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In [1] we derived and justified coupled mode equations for the stationary 2D Gross-Pitaevskii
equation with a non-separable periodic potential and proved rigorously the existence of gap
solitons. The key technique was to consider the problem in Bloch variables. However, due to a
wrong transfer of the main ansatz [1, (3.2)] from physical space to Bloch wave space [1, (3.10)]
the paper contains a number of wrong or at least misleading formulas. The main results of [1]
are correct, but we find it necessary to correct the ansatz and outline the subsequent changes
in the analysis. In doing so we also want to remove some minor errors and inconsistencies. For
readers’ convenience we have incorporated all the corrections in the arXiv version of this paper

[3].

1 Preliminary remarks

e Definition of the Fourier transform [1, (1.4)]. The normalization in the Fourier transform
should be chosen differently, namely

d(k) = (Fo)(k) ::(;T)Q /R ,P@e e, o) = (FTO)R) = | (k)™ dk. (1)

e Assumption A.2. This has to be replaced by assuming definiteness of the quadratic form
32 Wn (k(7)) Bk 8k Wn - (k(7))

: b k17" _ 1 7 A
given by <3k13k2wnj(k(1)) 3,§2wnj(k(7))

trema at k) are quadratic. The new version reads:

), which is needed in order to ensure that the ex-

“Assumption A.2 The quadratic form 8,%1wnj (K922 420y, Oy Wn; (k(j))xy—i-aganj (k))y?
defined by the Hessian of wy,; at k = kW) is (positive or negative) definite.”

Consequently, Remark 3.2 should be modified to:

“The definiteness in A.2 ensures that the extremum of w,, at k = k() is quadratic and
that the resulting CMEs are of second order. Unlike in the separable case [19] it is possible
that Ok, O, wn,; (k) # 0, which then leads to CMEs with mixed second order derivatives.”



2 Asymptotic ansatz in Bloch variables and the formal deriva-
tion of coupled mode equations

We now come to the main correction needed in [1] and its consequences. The ansatz [1, (3.2)]

reads

() =e¢<0>< ) +e2W(2) + 3¢ (2) + O(eh),

2
—EZA Jun, ( k:(J x), W= wy +e2Q, Yy = ex, I<exl. @)

The Bloch transform 7 of the ansatz for ¢ (z) is

A k k(]) +m im-x
anj W) Y A, (5> 3)

meZ2

with k € T2, x € P2, and where > mez2 Was forgotten in [1]. The basic idea, however, remains: as
Aj( ) is localized nearp = 0, we approximate A (M> by xp, (k‘+m)121 (@) where

D;j={keR?:|k— kW] < e} with 0 < r < 1. Here we make a slight change of notation com-
pared to [1, (3.12)] where we defined D; := {k € R? : |[k—k")| < £ modulo 1 in each component}.
These “periodically wrapped” disks Wlll now be denoted Dj.

Note that k +m € D; with k € T? is possible only for m € {m € Z? : =1 < my,my < 1}. We
define the set of m—values for which k +m € D; for some k € T? by M; :={m € Z? :k+m €
D; for some k € T?}. In fact, for small € only the following cases occur: M; = {(J),(§)}
if &7 = 1/2 and kO # (1/2,1/2), M; = {(2),(9)} if &Y = 1/2 and k0 # (1/2,1/2),
M; = {(3),(5), (9, (HYif &9 = (1/2,1/2), and M; = {( )} if kU) € int(T?). Thus the
asymptotic ansatz in Bloch variables now reads

- 1 -~ - -
Ok @) =~ (ks 2) + W (ki 2) + 20 (ki 2) + O(?),
N .
- s k+m—EDY\ .
O) (s ) — OF Frm=F7 jima 4
0 (k,x)_z JED:2) Y xp, (k+m)A, < - >e , (4)
j=1 meM;
= w, + N2, 0<exl,

which replaces [1, (3.10)]. The difference between the leading order terms in (3) and in (4) is

N
1~
L 70) /1. 7(0)
200 (i) — 900 (i) = D ®
j=1
with
) < [k —kD) 4
h](k7llf) *pnj(k.(])’x) (1—XD (k+m)) Z AJ< . m) im-x
meM;
() o
A k—kY +m im-x
oy ()
mEZ2\M



We now estimate H}NZ‘HL2(T2 Hs(]pg)) In the first sum in (6) we have |k 4+ m — kU)| > " while in
the second sum |k +m — kU)| > 1 because k +m ¢ D; for all k € T? if m € Z?>\ M;. By the
triangle inequality and the substitution p = (k — k) 4+ m) /e we obtain

lloges ey < 3 Wou, BP9 ey [ A
meM; pe(T2—kW) 4m) /e
Y I B [ AGP
meZ2\M; pe(T2—k) 4m) /e

<C [/ !Aj(p)lzdp+/ IAj(p)Ide] :
|p|>er—1 Ip|>e~1

where the H* regularity of py,; (k1)) is guaranteed if V € H? %(R?). By rewriting the right hand

loc
(1 s a .
side as C' MP|>5“1 |A;(p)|? (lim;zs dp + f‘p|>€_1 |A;(p)|? (JI%QS dp} and taking the supremum of
(1+ [p|)~2¢ out of the integrals, we have
1l 2 gre, s o2y) < C(507) + )| Ajll p2grey < Ce* O [ Al L2 rey. (7)

For 7 < 1 we thus have that e~ 14 () approximates £¢(®)(z) up to O(e*1~")) in the H*(R?)
norm. Because ||e¢(?)| - ®2) = O(1), this approximation is satisfactory.

Due to the corrected ansatz (4) we next need to reconsider the formal derivation of amplitude
equations for Aj. Applying 7 to the stationary Gross-Pitaevskii equation [1, (1.2)] yields

[i_w}qz+aqz*35*3<;:o, (8)

on (k;z) € T? x P2, where L(k; z) = (i0y, —k1)? + (10, —k2)? + V (z). Setting pU™) := = ktm=k®

13
we have

L(k;z) = L(KY) —m + epim): z)
— LKD) —m; ) = 26 | (10, K +ma)pP™ + (100, R +ma)p ™| + £ [p™ 4p§ ]
(9)
Substituting (4) in (8) and using (9), we obtain a hierarchy of equations on = € P2, k € T? such

that k+m € D;,j € {1,..., N}. Note that the combination of k € T? and k + m € D, implies
m € M;. The following hierarchy is thus for each (j,m) € {1,..., N} x M;.

which is equivalent to A;(pldm))elm= [i(k(j); x) — w*} P, (kW):2) = 0 and thus holds by defini-
tion of wy = wy, (k9)).

o) : [LD —msz) - w*} O (k; z)

—

= QAj(p(J m)) [ (3, m)(laxl_k,( J) _|_m1) _{_pgj m)(laxz k(]) +m2)} (pnj (k(j);l,)eim-:c)



Similarly to [1] we conclude that for k € T? and k + m € D; we have

zZ(l)(k’x) ]m 1m:cz:p]m)aklpnJ ),I'). (10)
O(e) : We have
[i}(k(j) —m; ) —ws] 0@ (k; )
— QA. i(p (4,m) )p .(k(j);l')eim'x +9 [pgj,m)(iaxl_k( )+m1)+p(3 m)(16m—k:§j)+m2)] LZJ(I)(]{I‘ z)
m)?\ 3 j,m j imz_ 9
= (P 5™ ) AU, (KOs @)™ Zyxe, (k) (5 s B 1 0O (ki )
= QAJ. (plm™ )Pn; (kW) z)e™®
. 2 . - . - 2 A .
= &N o, (K9;.2) = 2010, k), (K9 )| 9 Ay (p)
=1

26 | (100, —K) 0k, (K9);2) + (02, ~h )0k, (K0 2) | 0™ A (00)
+

- gXDj(k m)(z/; ©) xp T;(O) *B QE(O))(]‘:Q z)
(11)
using ¢ from (10). The nonlinear term has the form
Gy (ks @) i=2px, (k+m) (@) x B s 9O (ks 2) = Zyx, (k +m) S oot
a=1
N N N (12)
2 ) Car&srnbit Y, barsbarn i+ Y Lars&sxs&l|,
a,B=1 a,B=1 a,B8,v7=1
ot ot ot 0,8

where & = a (ki @) 1= P, (K3 2) Cynen, XDa (k+m) dq (H2ED) ems and €6 = €5 (ki @) =
P (k@) ) > men, X—Do (k= m)jla (M) e~ ™ The last sum or the three last sums in

(12) are absent if N =2 or N = 1 respectively. {, x5 g *p £ consists of terms of the type

gnog(k;x) :ei(n-i-o—q).xpna(k;(a);x)pnﬁ(k(ﬁ) pn’Y //XD k T'—H”L A <k: r+n k(a)) %
T2 T2
i (r=sto- &gk
X Xp,(r—s+o0)Ag (v“sﬂéik“w XD, (5—q)A, (%) ds dr
(13)
with n € My,0 € Mg, and ¢ € M,. Clearly, the integration domains can be reduced to

7 € Doer (KB — k) —0+4¢) and s € Dr(—k) 4¢). The changes of variables 5 := (s+ k(") —q) /e
and 7 := (r — k@) + k0D 40 — ¢) /e yield

Gnog(k; ) = ' oDy, (k1D 2)py, (K 2)pa, (); 2) %

/ / XD (k—(k(a>+k(5);k(7))+n+o—q _ 7:) »
(14)

2 _,(8) 456V fo— 2 k()
T k +8k +o—q Dg'rflm’]r +k€ q

D257171r\|

~ (k@) 1 kB k() anto— . -~ SO N T N g~ 1s
Ag (MERHERRDIO )y L (F = $)Ag(F — )X, (5)A,(5) ds dr,
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where D1 = {p € R? : |p| < "1}

Only those combinations of (n, 0, q) which produce nonzero values of all the three characteristic

functions in (13) for some k, 7, s € T? are of relevance. Due to x_p. (s—gq) we, therefore, require
— k) € T2 = [~1/2,1/2]?, which ensures that s — ¢ € — D, is satisfied by some s € T? for any

€ > 0. The first condition is, thus,

s :=q— k() e T2 (15)
Due to xp,(r—s+o) we get the condition sp — o + kB e T2, ie.,
ro =59 — o+ k¥ e T2, (16)
Finally, xp, (k—r+n) enforces 7o —n + k(® € T2, i.e.,
ko =19 —n+ Kk e T2 (17)
Statements (15), (16), and (17) form the necessary condition
so:=q— k" T2, ro:=s0—o0+ k@ eT2, and ko:=r9o—n+k® T2 (18)

for (13) (and thus (14)) not to vanish.

Another condition on (n, 0, q) appears due to the factor xp,(k +m) in G;. From (14) it is clear
that gnoq is supported on k € Der(k(® + k() — k) —n — o + ¢). The factor xp,(k +m) thus
annihilates all terms gy, except those for which

) 458 — ) —p— 04 g =kU) —m. (19)
If (19) is satisfied, (14) becomes

Gnog(k;2) = € 4gi(nto—q)x pna(kz(o‘);:c)pnﬁ(k(ﬁ);a:)m(k”);x)x

/ [ o (e ) 20

2 _5(B) (V) yo 2 () -
T k +gk +o—q DsrflmT +k5 q

Ao <% B f) XD, (F = 8)Ag(F — 8)xp_,_, (5)A,(5) d5 dF.

D257'*1m

As a result, the term AaAgf_LY will enters the j—th equation of the coupled mode system provided
there exist n € My, 0 € Ms and g € M, such that (18) holds and such that (19) holds for some
m € Mj. Let us denote the set of (n,0,q) that satisfy (18) and (19) by Aq 8.4,jm-

The sum of the terms (20) over (n,0,q) € Aqgn,jm yields a double convolution integral over
the full discs 7 € Dy.r—1 and § € Dgr—1, ie.,

(€a #5 €5 *5 £)(kyz) = elel I HRD ROk wm)ap (1@ yp, () )P ()5 2)
/ / X, % - f) Aq (% - f) Xb., 1 (F = 8)As(F — 5)A,(3) d3 d,
2e7—1
(21)

where €l("to~0T yags replaced by e!* @+ KO —kD4m)a que 16 (19).



We return now to equation (11) for ¥ on k € (D; —m) N T2 Tts solvability condition is
L?(P?)-orthogonality to Ker(L(kW) —m; x) —w,) = span{Uipy, (kU); 2)e™? s.t. wy, (kD)) = w,}.
Clearly, the dimension of the kernel is at most N and the value N is attained in the case
VD = = kW),

The factors elF@+k@ -k —kW)a 3 (21) after multiplication by the complex conjugate of
Py (K9); )™ € Ker(L(kY) — m;z) — w,) are new compared to [1, (3.19)]. These affect values
of the coefficients of the nonlinear terms in the CMEs. In the linear terms in (11) the factor
™ is canceled in the inner product with pnl(k‘(j);x)e The range of plim) s a different
section of the disc D.—1 for each m. The section is (1/|M;|)-th of the full disc so that these

|M;| conditions build one equation in p € D_r-1.

im-x

The resulting CMEs in Fourier variables p € D_»-1 are

~ ~

QA; — <28131wnj(k(j))p% + 5813201@(7‘30))17% + 0k13k2wnj(k(j))p1p2> A; —N; =0, (22)

j € {1,..., N}, where Nj(pUm)) = (Gj(epU™ + kD) —m;-), pn, (kD) )™ 2 pay.

For sufficiently smooth A; we can neglect the contribution to flj from p € R? \ D.—1 or, for
simplicity, assume that the flj satisfy (22) also there. Equation (22) is then posed on p € R2.
Performing the inverse Fourier transform yields

1 X 1 . .
QA; + <2a,31wnj(k<ﬂ>)a§1 + 5 Okwn, (KO0, + aklabwnj(mﬁ)aylaw) A;—Nj=0.  (23)

2.1 CME:s for the Potential (1.3) in [1]

As an example for the calculation of £, *5 &g *5 & in (21) and hence of Nj in (23) we consider the
case wy = s3. This is also the only case, where the resulting CMEs (values of their coefficients)

need to be corrected in [1].

CMESs near w, = s3g: Here N = 2., ny = ny = 2,k(1) = X and k@ = X’. We have thus
M; = {(0,0)T,(1,0)T} and My = {(0,0)T,(0,1)T}. We carry out a straightforward sweep
through all the possible combinations (n,o,q,m) for both j = 1 and j = 2 (performed using
a Matlab script) to determine those that satisfy (18) and (19). The results are summarized in
Table 1, and the resulting CMEs are

[Q + 061851 + 062852} Al —o [’71‘141’2141 + ’}’2(2|A2‘2A1 + A%A})]

I

=0
_ (24)
[Q + 042851 + alagz} As —o [71|A2’2A2 + 72(2|A1‘2A2 + A%Ag)] =0,
where
_ 1o _ 1l / _ 1 _ 1l /
a1 = 50, wa(X) = 50w (X'), a2 = S05,w2(X) = S0 w2 (X7),

= (P2(X; )%, p2(X; )% 122y = (p2(X'5 )%, p2( X)) L2(p2)
= p2(X; M 212y = IP2(X"3 )| 2ap2)

Yo = (€ (X302, pa(X'5 ) ey = (0D pa(XT5)%, pa(X5)%) 2o
= (|p2(X; ')’27 \P2(X/§ ')’2>L2(P2)-



term (%) | K4+ k® | (n o,q)7 satistying (18) and (19) coefficient of
in NV —k — kD | = M (1) m = M;(:,2) the term in o
wrac () ] o [(E) ()| (88) (i (22X, F X, )
2 % / / 0
a4, | (3) |1 E—;/;% / / 0
S A 1) R G ) e
e | (2). 1] (0F) / / 0
] E RN (R (NN (N (R Ry
el | (3) [ 0] @ TRE) () | (88)-(52) [ 20meCol i OR)
i) |2 e / / 0
: 1/2
A3 43 8 1 Eﬂ%% / / 0
2] () [ (Re).Cae) | (ae).(28) [ (@5 pa(X (X', )
A | (3) 1] G [(E).(8) | (1) (8a) [ @m0 px 0
2| (%) / / 0

Table 1: Calculation of the nonlinearity terms for the CME near w, = s3. Mj(:, l) denotes the
[—th vector in M;.

The identities in «q, g and 1 hold due to [1, (2.6)]. The equalities in 2 yield 72 € R and follow
from the fact that uy(X, ) = 1/2py(X; 2) and ug(X', x) = €2/2py(X'; ) are real. In detail

/ @10 (X; x)%e 1“32p2(X’;x)2dx:/ UQ(X;:Z:)2u2(X’;x)2d33

P2 P2

:/QUQ(X;LU) us(X'; x)? dx—/2 UQ(X’;x)2u2(X;x)2dx:/2 ey (X' )2efim1p2(X;:c)2dx.
P P P

The CMEs (24) are thus identical to [1, (3.4)] derived in physical variables. Numerically, a; ~
2.599391, ag =~ 0.040561, v ~ 0.090082, and 2 =~ 0.003032. Note that the coefficient of the last
term in each equation in (24) has thus changed compared to [1, §3.2.2.3].

3 Justification

For the justification of the CME, in [1, §4] we used the family of diagonalization operators

D(bere s HY(P2) 3 (ki Jmo(k) € &, 9(h) = (9l0i)palhi-))

to analyze (8) in the space X® := L?(T?,¢?) with norm ||<$H?Yg Jo2 S nen [6n (B2 (1 + n)* dE.
Similar to the corrected ansatz (4), after diagonalization we now use, instead of [1, (4.8)],

= B = B E+m— kW
O(k) = e i (k) + (k). where & i (k) 12% > B () (25)
meM;

with supp Bj C Dor-1,0 < 7 < 1, zznj(k) —0forke K,:=U{D;:le{l,...,N},m = njt,
and where D; = D; wrapped periodically onto T2. Note that in general e 175%8) (k) is not the



diagonalization of an ansatz of the form (4), except at k = k() since in the diagonalization we
have p,(k;-) instead of p,(k\7),.). This was overlooked in [1]. However, we have

e i (k,2) = e (k@) + plk, x) (26)

with N
17 — ] > k+m— k(]) im-x
Q) =Y g, (K0) 3 B <> e,
j=1 meM,
and where for Bj € L? with s > 1

N

181l 2 (12,125 (p2)) < CEZHBjuLg- (27)
=1

This follows from writing k = k) —m + (k + m — k1)), expanding

with k({l) € [min(kl(j) - ml,k:l),max(k:l(j) —my, k)], 1 = 1,2, and using pnj(k(j) —m,z) =

Pn,; (kY), 2)e™® which yields

N

plh.r) =737 30 By (B ) (ke — ) - Vi, (7, 2).
jil mGMj

To prove (27), we may fix some (of the finitely many) j, m. Since the w; (k) are simple for k € D;,
we have SUDe 5, [V ipn; (ks )| s 2y < C, and it remains to estimate

2
= 5‘_2 /
L2(T2) keT?

<c2 [ IBUOPIKPAK < C2B (28)
(S

13

) N2 .
B; <k+m7—k“)>‘ Ik +m — k92 dk

e ' B; (M) b +m — k)|

for s > 1. Inequality (27) thus follows.
The Lyapunov—Schmidt equations [1, (4.9),(4.10)] now become

1 son sy [ k+m—kY
- (wn; (k) —ws —°Q)B; (6

) :—UXDj(k)gnj(k), j=1,...,N, mGMj, (29)

N
(w(k) —wy — 2N (k) = —0 [ 1= X5, (K)8nn, | Gu(k), neN. (30)
Jj=1

The next step in [1] is Lemma 4.5, which states that for B = (B)j:1 N € L?(Dg-1) and

1/;6?(5 with s > 1 we have

-----

N N
> A 3 A 2,7
132+ §0(52<§j||BjuLg<DEM>> + (N 1Billrzo,, )

= = (31)

N bod =
F (1B iz 191 + uwuis).
j=1

8



This Lemma stays as it is, but the proof needs some updates. First, for going back to physical
space and estimating g = |¢|?¢ = |€_1¢£08) +p+ ¢|2(€_11/1£OS) + p+ 1), we need to use (27). We
need to estimate terms of the types

(G N G R A P ) (2)

First note that 5_1%(405) (r)=¢ Zévzl Bj(ex)un; (k); ). Below we implicitly use || B; (5-)unj (k(j); MNas <
[ttn; (K93 )| o1 || Bj(€°) || #r=, which holds by interpolation, see, e.g., [2, §4.2]. Next, |Jun, (k9; )| cre1 <
Clun, (k(] N grsreies < C’HVHHW 145 for all 6 > 0, where the first inequality holds by Sobolev
embedding and the second one by the differential equation.

In estimating all except the first term in (32) we use the Banach algebra property [1, Lemma
4.2]. For the first two terms we need to estimate ||(¢Bj(e-))"||gs for n = 2,3. We have

2
dk:]

I(eB;(e)" 77 = /(1 +[kD*|F((eB;(e))™") (k)| dk

<c / F((eB () (k)2 dk + 2 / 2

= k
B3 (5)

< [leBie s+ [ IRPUB )P ]

DB e By (e +€2”’2”5HB?H%S}

< C[POB VB G + €0 By 3

and hence
1By (e ) s < Ce" Y| Byll3e for m = 1,2,3. (33)

Note that for n > 2 this is much better than the naive estimate ||(eBj(e-))"||gs < ClleB;(e:)||s <
C||Bj||%s based on (33) with n = 1. Next, for the third term in (32) we get

leBj(e) f()lms < CellBjllms|| f |l e, (34)

and this together with (33) can be used to prove (31). To show (34), we start with

JoBy e 7 Ollae < By fOlln + € |t (28 (2) -+ FO)

L2

The first term is estimated as HaB (e)fO)llz2 < ellBjllooll fllz2 < ellBjllasl fllz2, and for the
second we note that w(k) < 5w( ) + w(l) where w(k) = |k|*. Thus, similarly to the proof of
[1, Lemma 4.2], we have, using Young s inequality,

oy (2 () #700) |, = e[l () 3 )l 1700 |28, ()| e worson]|
<c |0 ()8 )00+ 25 C)| wodie

Now [jw (%)
(4.3)]) yield

18, (2)||., < CellBilluz and [l < ClFllz (seelt,

Ll

B (2) e < elBjllre
(34).



The 4th, 5th and 7th term in (32) are estimated simply using [1, Lemma 4.2] and (27). The 6th
term is treated the same way and is bounded by &3 ( Z;VZI ||BjHL§(DET_1))3 so that it is of higher
order than the first term on the right hand side of (31).

After (the proof of) Lemma 4.5 we note that [1, (4.13)] is proved by a straightforward application
of the Banach fixed point theorem to [1, (4.10)]. Subsequently, some more but rather obvious
corrections are needed, namely:

e Below [1, (4.13)] we get “The term 5*11%08)(1{@) in (26) corresponds to e 19 (k, z) in
the ansatz (4) used in the formal derivation of the CME”.

e In the sequel, the remainder 5F}A€j (p) in [1, (4.14)] then also contains terms coming from /
in (26) which can be estimated using (27) so that 7 = min{3r — 1,2 — 2r,1}.

e In Theorem 4.6 of [1] the error (27) needs to be included in [1, (4.15)] so that the right hand
side reads Cy(e272" +¢). Note that in [1, (4.15)] we use that 529[:1 Bj(e-)un; (9 =
E_l"l/JE)S) (x), which holds due to the truncated support of Bj.

e The persistence proof in [1, §4.3] needs no corrections due to the rather abstract arguments
used, and Theorem 4.9 as well as Corollary 4.10 stay correct with 7 = min{3r — 1,2 — 2r}
because for 1/3 < r < 1 we have min{3r — 1,2 — 2r,1} = min{3r — 1,2 — 2r}.

We have, however, been able to prove persistence with a weaker and more natural definition
of reversibility than the one in [1, Def. 4.7]. In the new argument one no longer needs to
assume reversibility of the whole lowest order approximation ¢(®). For details see [3].

The numerical results in [1, §5] need not be changed as computations were performed for CMEs
not affected by the corrections.

4 Concluding Remarks

The main issue was the inclusion of » M; in the ansatz (4) and the subsequent updates in
the formal derivation of the CME (23). The ansatz (25) for the justification also inherits the
Y ome M, which has resulted in some corrections in the sequel.
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