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Abstract

We formally derive and rigorously justify the modulation equations of
lowest order for the interaction of two modulated pulses on a one-dimensional
nonlinear oscillator chain. We show that solutions with the initial form of the
assumed ansatz preserve this form over time intervals with positive macro-
scopic length, and we show a bound on the possible shift of the envelope
caused by the interaction. Thus we rigorously justify and quantify the state-
ment that under the given conditions there is almost no interaction of the
modulated pulses.
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1 Introduction

Finding continuum models for discrete, atomistic systems of ODEs is a major prob-
lem in contemporary multiscale analysis. In this paper we consider the macroscopic
limit of a one-dimensional nonlinear oscillator chain (NOC) with interaction poten-
tials between neighboring oscillators and a stabilizing background potential. We
choose the initial data in a specific class of functions and obtain an evolution of the
data in the given function class. This will be called the macroscopic limit problem.

For instance, in different scaling regimes the famous FPU model [FPU55] can
be reduced to different macroscopic limit problems. In the long wave limit one ob-
tains the Korteveg—deVries equation (KdV), see, e.g., [ZK65, SW00, McMO05], while
macroscopic envelopes of modulated microscopic carrier waves fulfill the Nonlinear
Schrodinger equation (NLS), see [GMO04] and the references therein. Both macro-
scopic equations, KdV and NLS, possess soliton solutions, i.e. localised pulses which
interact in a particle-like fashion. In the NLS case these formally yield approximate
modulating pulse solutions of the NOC. Moreover, in [GM04] the NLS approxima-
tion of NOCs was rigorously justified for the case of a single carrier wave, which also
yields rigorous results for approximate modulating pulses (with one wave number)
in NOCs.

Here we investigate the interaction of two modulating pulses with different carrier
waves on a NOC. These two pulses travel with different group speeds c4 and cp, and,
loosely speaking, our main result is as follows, see Section 3 for the precise result



and Fig. 1 for an illustration. If we assume that initially the pulses are separated,
with the slower one ahead of the faster one, then the faster one will overtake the
slower one on some macroscopic time interval. Under some (generic) non-resonance
conditions we show that there is almost no interaction of the two pulses and quantify
this statement appropriately. In detail, we show that after interaction the pulses
retain their shape and the main effect is an envelope shift, i.e., a shift in position
experienced by each pulse due to the interaction. However, we also show that this
shift is at most O(e), where ¢ is the order of the amplitude (and of the inverse width)
of each pulse.

initial time

O(¢e)

O(1/¢)

hypothetical positions of the envelopes x j
without interaction (shift exagerated) §

Figure 1: Sketch of pulse interaction.

This result should be contrasted to the position shift due to interaction experi-
enced by N-solitons of a single NLS, which is proved by inverse scattering transform,
see, e.g. [AS81]. Our analysis involves a system of two NLS, each one corresponding
to one pulse, with different underlying wave numbers, and the proof relies on esti-
mates for the approximation of the NOC by the system of NLS and not on genuine
properties of the NLS itself.

Analogous results were obtained in [CBSU07, CBCSU08] for a similar problem
on a continuous one-dimensional string, while in [BF06, see in particular §2.1] almost
linear (interaction) behavior was shown in a more general setting including nonlinear
lattice equations, but with less detailed asymptotics, in particular only leading to
an O(1) upper bound for the envelope shift. Compared to the continuous case, the
asymptotic expansions in the discrete case become slightly more involved due to
the mixing of the discrete lattice site variable and the continuous macroscopic space
variable.

Physically, the shifts caused by the interaction of pulses may for instance be
used to probe the presence of a standing (or slow) pulse by sending a traveling pulse
with a different wave number through the material. For the (continuous) case of
photonic crystals this has been proposed in [TPB04]. In lattices, such shifts have
for instance been experimentally observed for (non-modulated) pulses which are
modeled by solitons in Toda lattices, see, e.g. [Tsu89]. Finally, the shifts may be



used to distinguish nonlinear from linear material which shows no interaction at all.

The plan of this paper is as follows. In Section 2 we present a formal derivation
of the equations for the approximation of the pulse interaction. This is called formal
derivation since a priori the existence of solutions of the required form is not clear
at all. In Section 3, we prove the validity of the approximation by introducing a
suitable phase space for our system and by estimating the norm of the error on
an O(1/£?) time scale. This finally allows us to show the desired estimate for the
envelope shift of the pulses after the interaction.

2 Formal Description of the Pulse Interaction

2.1 The NLS Pulse

We consider equations of the form
iy =V'(0fx) = V'(0yz) - W'(z;), jeEL, (2.1)

where x;(t) is the deviation at time ¢ > 0 of an oscillator from its rest position in
an infinite chain (z;);ez, and where 852 = £ (221 — ;). Thus we assume that each
oscillator interacts with its nearest neighbor via the potential V', and additionally
the existence of a stabilizing background potential W. More general chain equations
are possible and lead to similar results (e.g.[GMO06]).

To simplify the presentation we make the basic assumption that the potentials
do not contain cubic terms, i.e., that there are no quadratic nonlinearities. However
see Remark 3.8. Prototypical potentials which yield cubic nonlinearities in (2.1) are

V(d) = %aﬂ L V() with V(d) = %d‘*,
w —~ _ —~ w
W(y) =5+ W) with W(y) ="y
We split (2.1) into a linear and a nonlinear part, i.e. &; = Ljz+N;(x). The linearized
system

Zi‘j = LjZL' = vl(afx - aj_l') —wnr; = Ul(wj—l—l — 2[[']‘ + xj—l) — W1y (22)
has exact spatiotemporally periodic basic solutions E(t,j) = @99 where the
frequency @ = @(¥) depends on the wave number ¢ via the dispersion relation
0?*(¥) = 2v;(1—cos V) +w;. Throughout the paper, we require the stability condition
&*(9) > 0 for all ¥, and choose @w(¥) > 0. The stability condition is equivalent to
min{w;, w; + 4v1} > 0.

We fix a wave number ¢ and write @, &' and &" for ©(¥), &'(J) and &"(¥),
where 1 needs to be chosen in such a way that " # 0; this is always satisfied in a
neighborhood of 0. Following [GM04], (2.1) has solutions which are slow modulations
of the periodic basic pattern, in the form

X;(t) = cA(e’t,e(j — ct))E(t, j) + cc + O(e?). (2.3)

where ¢ = ¢(9) is the group velocity of wave packets with wave number ¢, and cc
denotes complex conjugate. We let 7 = €2t and & = ¢(j — ct) for the macroscopic
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time- and space-variable, respectively. Since the solutions given by (2.3) have small
amplitude and narrow spectral content only the long time scale allows to see the
effects of nonlinearity and dispersion. Inserting the ansatz (2.3) into (2.1) yields
that the group velocity must satisfy ¢ = —&’, and that A must satisfy a Nonlinear
Schrodinger Equation (NLS)

12v3(1 — cos )% + 3ws

2w '
A general time-dependent spatially localized solution of equation (2.4) describes a
modulating pulse of (2.1). However, to describe the interaction of pulses, we shall
restrict to functions which are time-independent in lowest order. See Remark 3.7
for the general time dependent case. It turns out that a time-independent solution
of the modulation equation (2.4) can only assume the form of a pulse if we add a
correction term of order O(e?) to the frequency, i.e., we define

W) = 201 (1 — cos V) + wy + %y (2.5)

: L., :
10;A = 5 (95214 +plAPA  with p=— (2.4)

with a constant v and determine which values this constant may take such that the
modulation equation has modulating pulse solutions. This means that we slightly
change the ansatz (2.3), but not the equation (2.1), and thus obtain a modulation
equation different from (2.4). Note that w'(9) = &'(9) + O(e?) and W’ (V) = &"(9) +

2
O<€Irz'detail, fixing ¥, choosing w = w(?), and inserting the lowest-order time-
independent ansatz
X;(t) =cA(e(j — ) E(t,j) +cc+ O(?), E(t,j) =09 (2.6)
into (2.1) now yields the modulation equation
0=7A+ww"0;A —o|A]PA, (2.7)

with o = 12v3(1 — cos ¥)? 4 3ws. For v = 0 this is the stationary case of (2.4) due
to p = 5=. For (2.7) we seek solutions in the form

AE €D, 6) = Apue(& — €

where the envelope shift £ and phase shift ¢(©) are parameters, and where Apye

satisfies the equation ) ) )
A =C1A— A (2.8)
with A(€) real-valued, C; = —v/ww” and Cy = —o/ww”. This equation has pulse

solutions if and only if C; > 0 and C5 > 0. These pulses may be calculated explicitely
to

201\ 1/2
Apul®) = (25 sean(c}e) 29
and in the (A, Ox A)-plane correspond to homoclinic connections of the origin with
itself. We summarize the conditions for C; and C5, which in particular imply that

~ and v; must have the same sign, as follows,
Lemma 2.1. (2.8) admits pulse solutions if and only if

— —[12v3(1 — )2+ 3
Ch = ’t/ >0 and Cy= 123 CO: )" + 3w
ww ww

> 0.




2.2 The pulse interaction

We are looking for approximate solutions Z of amplitude O(e) of (2.1) which repre-
sent the interaction of two pulses. The two pulses, which we will symbolically denote
by P4 and Ppg, are required to have different wave numbers. Therefore we introduce
a double set of variables: For each pulse, we define wave number, frequency, and
group velocity ¥4, wa = w(P4), and ca resp. ¥p, wp = w(¥p), and cp, and the two
different macroscopic space variables £4 = €(j — cat) and {g = €(j — cpt). The
values for 94 and ¥ must be chosen according to Lemma 2.1.

In order to quantify how well Z approximates a true solution, we shall use the
residual defined componentwise by

p(2); = L;Z + Ni(Z) = Z;, (2.10)

and the goal is to compute a formal approximation Z so that the residual is of high
order in €. Thus we propose the multiscale ansatz

Zi(t) = Z{(t) + ZP (t) + €2 M (t) (2.11)
with

ZMNt) = eMEp+ E A3 B + SYAE L + ' Ay 3B + €2 A5 s B + €2 As 3B + cc,

ZP(t)=eBEp + ¢’ BsE} + €Y Ep + ' BysE} + *Bs s B + ¢ Bs 3B + .,
explained in the following. FE 4 and Eg denote the basic pattern

E,(t,j) = ei(WAt‘HgAj-FEQA(fB)), E(t,j) = ei(w5t+193j+eQB(§A))’

where the functions 24 resp. Qg represent the phase shifts of the pulses during
interaction. Since the phase shift of a pulse should depend on the other pulse, we
set Q4 = Qu(€p) and Qp = Qp(€4). Furthermore, as already said, we require A;
and Bj to be time-independent, i.e. A} = A;(£4) and By = B;(£p), and similarly
As = A3(€a) and B3 = Bs3(&p), while the remaining macroscopic functions depend
on 7 and £4,&p. The idea of the ansatz is as follows:

e A, A3 and By, B3 determine the shape of the modulating pulse; in particular,
they represent internal dynamics of each pulse since for each pulse they will
be chosen independently of the other pulse.

e Y, and Yy are correction functions which evolve in slow time 7; they are zero
at time 7 = 0.

o Ay3,A53,..., and M are higher order corrections. M contains mixed terms,
i.e. terms which contain mixed frequencies E'Y E'; with mn # 0.

We start with the computation of the macroscopic functions which generally works
as follows: During the expansion of the multiscale ansatz (2.11) we obtain e.g. a term
at e*E"} E',, where for now we assume (|m], |n|) # (1,0) and (|m/], |n]) # (0,1). To
compensate this, we extend the ansatz by a term € Hy, ,,, , E"y E'}, with a macroscopic



function Hy ympn = Hymn(T,€4,€p) and obtain an equation for Hy,,, at e*E} E,
namely
[(w(mﬁA +n0p))% — (mws + an)Q] Himn = Gkmons (2.12)

where the term Gy, ,, only contains functions H%,m,ﬁ with & < k. This allows us
to compute the macroscopic functions Hjy, ., step-by-step if the terms [(w(md4 +
nYp))? — (mwa + nwg)?] in (2.12) are nonzero. We formalize this nonresonance
condition:
(FORM) In order to compute all macroscopic functions of an approzimation to
order k, we must have, for all m,n € Z,|m|+ |n| < k with Gy mn # 0,

(w(mid g +nidp))?* — (mwa + nwp)? # 0. (FORM)

m,n

Even for single frequencies, this condition may not be satisfied for all ¥, cf. [GMO06,
Proposition 2.2]. For (2.11) it is rather straightforward to find 94,95 such that
(FORM),, ,, is violated for small m, n, see Fig.2 for an example. However, if (FORM),, |
holds to sufficient order, then we may calculate all macroscopic functions in the
ansatz (2.11).

Figure 2: Violation of (FORM);; for v; = —0.24, wy = 1 at zero contour lines.

Lemma 2.2. Let (FORM) hold for all k < 5. Then we may explicitly calculate all
functions in the ansatz (2.11) such that formally p(Z) = O(g%). The equations for

Ay and By have the form given by (2.7), and Ay and By may be chosen to have the
form (2.9) of a pulse.

Proof. See Section 2.3.

2.3 Proofs

Proof of Lemma 2.2. We insert (2.11) into (2.1) and then group terms according
to their order and frequency, i.e. according to their factor e E"} E';. We first outline
the results of this expansion. Therefore, let H = H(7,64,é5) : [0,70] x R? — C



(70 > 0) be any sufficiently smooth function. Then, on the left hand side of (2.1),

O HE") = { ~ 2wl (2.13)
+ ¢ 2niwas(—ca0c , H — cpOe, H))|
+ &2 [ciagAH + 0230§BH + 2cacp0¢,0cy, H + 2niw 0, H + 2n203H853wA}
+ 53[ —2¢40;0¢ , H — 2¢50,;0¢, H — 2nicp0e ywa(—cale ,H — cBagBH)]
+ *[02H + 2nicpOe,wad; H + nich 0z, wal — n*(cy0e,wa)*H | }Ez

Analogous formulas hold for terms with other frequencies.
To deal with the difference operators on the right hand side of (2.1) we first note

the formula
Eat,j+1)= e’ﬁEA(t,j), where 4 — eFiatic(wa(pte)—wa(€n))

and then use a Taylor expansion of the macroscopic functions to obtain LjZA and
N;(Z) as an expansion in powers of ¢ and E 4. In detail, for

7 =ceay + 3as + 547“1,

with
=AME +BEg+ce, a3=AsE + BsES + Y E,+YgEp+ cc+ M,
we find
O7Z =eay +c’ay +’ay + €'y,
where

af = +(eF1 — DA E, £ (e7 — 1)B,Ej + cc,
ay =49, \\Ey + e*50,,B\Ep + cc,

T 1
aét = + eilﬁA (5(92‘4141 + ZagBWAAl)‘| EA

£ [(e®74 — 1) A3] ES £ [(e¥4 — 1)Y4] E4

o [otins (%agB By + if)fBQBBl)] By
+ [_(eﬂwB —1)Bs] B} + [(e*"? — 1)Yp]| Ep + cc+ 07 M
Inserting this into the nonlinear part yields
N (2) = eS{vg [(af) - <a;>3} - wlai'}
{3?13[ (ay )(af)z] }
+ 2 {Bus[(@)(af ) + (a)2(a}) = (a3)(@7)* = (a3)*(a1)] + Bwgasa? |
+ €6RN( ).



Due to (FORM), we know that we can calculate all macroscopic functions at
orders e*E'} E', where (|m], |n|) # (1,0) and (|m], |n|) # (0,1). Therefore we only
need to perform the calculations at orders e*E4. The case e*Ep gives the same
results with exchanged variables.

At order ¢! and €2 we observe only linear effects. At eE 4, we choose wy > 0 to
satisfy

[o1((e4 — 1) — (1 — e™4)) —wy — 294 + W3] A =0,

which is the dispersion relation with the O(e?) correction. At e?E 4, we get
2iwsw'y + 2icawa = 0,

which implies ¢4 = —w/;. At order €3, nonlinearity and dispersion appear. At e3Ey,
we get
0= 7441 + 20180V 40:, Q24 A1 + vy coOs 19A8€2AA1 — d)iYA
+ v3[ (12(1 — cos V)| Bi|* ("4 — 1) A4,
+ 6(1 — cos¥a)|As[P(e”1 — 1) 4)
— (12(1 = cos )| B[ (1 — e WAy A,
+ 6(1 —cos¥a)|Ai[*(1 — e ™) Ay) |
— 3ws| A1 |* Ay + 6ws| By [P A — (2cBwA8§BQAA1 + 612485214141) +wiYy.

(2.14)

At e3Eg, we get a similar equation. Since these equations are coupled, we cannot
extract modulation equations for A; and B; directly. However, there is a simple
way to uncouple these equations, namely by associating the coupling terms | By|?A;
resp. |A1|>B; with the phase shifts Q4 resp. Qp. Thus, by combining these terms,
we get

(ca — cB)0es Qs = —.9‘(41)|Bl|2 and (e —ca)0,Qp = —s§)|A1|2

with coeflicients

S(AI) _ v3(cosy — 1)(1 — cosp) and sg) _ v3(cosvp — 1)(1 — cos 19A)’
wa wp

and we choose €24 and (25 as

éB —8541) B €A _Sg) 5
Bi[Pd€s,  Qpla) = O + / AP,

—00 CB — C4A

Qa(ép) = +/

—00 CA — CB

with real constants Q% and Q% which are determined by initial phase shifts. This
means that the phase shift of a pulse travels with the other pulse.
At e3E 4, we now have

0 =~v4A1 4 vy cos 19A8€2AA1 — ci(‘)?AAl — d}iYA
— [1203(1 — cos 9 4)* + 3ws]| A1 2 A + wiYa.

+ €3U3{ [(eiﬂA _ 1)2671'19,4 . (1 . e*i§A>2€i79A} A%agA/_h (215)

+2(1 — cos ¥ 4)| A1 |*2i sin 19A85AA1},
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where the O(g) terms come from terms at order e*E 4 resp. e*Ep.
Since wy — w4 = O(g?), the terms with Y, disappear from the equation at order
e3. We similarly deal with the equation at e3Ep and finally obtain two uncoupled

equations for A; and B, namely
0 = yaA1 +wawd, Ay — [1205(1 — cos U.4)? + 3ws]|A1[* Ay + O(e), (2.16)
0= ’yBBl + WngagBBl - [121}3(1 — COS 193)2 + 3w3]|Bl‘2B1 + O(€> '

Choosing our parameters according to Lemma 2.1, this system has pulse solutions
for Ay and B; which are O(¢) perturbations of (2.9).

Next we consider the correction functions Y4 and Yz. At e°E4 and e’Ep we
get a system of evolution equations for Y, and Yp, namely

inAOTYA = (1}1 COS(3’[9A) - ci)@?AYA + GA(YA, YB)

+ 51{21}1 COS 19A (A%@?BQA + 6’5AA1Z'8§BQA)

(2.17)
+ 67:1}3 (2(1— COS ?93)|Bl‘2 sin 8§AA1 - CBagBQACAafAAl) }
and
2iwp0,Yp = (vy cos(3Up) — 023)85235/3 + Gp(Ya,Yp)
_ i .
+¢€ 1{21)1 008193 (31§8§A§23+6§BB1Z@€AQB> (218)

+ 61'1}3 (2(1— COS ’l9A)|A1|2 sin 8§BBl—cA8§AQBcB(9§BBl) }

Here, G4 and G g contain only algebraic terms in Y4 and Yz and terms which only
depend on functions which we have already calculated. Lemma 2.3 below states
that the system (2.17),(2.18) with initial conditions Y4|,—o = 0 and Yp|,—o = 0 has
a unique solution, bounded independent of ¢.

By these calculations all terms of orders e¥E4 and e*Epg, k < 5, cancel from
ansatz (2.11). We could now proceed with calculating the modulation functions at
the remaining orders, but here we restrict to A3 and Bj; since these determine the
next order shape of the single pulses. We obtain

A3 =v4A? and Bz =uvpB} (2.19)

with )
by - V355 (3 — s4) — w3
w2(304) — 9?7
and analogously for vg, provided that (FORM)(30) and (FORM)3) are satisfied.
In particular, A3 and Bs also only depend on &4 resp. &p. O]

where  s4 =2(1 — costa),

Lemma 2.3. For all s > 2 and 19 > 0 there is a constant Cy = Cy(s,Ty) such
that for all € € (0,1] the following holds: (2.17)—(2.18) with the initial conditions
Yalr—0 = YB|r=0 = 0 has a unique solution Y4,Ys € C([0,70), H®). This solution

satisfies
Yy
Yp

< Cy.

HS

sup
T7€[0,70]




Proof. We rewrite (2.17),(2.18) as

9 Ya) r Y4 +£ wy'Ga r— 1 = COS(ii—A)ici 0z, 0
T YB = YB 9 WEIGB ) - 2% 0 v1 cos(3793)—c23 352 .
B

wB

By Fourier transform we obtain ||e < 1, and the remainder of the proof

TL
HL(HS,HS)
now works exactly as in [CBSU07, Lemma 4.2]. O

Remark 2.4. The only terms which might create problems are those which appear
in equations (2.17) or (2.18) at the order O(e™!). The main statement of this lemma
is that despite those terms, Y4 and Yj are of order O(1).

2.4 Summary

The ansatz used to describe the pulse interaction is

Zi(t) = Z;(t) + ZP (t) + £* M (1),
ZMt) = eMiEs + A3 B + Y E 4 + " A3 B + ? A5 s B + ° A5 3B + cc,
ZP(t) =B Ep + *BsE} + e°YpEp + ' BysEY + *Bs s B + € Bs 3B + cc,

E,(t,]) = ei(wAt+19A]'+EQA(§B))’ Ej(t,j) = ei(wBt+ﬂBj+gQB(§A))’

and yields the following hierarchy of equations to minimize the residual:

e the dispersion relation w?%(94) = 2v1(1 — cos¥a) + wy + 274 and the group
speed ¢4 = —w'y, and similar for wg, cg;

e at O(3E ) resp. O(eEp) the uncoupled NLS equations (2.16), i.e.,
0 = yaA1 +wawd;, Ay — [12v5(1 — cos U.4)* + 3ws]|A;[2A; + O(e),
0= ’VBBI + wagagBBl - [121)3(1 — COS 193)2 + 3w3]|Bl|QBl + O(S)
together with explicit expressions

o éB _3.(41) ). s o &a _8531) Y s
Qa(€p) = QU+ |B1]°dés, Qp(€a) = Qp+ |A1[*d€a,

—00 CA — CB —00 CB — C4

for the phase corrections;

e two evolution equations (2.17), (2.17) for the lowest order corrections Yy, Vg,
with O(1) solutions, and a number of algebraic equations like (2.19) for higher
order terms as As, By and the mixed terms contained in M ; these can all be
solved if (FORM) holds for all £ < 5, which henceforth we always assume.
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3 Justification of the Approximation

3.1 The Phase Space

In the previous section, we formally derived the macroscopic limit equations to be
satisfied by the modulating functions A;, By,etc. from the ansatz (2.11). It remains
to prove that approximate solutions of (2.1) in the form (2.11) actually exist, i.e. to
prove that the error stays small on a sufficiently long time scale. Therefore we need
a phase space for (2.1).

Following [GMO04], we rewrite (2.1) in a phase space Y which is isomorphic to
02 x (? as

P=LE+N(@F)  with  F= (z) , (3.1)
where L is the linear part and A is the nonlinear part of the system. This yields
(LZ); := (&, Lyx) with Ljz = vl(cfijr:c — 8j’x)~— wirg, (32)
N(@); = (0, Ny())  with  N(a) = V'(0F2) - V(0 2) = W'(x).

The space Y is equipped with the norm |-, defined by ||(z,v)|I} = ||lz||5 + |||,
where the energy norm ||-||; is defined by

2 2
205 =Y (0|0f al® +wnlay?) = o Y187 +wn |2l -
JEZ jez
Due to the stability condition min{wy, w; +4v,} > 0, the energy norm ||-|| ; and the
standard norm on ¢? are equivalent with

min{wy, wy + 4o} |z < [|zllp < max{wy, wi + 4or} 2|7
Additionally we have the embedding
2]l < CNorm [|Z]]y - (3.3)
The oscillator chain is a standard Hamiltonian system on ¢? x ¢? with Hamiltonian
. L. 2
H(w, @) = 5 el + D [V(OF ) + W(a;)].
jez

The squared norm ||-||3 is twice the quadratic part of H. This yields the following
result [GMO04].

Lemma 3.1. The solutions 7 : t — Z(t) = e“%(0) of the linearized system (2.2)
satisfy || Z(t)|ly = [|Z(0)|y for all t € R.

Proof. Since the linearized system reads ; — vy (241 — 22 + z,1) + wyz; = 0 we
have

d _ .2 d :
G EOI = 5 2 37 + vl = 2;) + wia]]
JEZ
= QZZIJJ [[L‘] — Ul(xj—&—l — 21’]’ + l’j_l) + wlxj] =0.
JEZ
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We can now estimate the residual of the formal approximation Z in the space
Y, where compared to the formally obtained result p(Z) = O(g%) we lose the order
O('/?) due to the scaling properties of the Y-Norm.

Lemma 3.2. There exists a Cres Such that for all € < eq, o sufficiently small, the
following holds. For the ansatz Z according to (2.11) we have

iy = (9)

= llplle < Crese™”.

Y

Proof. See section 3.3.

3.2 Approximation of a Solution

Recall that we always assume (FORM) for all £ < 5. We claim that initial data for
(2.1) which may be approximated well by the ansatz Z at time t = 0, cf. (2.11),
gives a solution with this property over macroscopic time scales. We start with

Lemma 3.3. Let Z be the approzimation (2.11), cf. the summary on page 10, with
parameters 94,9p € (—m, 7|, Va4 # Up, Ya,78 # 0 according to Lemma 2.1. Let
Z =(2,2), and let 7y > 0. Then for every C4 > 0, there exist ¢g > 0 and C' > 0
such that for all € € (0,e¢) the following holds: If

HU(O) - Z<0)HY < Cpe™?, (3.4)
then there exists a unique solution U € C([0,75/€2),Y) of (2.1), and
Hﬁ(t) - Z(t)HY < O™ for all t € 0,70/, (3.5)

Proof. See Section 3.3.
In order to state the main theorem, we need the following definition:

Definition 3.4. Let
XA(t,j) = cA1(e(j — cat))Ea(t,j) + e As(e(j — cat))Ea(t, j)? + cc,
XB(t,j) :=eBy(e(j —cpt))Ep(t, j) + 5333(5(j — th))EB(t,j)3 + cc,

with Ay and By chosen as homoclinic solutions of (2.7), and E 4, Ep, As, B3 and
Q4,Qp chosen as above. Then

=5(t) = 2(t5) = X (t.5) + XP(t,])
15 called a well-formed approzimation of the pulse interaction.

The purpose of this definition is to have an approximation of the pulse interaction
without the correction functions from the ansatz (2.11). The following theorem
states that we may approximate a pulse interaction even without those higher order
corrections.
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Theorem 3.5. For every C1, Cpist, 70,0 > 0, there exist ¢g > 0 and Cy > 0 such
that for all € € (0,eq) the following holds. Assume that the initial condition for U is
chosen in such a way that it may be approximated by a well-formed approximation =
of the pulse interaction with the parameters V4,95 € (—m, 7|, Va4 # VB, Ya,78 # 0
according to Lemma 2.1, and where, moreover, the initial distance fulfills, for some
0 >0,

€D — €9 > Cpige™ (.

Then there exists a unique solution U € C([0,70/€2),Y) of (2.1), and can be well
approzimated by = on the long time scale. In detail, if

HU(O) - é(O)HY < e, (3.6)

then
|U(t) —Z@)||, < Coe® fort € [0,10/%]. (3.7)

From Theorem 3.5 we also obtain:

Theorem 3.6. Under the conditions of Theorem 3.5 the envelope shifts between U
and = are at most of order O(e).

Proof. Note that = = O(e) and therefore (due to the initial approximation) U =
O(e).

Since we have already dealt with the microscopic phase shift of the approxima-
tion, we only have to deal with the macroscopic functions. In order to simplify
the notation, we write U = U(X) and = = Z(X) for X = ¢j and leave out the
time-dependence.

We assume that the “vertical” error (i. e. the error in the supremum norm),
which is of order O(g?) (see equation (3.7)), is caused by an amplitude shift o,
i.e.we have a shift function j — j + 0. In the macroscopic space scaling, this shift
becomes X — X + g0, and we obtain the estimate

U(X) =ZE(X +e0)+ O().
From Theorem 3.5 we obtain
U(X)—Z2(X) = 0= + (¢0)*Z"(X + bz0) < Cye’
for some ¢ € (0,1), and since =’ ~ ¢ (i.elim._o = € (0,00)), we immediately get
o= 0(e). O

Remark 3.7. Similar to [CBCSUO8] for the PDE case, the above analysis can be
generalized to general modulating pulses, i.e., to A, By not necessary in the form of
NLS solitons but rather general spatially localized solutions of the (time-dependent)
NLS. For this, the ansatz (2.11) has to be modified to

Zj(t) = (5141 + 52142 + 53A3)EA + (531 + 5282 + 8333)EB + cc + €3MMixed7

where E 4, and Ep are also modified such that the phase shifts (24 and Qg depend
not only on the macroscopic space variables, but also on the macroscopic time. As
can be seen, an additional term of order O(g?) is added at the basic frequencies E 4
and Ep. Since the terms at mixed frequencies occur due to the nonlinear interaction,
their lowest order remains O(e?).

13



Remark 3.8. Our analysis can also be extended to quadratic nonlinearities. The
idea is that under (additional) non-resonance conditions and near the basic waves
E 4(t,j) and Eg(t, j) the quadratic terms in (2.1) can be eliminated by normal form
transforms see, e.g. [Sch98, GMO06].

3.3 Proofs

Proof of Lemma 3.2. There is a constant Cyy such that for 7 € [0, 7] and
K+ A+ 2 < 6, all macroscopic functions H in (2.11) satisfy H@gA@g\B@ﬁH(T, -)||L2 <
Cwur, respectively

|05, 02, 04H (7,64, )|| .2 < Cur,  |05,08,04H(r,,€5)| 2 < Crrr.

if H depends on both £4 and £g. This follows first for H = A; or H = B; from

equation (2.9) and subsequently for all further macroscopic functions from their
definitions. Thus, for 7 € [0, 7] and kK + A+ 2u < 5 we have

||agAa)\ 8MH(T7 gAa fB) HHl(R) < 2CMF (38)

ET

Due to the Sobolev embedding theorem

[u( )l < Csob [[uell g1.ry
we obtain for all types of modulation functions

sup ||0f, 95, O H(T, - - )HOO < OmrCsob < 00 (3.9)

& T
T7€[0,70]

for k + A+ 2 < 5 and a constant Clggy,.
Now let T'(t) an arbitrary term of the residual p. We first assume that 7" stems
from the linear part of (2.1). Then T" must have the form

T(t) = CTH (1) {g%} |

where k > 6, |n| <k, C >0 and
H=H(r,e(j — cat + 61),6(j — ct +65)) (3.10)

for a macroscopic function H and |0; 2| < 1, and where T(t, z) either equals 1 or
is a term which is caused by the series expansion of e(?4.8(5,442)=Q4,5(&5.4)) * Since

e.g.

Epte —8541) N _S.(Al) 9
u(€n +2) — lén) = | Bu(En)ds < A B2,

3 €4 —CB A—CB

and due to equation (3.8), there is a constant Cg such that

sup 727, ]|, < i
7€[0,70]

14



for any such term 7.
Now we can estimate 7. We restrict to H = H(7,&£4) and obtain

1/2
NT()],e < " CCq (Z max max_sup O, O H(7,e(j — cat + 6’)))
jez

HeM k4+2u<5 |o]<1

£ HEM ri2u<s Il €477

x o~ 8 2\ ~ 8 V2
< efCCy (— max max H(?" 8“HHH1> < e*CCq (g(2C§4F)) .

The estimate % is based on Lemma 3.9 below. Since we assumed k > 6, we obtain,
for all € € (0,1),
1Tl < e"2CCACr.

A similar estimate holds if H = H(7,{p) or H = H(7,§4,&p). Finally, we get
IT(t)],2 < e'Y/2C, which is what we wanted to show.
We estimate the terms coming from other parts of (2.1) in a similar way: A term
from the nonlinearity has the form
T(t) = FCTH ()T () TS (t) H  Hy Hs ET E',

where the ﬁz are defined as in (3.10). We estimate 1:11 and I—L by their supremum
and treat Hs as above, obtaining

N 3\ 1/2
7Ol <03 (2) (18 Chr2Cur).

Since k > 6, we obtain for all € € (0,1) that | T(t)| . < e"/2C as above.
Terms from the left-hand side of (2.1) are estimated similarly, and we finally get

ity = (9)

for the residual and for sufficiently small e. O
We used the following lemma, which describes the scaling of the /2-norm under
the transformation x +— ez. This is an extended version of Prop. 3.3 from [GMO04].

Lemma 3.9. For ¢ € H'(R), ¢ € (0,1) and ¢ € R we have

= llollp < e"*Cres. (3.11)
Y

3
> sup o + e+ 0) < Il

JEZ |9‘§1

For ¢ € H*(R?), € € (0,1) and ¢ € R we have

L 32
> sup [6(ef (i + e+ 0)) < = 16l ey

Proof. The proof of the first part is repeated for convenience from [GMO04]. Let
¢=¢(x) € H(R),j€Zand z,% € (j+c—1,j +c+1). From the fundamental
theorem of calculus we obtain

J+c+1

6(2)] < |6()] + / 10,6(6)]dc.

J+c—1
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Integration over 7, the estimate (a+b)? < 2(a?+b?), and Cauchy-Schwarz inequality
yield

jtet+l Jtetl
|o(2)] s/ (I6(&)] + 10:0(&))de < V2 (o) + 10.0(6)*)/2d¢

+c—1 Jj+c—1

<2 et + ot Pac) "

“+c—1

and thus supyg <, |¢(e(j +c+6))]> < 4 H(b(g-)Hip((ﬁﬁl’ﬁcﬂ)). Summing over j € Z,
we obtain

Z sup |p(e(j +c+0))* <8 e gy -

=2 lsI<1
JEZ
The substitution £ = ez yields
(e ) = / (Ip(ex)* + [0¢(cx)[*)da

z€R
1 1
= 2 000 + 10006 ))E < ol

€

for € € (0,1), which is the desired estimate.
In order to prove the second part, we assume that ¢ € H?(R?), z € R, y €
[ +ec—e,x+ec+e]. Then as above,

rtecte 1/2
6. y)] < 2 ( [ e+ \3y¢(x,?7)!2d77) o).

+ec—e

We have

[e'e) r+ect+e
e () = 4 / / 6P + 10,6 + 106 + |8uy 6P dyde

“+ec—e
2
< 4[0l[2 2y = O().

Application of the first part yields

_ 8 32
D ()P < z el < - 161172z -

JEZ

Therefore we get the desired estimate

o 32
Z sup |¢(ej,e(j +c+0)))* < - ||¢||?{2(R2) :

]

Proof of Lemma 3.3. We define R = (g) = ¢ 72(U — Z). Our goal is to show

that R remains uniformly bounded for 7 < 7. Using the definition of the residual
(2.10) we obtain the error equation

< . ~ 0 —7/2 ~
R=LR+ (M)+€ P (3.12)
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with
< ]\04> = [N(gmfz v 7)— N(Z)] ,

where (LE); = (i, L;x), (N(&)); = (0, N;(z)), cf. (3.2), and
(2) B (sz + N?(Z) - ZJ) ‘

ePM; = V(e R+ 01 2) — V(97 Z) — V'(e"20; R+ 0; Z)
+V'(0; 2) = W' R; + Z;) + W'(Z)).

p

First we estimate M with

The mean value theorem gives
M; = V"(ed})0F R — V"(ed; )07 R — W' (d))R; (3.13)
with d- = 67¢%207 R+ 10 Z and d; = 0;”/2R; + 1 Z;, where 67,6; € (0,1). From

(3.9) and Sobolev’s embedding theorem we get the existence of a constant C'z such
that | Z|| < eCy for € € (0,1). Thus

(2], d;] < &2(| Ry + |R;| + |Rya) + 207 < 3672 HRHY +2C;,

for all j € Z, e < g and €%t < 7.
We assume for now that for a given D > 0 we have HRH < D such that
Y

]dj[], |d;| < 2C5 + 3¢°%2D for all j € Z, e < gy, €%t < 79. Next we assume that, by
choice of g9 > 0,
2C, +3e°?D <20, +1 = Cy. (3.14)

By the cubic form of the nonlinearity, i.e. V"(d) = 3vsd® + O(d®) and W"(y) =
Swsy? + O(y?), (3.13) implies

Mj = 382 [Ug(dj)zaj_R — ’Ug(dj_)Qaj_R — wg(dj)sz} + 0(83)
and thus, for sufficiently small ¢ > 0,
|M;| < EC(D)(IRj 1| + | Ry| + |R; 1)

with C(D) := 6(2|vs| + |ws|)C2. For

16

The error equation (3.12) for R may be rewritten with the variation of constant
formula as

}?H < D, e < gy and €%t < 7y this implies
Y

= | M|l <e*C(D) HRH . (3.15)
% Y

R(t) = G R(0) + /0 Gt - 5) (( MO(S)> 4 67/2,5(5)) ds,
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t£ is the evolution operator of the linearized system (2.2). By (3.4)

where G(t) = e
we have Hlfi(O)‘ . < Cy4. This implies, together with Lemma 3.2, (3.15) and Lemma
3.1 that

Rt” < |G(t HROH

|20, < le®ly_y |20,
t
4—/§HG@-@HYHY52Q7HR@A( 7 125(s) ) ds
0 Y

¢
<Oy e (/ e, HR(S)H ds +tCRes>
0 Yy
for 0 < e <egy, 0<e?t <7y and HRH < D. Gronwall’s inequality now yields
Y
(3.16)

HR(t)H < (2d + £2C,)eC < (2d + 1oC,)e™C =: D

Y

for et < 79, € < g9. By choice of gy we may fulfill (3.14), and this implies that

(3.16) holds for all ¢ € [0, 79/e?], which proves (3.5), i.e. Lemma 3.3. O

Proof of Theorem 3.5. The idea is to rewrite the approximation (2.11) as
Z;(t) = Z5(t) + £°T5(t) + €Ay (8),

with the following grouping of the macroscopic functions:
=) = XAt,5) + XP(t,j) =cAEA + 2 A3E® + eBEp + *B3E% + cc

e3Y;(t) = °YaEa + ’YpEpR + cc + ° M,
€4Aj (t) = €4A473E?4 + €5A5’3E?4 + €5A5’5EZ
+ €4B4,3E% + €5B573E3B + €5B575E% + cc.
Obviously we have Y ;(t) = O(£*) and £*A;(t) = O(e*). From (3.3), (3.4), and the

triangle inequality we have
1U(E) = E®] < NUE) = Z(#)]l + |27 () + *A0)|
< Com |[U(1) = Z(1)| + €12 < (CromCia + C)e?

Thus if the conditions of Lemma 3.3 hold, then we obtain (3.7), which is the state-

ment of the Theorem 3.5.
It remains to show that the assumptions of Lemma 3.3 follow from those of
+ (" A5@)ly

|y + Coet  (3:17)

Theorem 3.5. At time ¢ = 0 we have
10(0) = 2)lly < | 00) = Z0)|, + |15l

< Cie™? 4+ ||E4(Ya(0, 5) + Y5(0,5) + cc + M(0, j

S OA57/2
with a constant C4, because by Lemma 2.3 we can choose Y4(0) = Yp(0) = 0, and

the mixed terms may be estimated as follows: Each term in e3M with the order
(3.18)

O(e?) has the form ) )
8T = 3a A A} BIBYE T E'S ",
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where Kk — A # 0 and u — v # 0. Since the two pulses are separated in the be-
ginning, the product in equation (3.18) is exponentially small. Therefore we have
1€3M (0, 5)|ly < C3e™/? for a suitable constant C3. Thus, from (3.17) and (3.6) we

have HU(O) — Z(O)H < 0172, and Lemma 3.3 gives the desired result. O
Y
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