Ty > 0 there exist 9,Cy > 0 such
that for all € € (0,e0) the following holds. For all solutions v € C([0,Ty], H*™) of

1
the KdV-equation O = —0%v — = 0,(v?) satisfying sup |[v(t)]
2 te[0,To]

gs+a < C there is a

solution u € C([0,Ty], H®) of (1) with

sup ||u(t) —v(t)||gs < Cae .

t€[0,T0)]

Proof. A solution u of (1) is a sum of the KdV solution v and an error function eR,
ie., u=v+¢ecR. We find

OR = = 0R = 0,(vR) — 5 0, (R?) = (92 + DR — (32 + D)o,

6



(d) E, H (dashed) and Hs (dotted),
normalized by E(0), H(0) and H(0)

% 200 400 600 800 1000
Figure 4: Illustration of local-in-time 2-soliton dynamics (and the convergence to the trav-
eling pulse-train) in (1). The initial condition ug(x) = e, (z + 20) 4 ue, () with ¢; = 0.6 and
co = 1.2 is an approximation of a 2-soliton profile. First we set € = 0 until £ = 30 and then
switch to ¢ = 0.2. Subsequently the slower pulse takes up mass and speeds up, i.e., c1(t)
increases, while co(t) roughly stays constant. At ¢ &~ 100 the two pulses meet, but the inter-
action is not dominantly of KdV type. Instead, the slower pulse takes mass from the larger
pulse and further speeds up. The two pulses then travel together for a long time (b), during
which periodic waves grow on the unstable background. This again leads to a train of boosted
copies of u® at large time (c). Panel (d) shows E, H and Hy for this simulation, normalized
by their initial values E(0) = 21.35 ~ 12(¢¥/* + /%), H(0) = —13.37 ~ =3(/% + &/?)
and Hy(0) = 10.6 ~ 376(01/ gt cg/ 2). For € = 0, these quantities are conserved well by the
numerical scheme. The total mass is exactly conserved, also for € > 0. Switching to ¢ = 0.2
at t = 30 we see a linear behavior of E, H, Hy up to t ~ 100. At ¢t ~ 200 a plateau is reached
which corresponds to the two pulses traveling together in (b). For ¢ > 300 the growing
periodic waves can be seen in F, H and H», leading to the transition to the traveling pulse
train for ¢ > 800, where F, H and Hs become constant again. However, in the present paper
we are only concerned with the time interval 0 < ¢ < to/e, t = t — 30, during which E, H
and Hj in (d) show linear growth. Running the simulation with different e shows that this
time interval indeed scales with 1/e. This figure and figures 2 and 5 have been produced
using 512 spatial points and a split-step method: the KAV part dyu = —93u — %8z(u2) has
been integrated using finite difference and an explicit leap-frog scheme [ZK65], while for the
dissipative part dyu = —e(02 + 94)u we used an implicit spectral method.



which via partial integration implies

%at / (FR?dz = — / (@ R)I (vR) da — % / (RO (R?) da

+ / (R — (52R)?) do — / (O R (D2 + 0o da

Next
1 1 S 2 2
[@mo: R dr =~ [@:RP@.0)do+ 0ol IR
J@Ro @) dr =~ [@RF.R) 6+ ORI

S S 1 S
@R - @R e < {0

Thus the Cauchy—Schwarz inequality yields

O (|1RI7:) < C(IRIZ + el Rl + CF)
with a constant C' independent of 0 < ¢ < 1. For all ¢ > 0, as long as || R(¢)||3. < 1,
Gronwall’s inequality implies
sup ||R(t)||gs < C(1+ CHTpet™ = C .
te[0,To)
We are done by choosing € > 0 so small that eC® < 1. U

Remark 1.8 The phenomena explained in this paper occurs at a time of order O(1/e¢)
which is beyond the O(1) time interval of validity of (1) for the inclined-film problem.
Except for special limits, (1) only serves as a phenomenological model for going beyond
the pure KdV dynamics valid on the O(1)-time interval. ]

2 The proofs

2.1 A priori estimates

Let C, = CCO with ¢ > 0 chosen below. First we prove that there is a Ty > 0
independent of 0 < ¢ < 1 such that

sup  Ju(t)|| gz < Cy. (8)
te[0,To/¢]

In order to do so we prove upper bounds for the time derivatives of the first three
integrals of the unperturbed KdV equation, using the convention that Ho(u)=FE(u).
The estimates are obtained in such a way that for the j-th integral we only use estimates

8



t=0

° -40

Figure 5: On the O(1) time-scale, the KdV dynamics explain different possible behaviors of,
for instance, similar pulses with different masses M(u) = [ u(z)dz. Here e = 0 in (a,b) and
e =0.2 in (c,d), and initial conditions are ug(x) = 4sech(z/a), with a =1 (M = 4x) in (a,c)
and a = 1.5 (M = 6m) in (b,d). In (a) this leads to a KdV 1-soliton and a dispersive tail
(which re-enters the domain at = 40 near ¢ = 4 due to the periodic boundary conditions),
while the higher mass in (b) gives a KdV 2-soliton (and a small dispersive tail). Consequently,
this also yields two qualitatively different evolutions for € > 0, i.e., two different ways for the
pulse to “drain excess mass” [CDK98].

for derivatives 0*u with 0 < k < j. In sec.2.2 the estimate (8) is then used to
additionally prove a bound on |$ E(u)| which yield the estimate (4) for the proof of
Theorem 1.1. Similarly, to prove Theorem 1.5 we first show upper bounds on %H 3(u)
(the 4 integral), to obtain supor, /o [|u(t)]|gs < C, for some C, = CC,.

We start with

1
E(u) = Ho(u) = /§u2 dx.
Implicitly exploiting that & E(u) = 0 for € = 0, by Parseval’s identity we have

% %uz dr = /u&eu dr = /U (—8§U - %@E(uz) — (Pu + 8§U)) dzx

_ 5/ (Bo)? — (0P)?) da = 27r5/(k2 — ka2 dk
. 247 € 2
k)2 dk = Z/U da.

For



we find, using & H (u) = 0 for € = 0,

% (%(axuy _ éu?’) dr — / ((am(amatu) _ %UZOtu> da

— / ((axu)ax (—e(O2+0h)u) — %uQ (—s(8§+6§)u)> dz = £(so + s1 + 52)

:/(Q%u)z— (O3u)?dz, s :/%UQ(Q%U) dzr, s :/%uz(afgu) dz

Presuming ||u(¢)|| g < C, for the ¢ under consideration shows |s1| = |— [ u(9,u)? dz| <
C3. Moreover, using |ab| < 3(na® +n7'6%), n > 0, we obtain

- /u(@ru)(ﬁiu) dz

with a constant C5 — oo for § — 0. Choosing 6 = 1/2 and estimating k* — k%/2 < C
with a constant C' independent of k£ as in the estimate for %E , we obtain

E 1 2 13 2 \2 _1 3 \2 3
P (2(8xu) 6u > dr < 5/ ((Gxu) 2(81,u) de +¢e(Crjp + Cy)

1
= 27T€ /(k’4 — §k6)’ﬁ(kf)|2dk’ + 6(01/2 + CS) S 6(0”’&”%2 + 01/2 + CS)

with

|so| = < C, (77_1(8;&)2 + n(@iu)Q) dz| < Cs + 5H8§u\|iz

< Ce (9)

fora C > 0.
Next we consider

1, 5
Ha(u) = / (i(am Su(@u)? + s ) de
and ¢ such that ||u(t)||z2 < C,. We have, using & Hy = 0 for € = 0,
—H2 /atu (84 —(0,u)* + %33@2) + %
with so = [(93u)? — (9%u)?* dz and

(0u) (%u + 1833( )) do

u3) doe = e(sg + 51+ S2 + s3)

< 5Cy,

|51| =

jal = | @2+ 2tu)02) a0

<208+ 2 [ (ot 4 @2 de < el + Co

12
)

|53| ==

5 /((amu)Qaiu — (0,(0,u)*)(O2u)) da

< CS + % / (n(@iu)z + 77_1(896<8ru)2)2) dz < ﬁ”aiuuiz + Cp.

10



Thus, choosing o = # = 1/2 and estimating 3k° — $k* < C we obtain

d

aHQ( ) < / ((agu)Q(l + %) — (02u)*(1 — %)) do +eCC2 < Ce. (10)

Therefore, provided that |[u(t)|| gz < C, we found a constant C5 = C5(C,) such that
for all Ty > 0, all £ € (0,1), all t € [0, Tp/¢] and j = 0,1,2 we have L H;(u) < Ce ie.,
H;(u(t)) < H;j(u(0)) 4+ Cset. To close the argument we define

Fy(1) = 2[Ho(u(t)) + Hi (u(1))] + S H3(u (1),
2[Ho(u(t)) + Hi(u(t)) + Ha(u(t))] + gFl(t)S/?

5

~~
~~

~—
Il

Then [[u(?)||%, < Fj(t), j = 1,2, and, as long as |ju(t)||g2 < Cy, $F; < CCset. In
particular

u(®)||%: < Falt) < Fo(0) + Coet < 2F5(0)

for all t € [0,T0/¢], for sufficiently small T > 0. Since also F5(0) < CCy for all ug with
[wollzr2 < Co this implies (8), i.e., supepo z /e u(®)|[ 2 < Cu = CCy for some C' > 0.

For the proof of Theorem 1.5 (the 2-soliton case) we also need to bound ||u(t)|| gs.
Therefore we let ||ug||gs < Co, Cy = CC, for some C' > 0 chosen below, and addition-
ally estimate <& Hj(u) with

Hg(u):/(%(aguf—gu(agu)? §6 2(9,u)? — 216 5) du.

Exactly as above, we obtain

d

—H. <C

SH(H) < Ce,

with C'= O(C?), as long as ||[u(t)|| gz < C,. Defining, for instance,

7

—F (t)5/2,

Fyt) = 2[Ho(t) + Hi (1) + Halt) + Ha(t)] + gFl(t)l/QFg(t) -

we obtain, with some C > 0,
u(t)||%s < Fs(t) < F3(0) 4+ Ceet < 2F,(0) < CC. (11)

for all t € [0,Ty/e], for sufficiently small Ty > 0, as long as supgc,<; [|[u(7)||gs < Cu.
This again yields a Ty > 0 independent of 0 < ¢ < 1 with
sup  Ju(t)|| gz < Cy. (12)

t€[0,To /€]

The same estimates are possible for all integrals H; of the unperturbed KdV equa-
tion with j € N since H; is quadratic in the highest derivative d7u. However, as already
indicated, for the j% integrals the relevant constant C(C,) = O(C772) grows faster for
larger C,. Therefore, and also to keep notations and computations to a reasonable
level, we restrict to the case n = 2 in Theorem 1.5, c¢f. Remark 1.6.

11



2.2 Near a 1-soliton

Like above, but now using (8), we first have the upper and lower a priori bound

E 1 2 93 _1 2y 2 4
dt/2u dz /u@tudm /u( oou 28x(u ) —e(O;u+ Odyu) | do
/((&cu)2 — (82u)?) da

Combining (13) with the upper bound (9) for L H we have a constant C5 = C5(C,)
such that for all Ty > 0, all € € (0,1), and all ¢ € [0, Ty /] we have | £ E(u)| < Cse and
%H(u) < Cse, ie.,

IE(u(t)) — BE(0))] < Cset  and  H(u(t)) — H(u(0)) < Cset. (14)

=c <eC?. (13)

Next we use a bootstrap-type argument to estimate (2), 3) and (@ in fig. 3, first in
L? and then in H'. Since E(u,) = 12¢*?2, to each E = E(u(t)) > 0 there corresponds
exactly one ¢ = ¢(t) with E(u(t)) = E(ucw)). In the following we assume (without loss
of generality) that inf, [|ug — Tyue, || g = ||uo — ue,| g1, i-e., that at ¢ = 0 the infimum
is attained at ¢ = 0. Then

1 1
|c(0)3/2 _ 0*3/2| — E|E(u0) — E(u.,)| = o ‘/ (ug — ui) dz

1
T ‘ / (uo + e, ) (ug — ue,) da| < Cue,)l|uo = ue, |12 < Cr. (15)

Therefore |c(0)—c,|<C61, thus ||uco)—ue, || g <Cd1, infy ||uo—Tuc)|| m <Cd1, and fi-
nally, using (3), |H (ug)—H (uc))|] < Céf. Similarly, using

|Euey) — Bty = [E(u(t) — E(u(0))] < Cyet
we have |c(t) — ¢(0)| < Cet, thus
ey = uellmn < Cet and  |H(uer) — H(ue))| < (Cet)?,

due to (3). Therefore, using (3) again, (14) and the inequalities above, we may estimate
® in fig. 3 as

Cs Inf lu(t) =Touewlin < H(u(t)—H (uew)
< (H (u(t))—H(u(0))) + (H (u(0))—H (uc())) + (H (ueio)) —H (ucw)))
< Cset + C67 + Clet)?. (16)

We introduce the deviation v from the orbit {7yu., : ¢ € R} by v = 14u., + v with
lo(t)]| g = infyer ||u(t) — Tpuc, || g1. Then, by (16),
o6l =, inE_ 1lt) = Tostey + Tostey = 7or e i
< infflu(t) = Tstuee | +nf [uce) — 7o, [lm

< Cy V2 (Cret + C8% + C(et)?) V2 4 O, + Cet

12



where the terms C'; + Cet correspond to @+ @ in fig. 3. Therefore ||v(t)| g < o
by choosing g9 > 0 sufficiently small, and d;, T sufficiently small but independent of
e € (0,g9). This completes the proof of Theorem 1.1. a

2.3 Near a 2-soliton

To generalize Theorem 1.1 to n-soliton dynamics we want to use the fact that the n-
soliton profiles u(™ (+; &) minimize the n™integral H, (u) under the n constraints H,(u) =
H;(u™(-,&)), j=0,...,n—1. Indeed, from the results of [MS93],

Gy inf [fu—ut (58 )5 < Halu) — Ho(u™(53)) (17)

pern

under these constraints. Therefore we need to generalize two steps: first, under the as-
sumption that ||u(t)|| gn+1 < C, we need a priori estimates for the first n+1 integrals of
the KdV, i.e., up to H,, in the sense of (14). Second, given @ = (E(u), ..., H,—1(u)) €
R"™ we need to calculate ¢ from

F(@ = (Bua), H(ug), . ... Hy_1(ug)) = @ (18)

and, moreover, control | — b|g» in terms of | f(&) — f(b)|r» and control

inf [[u®™ (- @) = ul™ (-5, go)l| o

PERn
in terms of |¢ — 5|Rn, where 50 is arbitrary and is only introduced for notational con-
sistence. In principle these two steps are possible for all n: step 1 since the n™integral
is quadratic in the highest derivative 07 u, cf.sec. 2.1, and step 2 since for all n we have
the explicit formula

n

36(—1) (2)+3)/2
H. (™) =~/ E 4 19
() 27+ 3 izlcz ’ (19)
obtained from taking the limits |¢,, — ¢;| — o0, i,m = 1,...,n. However, as already

said (sec.2.1 and Remark 1.6) the relevant constants (in both steps) become large for
large n which is why we restrict to n = 2.

Thus we write uz(-; @) = u®(-;¢ ¢), and continue omitting ¢ where it is not im-
portant, i.e., in the evaluation of £ and H. As in sec.2.2 but now using (12) we

d (/1. o 1,
E/(i(amu) —6u> dz

Hence, in addition to (14) we have, with a new Cj,

have

<e

/ ((@%u)? — %(3§u)2> dx + s, + 59

|Hy(u(t)) — Hy(u))| < Cret. (20)
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Using (19), the equation (18) for ¢(t) is
6
E(uzy) =12(% + &) = B(u(t)),  H(ugy) = —=(" + &%) = H(u(t)).

This yields a unique solution &(t) as long as H(u(t)) < 0, which is guaranteed by (20)
for t <ty = To/e for sufficiently small 7. Next, from

12 [e1(8)32 + ea()*? = (e1(0)%2 + 2(0)*%)] = E(u(t)) — E(u(0)) = O(et),
36

== [a® + 2t = (1 (0)7 + e(0)7)] = H(u(t)) = H(u(0)) = O(et),

we obtain |c(t)—¢(0)[ge < Cet, hence inf [[uq () — U0 (,50)|] < Cet. Similarly,

|C—(0)|g2 < C'd1 by estimates as in (15), hence infj [[uzo) (- ¢) — ug, (-5 do)|| < C6y,
and consequently, using (10) and (17),

c?H%fuu() ey (5 0) |32 < Ha(u(t))—Ha(uz)

< (Ha(u(t))—Hz2(u(0))) + (H2(u(0))—Ha2(uxo))) + (H2(ux0)) —Hz(uzp))
< Cset + C6? + C(et)%. (21)

as in (16).
The remainder of the proof of Theorem 1.5 now works as the proof of Theorem 1.1.
Let u = ug, +v with [[v(t)|[g2 = infz g [lu(-, 1) — uz, (-5 ¢)||gz. Then

-,

lo() sz = _inf Jlu(t) = uee (5 6) + uap (5 9) — e (- 9)| 2
¢ pER?

-,

< inf lu(t) = wag (5 0)l| a2 + inf e (-5 4) = e (-5 do)l|

= (Cset + C62 4 C(et)?)Y? + €6y + Cet.
Cy

Therefore, choosing again £9 > 0 sufficiently small, and d;, 7y sufficiently small but
independent of € € (0,¢q), the proof of Theorem 1.5 is complete. ([l
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