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Abstract

We consider reaction-diffusion systems on the infinite line that exhibit a family of spectrally stable spatially
periodic wave trains uo(kz — wt; k) that are parameterized by the wave number k. We prove stable diffusive
mixing of the asymptotic states uo(kz + ¢+;k) as * — +oo with different phases ¢_ # ¢4+ at infinity
for solutions that initially converge to these states as x — dco. The proof is based on Bloch wave analysis,
renormalization theory, and a rigorous decomposition of the perturbations of these wave solutions into a phase
mode, which shows diffusive behavior, and an exponentially damped remainder. Depending on the dispersion
relation, the asymptotic states mix linearly with a Gaussian profile at lowest order or with a nonsymmetric
non-Gaussian profile given by Burgers equation, which is the amplitude equation of the diffusive modes in

the case of a nontrivial dispersion relation.



1 Introduction

We consider spatially extended pattern-forming systems that exhibit periodic travelling-wave solutions u(z,t) =
ug(kx — wt; k) for a certain range of wave numbers k € (k;, k,.). The profile ug(6; k) is assumed to be 2w-periodic
in § = kx —wt, where the wave number k£ and the temporal frequency w are assumed to be related via a nonlinear
dispersion relation w = w(k). Examples are the Taylor vortices in the Taylor—Couette problem, roll solutions in
convection problems, or periodic wave trains in reaction-diffusion systems.

We are interested in the dynamics of perturbations of wave-train solutions of the above form. Since the lin-
earization around a wave train always possesses essential spectrum up to the imaginary axis, we cannot expect
exponential relaxation towards the original profile even for spectrally stable wave trains. Moreover, the periodic
nature of the underlying wave train suggests that we should allow perturbations that change the phase or the
wave number of the underlying profile. In these cases, we expect that diffusive decay or diffusive mixing of phases
or wave numbers dominate the dynamics. In more detail, given a spatially periodic wave train uo(kox — wot; ko)
we may consider (a) its diffusive stability, that is, its stability with respect to spatially localized perturbations, or
else the diffusive mixing of the asymptotic states ug(k+x + ¢1; ky) as @ — +oo with (b) identical wave number
k_ = k4 but different phases ¢_ # ¢4 or (c) different wave numbers k_ # k. for initial data that converge to
these states as * — do00. More precisely, consider an initial condition of the form

u(x,0) = uo(go(®)z + ¢o(2); 90()), qo(w) — ki, ¢o(r) — g1 as ¥ — Foo, (1.1)

where the functions gg(x) and ¢g(x) are bounded and small in an appropriate norm. We may then expect that

the solution u(t, z) can, to leading order, be written in the form

u(z, t) ~ UJO(q(Iv t)x + ¢('T7 t) — wot; Q(Iv t)),

and the issue is to determine the behaviour of the phase ¢(z,t) and the local wave number ¢(x,t) as t — oo.
As indicated above, we can distinguish three different classes of initial data, namely (a) constant wave number
qo(x) = ko and equal phases ¢ = ¢_ at infinity for non-zero phase perturbations ¢g(x) # 0, which correspond
to localized perturbations of the underlying wave train, (b) constant wave number go(x) = ko but different phases
¢+ # ¢_ at infinity, which correspond to a relative phase shift of the wave train at +oo, and (c) different wave

numbers k_ # k4 at infinity; see Figure 1 for an illustration.

In this paper, we address the cases (a) and (b) for general reaction-diffusion systems
Opu = DO*u + f(u) (1.2)

with z € R, t > 0, and u(x,t) € RY, where D € R4 is symmetric and positive definite, and f is smooth. We
now outline our results and refer to Theorems 1 and 2 for the precise statements:

(a) For localized perturbations of a single wave train, that is, for go(z) = kg and ¢_ = ¢4, we transfer
existing stability results from specific systems [Sch96, Sch98b, Sch98a, Uec07] to general reaction-diffusion
systems. In lowest order, the dynamics near a wave train can be described by the evolution of the local wave
number ¢(t,z), and we prove that the renormalized wave number difference t[q(t'/?x,t) — ko] converges

towards a multiple of the z-derivative of the Gaussian \/4177] exp(—%) for an appropriate constant o > 0.

This yields the asymptotics

sup |u(x,t) — Pum @™ (x — ¢4t, t)Oguo(6; k)| < Cot ™ P as t — oo,
T€R

with ¢*(z,t) = \/ﬁe_ﬂ/(‘la”, where ¢, € R depends on the initial data, where @ > 0 and ¢; € R

are constants determined by the spectral properties of ug(+, ko), and where b > 0 is a small, but arbitrary,

correction coefficient.



(a) Diffusive stability (b1) Gaussian diffusive mixing of phases
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Figure 1: The panels illustrate different types of diffusive behaviour in the frame that moves with the speed of
the group velocity cy. (a) Localized perturbations of wave trains decay diffusively like Gaussians; (b1) If w" =0,
then phase fronts develop when ¢— # ¢, and the wave number perturbation decays diffusively like a Gaussian;
(b2) If w"" # 0, then phase fronts develop, and the wave number perturbation decays as determined by the Burgers
equation; (c) Shown is the ezpected formal diffusive mizing of wave-number fronts in case w” = 0. Solid and

dashed lines indicate solutions at t = 0 and for t > 1, respectively, while the small solid curves in (b1)-(b2)
indicate the amplitude-scaled spatially periodic wave train to visualize the phase shifts.

(b) For perturbation that induce a global phase shift, that is, for go(z) = ko and ¢_ # ¢4 but with
|oa| = |p+ — ¢—| small, we establish diffusive decay of wave-number perturbations. Specifically, the
renormalized wave number converges to a Gaussian profile when w” (ko) = 0, while it converges to a

nonsymmetric non-Gaussian profile when w’”(kg) # 0. This latter case is the major result of this paper.

The case (¢) where go(z) — ki as © — +oo with k_ # ky is more difficult and depends crucially on the sign
of w” (ko). If w” (ko) # 0, diffusive mixing of the local wave number cannot be expected: instead, depending on
the sign of w” (ko) (ks — k_), we expect that ¢(x,t) evolves either as a stable viscous shock or as an approximate
rarefaction wave [DSSS09]. If w”(kg) = 0, nonlinear diffusive mixing can be expected, but, for some technical
issues that we explain below, a rigorous proof remains open and is left for future research.

The proof of diffusive mixing of phases of wave trains in systems with no S'-symmetry has resisted many
attempts. With the rigorous separation of the phase variable ¢ from remaining modes found in [DSSS09], a
new technique is now available to treat this question. This method combined with the renormalization group
method [BK92, BK1.94], which has been applied for instance in [Sch96, Sch98b, ES00, GSU04, Uec04, Uec07] to
a variety of pattern-forming and hydrodynamic systems, finally yields our results. Diffusive mixing results for
the real Ginzburg-Landau equation, which has a natural decomposition into phase and amplitude variables due
to its gauge symmetry, have been obtained for instance in [BK92, GM98].

The results in this paper were presented at the Snowbird meeting in 2007. Meanwhile, similar results on the
diffusive stability of wave trains have been established in [JZ11, JNRZ11] using pointwise estimates.



Notation. Throughout this paper, we denote many different constants that are independent of the Burgers
parameters «, 0 and the rescaling parameter L > 0 by the same symbol C. For mi,ms € N, we define the
weighted spaces H™*(m1)={u € L*(R) : |lul|gma(m,)<co} with norm ||[ul|gma(m,) = up™ || mm2 ), where
p(x) = (14 2?)Y/? and H™(R) is the Sobolev space of functions with weak derivatives up to order msy in
L*(R). With an abuse of notation, we sometimes write ||u(z,t)|| gma (m,) for the H™2(m;)-norm of the function
z — u(x,t). The Fourier transform is denoted by F so that (k) := F(u)(k) = 5 [ e *®u(z) dz for u € L*(R).
Parseval’s identity and F(9,u)(k) = ikau(k) imply that F is an isomorphism between H™2(m1) and H™! (ms),
that is, the weight in physical space yields smoothness in Fourier space and vice versa. To indicate functions in

Fourier space, we also write & € H™ (my) instead of & € H™ (my).

2 Statement of results

2.1 Wave trains and their dispersion relations

We assume that there are numbers ky # 0 and wy € R such that (1.2) has a solution of the form u(z,t) =
uo(kox — wot), where ug(0) is 2m-periodic in its argument. Thus, ug is a 27-periodic solution of the boundary-

value problem
k*DO3u + wigu + f(u) =0 (2.1)

with k = kg and w = wp. Linearizing (2.1) at uq yields the linear operator
Lo = £(k‘0) = k§D8§ + wp0y + f/(UQ(Q)), (2.2)

which is closed and densely defined on L2 (0,27) with domain D(Ly) = H2,.(0,27). We assume that A = 0 is

per per
1?Jer(O, 27), so that its null space is one-dimensional and therefore spanned by the

derivative Ogug of the wave train.

a simple eigenvalue of Ly on L

We may now vary the parameter k in (2.1) near k£ = ko and again seek 27m-periodic solutions of (2.1). The

derivative of the boundary-value problem (2.1) with respect to w, evaluated at k = k¢ in the solution ug, is given

2

2er(0,27), we see that Jpug does not lie in the range of

by Opug. Since A = 0 is a simple eigenvalue of Ly on L
Lo, and the linearization of the boundary-value problem (2.1) with respect to (u,w) is therefore onto. Thus,
exploiting the translation symmetry of (2.1) we can solve (2.1) uniquely, up to translations in 6, for (u,w) as

functions of k and obtain the wave trains
U(SE, t) = UO(kx - w(k)ta k)v k S (kla kr)7 (23)

where w(ko) = wp and k; < kg < k,. In particular, wave trains exist for wave numbers k in an open interval
centered around kg. We call the function k — w(k) the nonlinear dispersion relation and define the phase speed

of the wave train with wave number k by ¢, := w(k)/k and its group velocity by

dw
e = — (k). 2.4
To state our assumptions on the spectral stability of the wave train ug as a solution to the reaction-diffusion
system (1.2), we consider the linearization

Orv = Lyv (2.5)

of (1.2) in the frame 6 = kox — wot that moves with the phase speed ¢, = wo/ko. Particular solutions to this

problem can be found through the Bloch-wave ansatz

u(f,t) = OO ko9 ¢y, (2.6)



where ¢ € R and §(6, ) is 27-periodic in 6 for each ¢. In fact, since o(1J, £ + ko) = eV5(¥, £), we can restrict £ to
the interval [—ko/2, ko/2). Substituting (2.6) into (2.5), we obtain

L(OD = \{)D (2.7)

with a family of operators £ given by

L(0)5 = e 40/ko £(10/ko (0, 0)) = k2D (9 4 il/ko ) T + w (D + il/ko) & + f'(uo(6))7, (2.8)

each of which is a closed operator on L2,,(0, 27) with dense domain H2,,(0, 27). In particular, £(¢) has compact
resolvent, and its spectrum is therefore discrete. We can label the eigenvalues of £(¢) by indices j € N and write
them as continuous functions A;(¢) of £. In addition, we can order these eigenvalues so that Re A;11(0) < Re A;(0)
for all j. In fact, the curves £ — \;(¢) are analytic except possibly near a discrete set of values of ¢ where the

values of two or more curves A;(¢) for different indices j coincide.

Next, we assume that A1(0) is the rightmost element in the spectrum for ¢ = 0. Since we assumed that A = 0 is
algebraically simple as an eigenvalue of £, there is a curve \;(¢) of eigenvalues with A1 (0) = 0, and this curve is
analytic in £ for £ close to zero. We call the curve A1 (¢) the linear dispersion relation and denote the associated
eigenfunctions of £(¢) by ©,(6,¢). We shall compute the derivative d\;/d¢ and recover the group velocity as
defined via the nonlinear dispersion relation, namely

—ImOgAi|r=0 = —¢p + Orw (ko) = —cp + 4. (2.9)

We remark that the phase velocity ¢, appears in this formula solely because we computed A; in the frame moving
with speed cp,, while w was computed in the steady frame. We also note that the signs of the second derivatives
of A\; and w are, in general, not related. Finally, we assume that Re \/(0) < 0 and that all other eigenvalues

Aj(€) satisfy Re A;(¢) < —op. The following hypothesis summarizes the assumptions we made so far.

Hypothesis 2.1 (Existence of spectrally stable wave trains) Equation (1.2) admits a spectrally stable wave
train solution u(x,t) = ug(0) with 0 = kox — wot for appropriate numbers ko # 0 and wy € R, where ug is 27-
periodic. Spectral stability entails the following properties. First, the linearization Lo of (1.2) about ug has a
simple eigenvalue at A = 0. Furthermore, the linear dispersion relation A1(€) with A\1(0) = 0 is dissipative so that
N/ (0) < 0, and there exist constants oo, Ly, g > 0 such that Re A1 () < —aq for |€] > £y and Re A () < —apl?
for €| < ly, while all other eigenvalues A;(¢) with j > 2 have Re A\;(¢) < —ayq for all £ € [—k/2,k/2).

Standard perturbation theory yields that the wave trains ug(kz — w(k)t; k) are also spectrally stable, possibly
for a smaller interval k; < k; < k < k, < k, of wave numbers than the interval of existence. By changing ki, k.
accordingly, we shall assume from now on that the wave trains ug(-; k) with k € (k;, k) are spectrally stable

with uniform constants £g, o9, .

For later use, we collect a few properties of the linear dispersion relation and refer to [DSSS09, §4.2] for their
derivation. We denote by
Laqu = kZDO3u — wodgu + f'(uo(0)) u

the L2 .((0,27))-adjoint of Lo = L(ko) and let u,q be a nontrivial function in its null space with the normalization

per
(uaa, Opuio) r2(0,27) = 1. (2.10)
Using the adjoint eigenfunction, we have
A1(0) = i (tad, cpOouo + 2koDjug) ,, = i(cp — ¢g) € iR, (2.11)
AN/ (0) = — (waa, 4ko DOk dpuo + 2Ddgug) ;2 € R. (2.12)
We shall also use the identity
0r01(+,0) = 10k ug (2.13)

that was established in [DSSS09, §4.2].



2.2 Statement of results

Throughout this section, we fix the wave number ko of a wave train ug(kox — wot; ko) of the reaction-diffusion
system (1.2) that satisfies Hypothesis 2.1. We then set

1
wo =w(ko), ¢p=wo/ko, c¢g="uw'(ko), B= —iw”(ko), 0 = kox — wot
and write
AM(0) = i(c, — cg)l — al® + O(?) (2.14)

for the expansion of the linear dispersion relation of wug(-; k). For convenience henceforth we write k = k.
Before we state our result, we remark that the decomposition of the initial data that we shall use below in the
statements of our theorems is not unique. This non-uniqueness will be removed in the proofs but does not affect
the conclusions made in the results below.

Our first result states that ug is diffusively stable with respect to localized perturbations and extracts the leading-
order behaviour of the displacement for large times. For notational convenience, in the following we consider
initial conditions at t = 1.

Theorem 1 (Diffusive stability) Let ug(; k) be a spectrally stable wave train that satisfies Hypothesis 2.1 and
pick b € (0,1/2); then there are e,C > 0 such that the following holds. If, for some 6y € [0,27),

u(@, t)]i=1 = uo(0 — b0 + do(2); k) +vo(x) with |lgollms ), [[voll 23y < e, (2.15)
then the solution u(x,t) of (1.2) exists for all times t > 1, it can be written as
U(l’,t) - UO(G - 00 + ¢($,t); k) + U(x7t)a

and there is a constant ¢im € R depending only on the initial condition so that

sup|¢>(x,t) — dimG(x — cg(t — 1),t)| + vz, t)| < Ct=HP, (2.16)
reR
where
1 2
G(z,t) = ————e @ /(4at) 2.17
0 = Jhamt® @17)

In particular, we have

sup [u(z,t) — uo(f — O + dimG(z — cg(t — 1),t); k)| < Cyt~ 110,
z€eR

Next, we discuss diffusive mixing of phases for non-localized phase perturbations. In this situation, the precise

asymptotics of perturbations depends on 8 = —1w” (k).

Theorem 2 (Diffusive mixing of phases) Let ug(-; k) be a spectrally stable wave train that satisfies Hypoth-
esis 2.1 and pick b € (0,1/2); then there are constants €,C > 0 such that the following holds.

(i) Assume that 3 = 7%“/'(]@) =0 and u(x,t)|i=1 = up(0 — 0o + ¢o(x); k) +vo(x) with ¢o(x) — ¢+ for x — Fo0,
|od| = |p+ — d—| <€, and

6622y, lvollrz(2) < e (2.18)
Then the solution u(x,t) to (1.2) exists for allt > 1, and can be written as

u(z,t) =up(6 — 0o+ ¢" (x — cq(t — 1),1); k) + v(z, t),



where
o (z,t) = ¢ + (py — p_)erf(z/Vat), with erf(x) = \/% /_; e €/ g (2.19)

and sup,cp |[v(z,t)| < C 71/,

(ii) The same result holds if 3 = —iw" (k) # 0, with ¢*(x,t) replaced by

o* (x,t) = %ma + zerf(z/Vat)), In(l+z)=dy —¢_. (2.20)

Remark 2.2 Clearly, the decompositions (2.15) and (2.18) are not unique. For instance, ¢ = 0 would be
one possibility in (2.15), but we may shift perturbations between ¢y and vy. In the proof we shall fix this

non-uniqueness via mode-filters.

The higher weight in the initial conditions in Theorem 1 vs.2 is due to the fact that in Theorem 1 we want
to extract higher order asymptotics, i.e., faster decay. The asymptotic phase-profiles in (2.17),(2.19) and (2.20)
only depend on k via « from (2.14) (and on g for (2.20)). In particular, they are independent of the phase-speed

¢p and therefore are formulated in x and ¢. |

1"

Remark 2.3 Formally, we may as well describe the diffusive mixing of wave numbers in case w” = 0, see

Remark 2.7. However, then the rigorous separation of the (then unbounded) phase, see §3, becomes more

difficult. Therefore, we will not consider this case here. |

2.3 The idea

The translation invariance of (1.2) and the fact that by assumption we have periodic wave trains ug(6; k) for

wave numbers k in a whole interval (k;, k) suggest to consider initial conditions for (1.2) of the form
|tuic () — up(k+x + ¢p+; k)| = 0 as x — too. (2.21)

The behavior of the corresponding solutions can be discussed formally if we assume that the initial phase shift

¢+ — ¢ or the initial wave number shift ¢, — ¢— happens on a long spatial scale. We make the ansatz
u(z,t) = ug(kox —wot + ®(X,T); ko + 00xP(X,T)) (2.22)

where 0 < § < 1 is a small perturbation parameter that determines the length scale over which the wave number
is modulated by the function dx ®, and where X and T are long spatial and temporal scales. Plugging (2.22)
into (1.2) and comparing equal powers in ¢ it turns out (see [DSSS09, §4.3]) that

(X,T) = (6(z — cgt),6°t), where ¢z =uw'(k), (2.23)
are the correct spatial and temporal scales, and that ¢(X,T) := dx®(X,T) should satisfy the Burgers equation
Ora = adkq + Box(¢?), @ =-3X(0), =~ (h) (224

while the phase ®(X,T) itself satisfies the integrated Burgers equation
Or® = ad%® + B(0x D). (2.25)

Note again that in case 8 = 0 (Theorem 2 (i)) (2.24) resp. (2.25) are the linear diffusion equation.
Two questions arise: (a) What do we (formally) learn from (2.24) resp. (2.25)? (b) In what sense, i.e. in what

spaces and over what timescales, do solutions of (2.24) via (2.22) approximate solutions of (1.2), and can we give

rigorous proofs for that?



To answer (a) we briefly review some well-known results about dynamics and stability in the Burgers equation in
the following section. With this in mind we turn to (b). One way to translate the formal analysis into rigorous

results is to give estimates for the difference between the formal approximation
Uapprox(2,t) = ug(0 + ©(X, T;0); k 4+ d0x ®(X,T;0))

and a true solution wu(z,t) of (1.2), on sufficiently long time scales. In [DSSS09] this has been achieved for
a variety of cases using a separation of the critical mode (the phase mode) from the exponentially damped
remaining modes by Bloch wave analysis. Here, for special initial data we obtain the diffusive stability results
and the mixing results from Theorems 1 and 2. The proofs heavily rely on the coordinates from [DSSS09], which

are introduced in §3.

2.4 Dynamics in the perturbed Burgers equation

In the spectrally stable case the amplitude equation for long wave modulations of the local wave number is given
by the Burgers equation. For given classes of initial conditions the behavior of solutions of the Burgers equation
is well understood, and, moreover, this behavior is stable under perturbations of the Burgers equation. Thus,
before proving our results for (1.2) with initial data (2.21) we briefly review some well-known results about
the (perturbed) Burgers equation, cf. [BKL94, MSUO1] and [Uec07, Sec. 3]. This also motivates the ideas and
methods of the proof. To keep track of o and 3 we do not rescale (2.24) to the standard form 9,¢ = a§q+ag (¢?).

The Burgers equation (2.24) has Galilean invariance: if ¢ solves (2.24), then v = ¢ + ¢ solves drv = ad)v —
2¢30x v + 30x (v)? which can be transformed back to (2.24) via X + X + 2¢T. Thus, concerning the stability

of constant solutions of (2.24) we can restrict to ¢ = 0.

We add a higher order perturbation in the form of a total derivative to (2.24) and for notational convenience we

take initial conditions at time 7" = 1. Thus we consider

orq = adxq+ Box(¢®) + v0xh(q,0xq), gqlr=1 = qo, (2.26)

where for simplicity h(a,b) = a?b% is a monomial. For v = 0 we again have the Burgers equation. The

perturbation is assumed to be of higher order. To make this precise we define the degree

dp = di +2ds — 3, and assume that do <1 and dj >0. (2.27)

The mean [ ¢(X,T) dX is conserved also by the perturbed Burgers equation (2.26). Diffusive stability of ¢ = 0
in (2.26) is based on the fact that solutions to the linear diffusion equation in Fourier space concentrate at wave
number k = 0. Roughly speaking, for initial data in L!(R) that decay like | X|~™, the solutions of d7¢ = ad%q
fulfill
n—1
o(X,T) =" TG 0)H;(X/VT) + O(T™/?) for T — oo, (2.28)
§=0
where H; is a multiple of the (scaled) j*" Hermite function H(z) = (—1)78J exp(—2?/(4a)). Thus, if Go(0) =
L o ao(X) dX # 0 then [l(,T) [ < CT=Y/2|gol|11, while for G(0) = 0 we have [lg(, T)]|z= < CTlqo]| 1.
In the second case it turns out that solutions to the nonlinear equation (2.26) with zero mean have the
same asymptotics as solutions to the linearization with zero mean. Thus, both nonlinear terms 30x(¢?) and

~vOxh(q,0xq) are called asymptotically irrelevant.
For ¢(0) # 0 only vOxh(q,0xq) is irrelevant, and there is a nonlinear correction to the dynamics for (2.26)

compared to (2.28). To derive this we use the Cole-Hopf transformation

o B RY.T)’

— 00

Vax a
QX.T) = exp (ﬂ [ dY) L) = YRR e G,



which transforms (2.26) with v = 0 into the linear heat equation 97Q = 0% Q, Q|r=1 = Qo, with limy _, _ Qo(X) =
1 and limyx 00 Qo(X)=14+2>0, i.e.

ln(l—i—z)zg/OO q(Y,1) dY.

Since limr_, 00 Q (ﬁX, T) = 1+ zerf(X) 4 O(1/v/T) we find that the solution ¢ to the Burgers equation (2.26)
with v = 0 satisfies
o d

Jim VTq (VIX,T) = 5 ax (1 zerf(X/Va)) =: [1(X), (2.29)

with rate O(1/+/T). Therefore, if 3 # 0, then the renormalized solutions converge toward a non-Gaussian limit

fi(X). Again, the same behavior can be shown for (2.26) with v # 0. We summarize these results as follows:

Proposition 2.4 For each b € (0,1/2), there exist Cy,Co, Ty > 0 such that for solutions q of the perturbed
Burgers equation (2.26) the following holds.

i) Assume that ||qo|| 23y < C1 and ffooo qo(X) dX = 0. Then there exists a qim € R such that

HTq (\/TX ) T) — Qi XX /e < CoT 50 (2.30)

H2(3)

Thus, ||q(X,T)||z1 < CoT~Y?*Y and ||g(X,T)| g~ < CoT 10,
ii) Assume that A= [ _qo(X) dX #0, 8=0, and ||qo||g2(2) < C1. Then

A
HTl/Zq (\/TX, T) X/ ()

4o

1

< CyT 2t (2.31)
H2(2)

and consequently ||q(X, T)|| L=~ < CoT~1/2.
i11) Assume that A = ffooo qo(X) dX #0, 3#0, and ||ql|g2(2) < C1. Then

—X2/a
TVq(TPX,T) - f2(X H < CT 12 here fr(X) = YO % 2.32
H q( ’ ) A )H2(2)_ 2 » where f3(X) BV4Ar 1+ zerf(X/\/a)’ (2:32)

and In(1+ 2) = 2 [* qo(Y) dY. In particular, again ||q(X,T)| = < CoT~V/2.

Remark 2.5 a) By translation invariance of (2.26), we can replace gg in Proposition 2.4 by ¢o(- — Xo) for some
X, € R and obtain the corresponding results for ¢(X — Xo,T); w.l.o.g. we set X = 0.

b) The higher weight for gg in Proposition 2.4(i) compared to (ii),(iii) is due to the fact that we want to isolate
higher order asymptotics (with faster decay). For this we need F(qq) € H3(2) — C?.

¢) The profiles in (ii), (iii) are explicitly given in terms of A due to the conservation of [ gdz, i.e., since the
right-hand side of (2.26) is a total derivative. On the other hand, the constant gy, in (i) in general depends on

Qo in a complicated way.

d) The local phase ®, which is related to the wave number ¢ by ¢ = 9x®, satisfies the (perturbed) integrated
Burgers equation
Or® = ad%® + B(0xDP)* +yh(Ox®,05®), ®(X,1) = &y(X). (2.33)

For (2.33) there exist C7,Cy > 0 such that we have the following asymptotics.

i) If ||‘I’o||H3(3) < (1 then there exists an ¢ = —2aqim € R such that

|72 (VIX,T) = grie> /1
HY(®)

< CyT ™V, (2.34)




Thus, the renormalized phase converges toward a Gaussian.

ii) If =0 and ®(X) — &+ as X — Foo with &, — ®_| < C; and || ®(| g2(2) < Ch, then
Ie(VTX,T) = &*(X)|lms(z) < CoT /2

where &*(X) =d_ + (&4 — &_)erf(X/V/ ).
iii) If 3 # 0 and and ®o(X) — @4+ as X — Foo with [, — ®_| < C and ||P(| 22y < C1, then

|®(VTX,T) - QLX) |la3(2) < CoT~1/2+b

where ®7(X) = ®_ + % In(1 + zerf(X/y/a)), In(1+2) = 2(, — ). |

Remark 2.6 We briefly want to explain the reason for (2.27) and the idea of (discrete) renormalization. If
J qo(X)dX # 0, then, for L > 1 chosen sufficiently large, we let

qn(&,7) = L"q(L™¢, L*"7). (2.35)
Then ¢, satisfies
Orn = a02qn + BIe(an) + YL " Ochn(dn, Iean), (2.36)
with
B (Gns Oeqn) = L™ (B H2==3m gl (9, )2, (2.37)

where dj, = dq + 2d2 — 3 > 0 due to (2.27). Next, solving drq = ad%q + B0x (v?) +v9xh(q,0xq) for T € [1,00)
is equivalent to iterating the renormalization process

solve (2.36) for 7 € [L™2,1] with initial data g, (¢, L™2) = Lg,_1(L&, 1) € X, (2.38)

where X' is a suitable Banach space. Since (formally) L™"0¢h, in (2.36) goes to zero, in the limit n — oo we
recover the linear diffusion equation (if 3 = 0) respectively the Burgers equation (if 8 # 0) for ¢,, with the
known asymptotics (2.28) respectively (2.29). Similarly, if [ godX = 0, then we scale

(&, 7) = L"q(L"E, L*"7), (2.39)

and (independent of whether [ is zero or not) end up with the linear diffusion equation in the respective
renormalization process. To make this rigorous we need a suitable Banach spaces X and rigorous control of the
iterative process (2.38), and again we refer to [BKL94] and [Uec07, sec.3] for details. However, two observations
are most important. (a) In (2.37) we see that each derivative in = gives an additional L=! in the rescaling. (b)
The diffusive spreading in physical space corresponds to concentration at x = 0 in Fourier space according to
F(Lu(L-))(k) = @(k/L). Thus, for the linear part, only the parabolic shape of the spectrum (k) = —ax? of
ad? near k = 0 is relevant. |

Remark 2.7 If ¢o(X) — g+ for X — 400, then ¢(vVTX,T) = Q4(X) + O(T~/?) as T — oo for the solutions
of g7 = ad%q, where Q4(X) = q— + (¢+ — q-)erf(X/\/a). Thus we have diffusive mixing of the wave numbers.
Then, for 8 = 0 and for suitable gy, we have the asymptotics

qVTX,T)=Q*(X)+O(T7?) as T — oo (2.40)

for (2.26), where |Q*(X)—Qg(X)| < Ce=X"/4 i.c., we have essentially the same asymptotics as in the linear case,
with a small localized correction, see [BKL94]. On the other hand, for 5 # 0 a front is created, see [DSSS09].

However, here we do not further comment on this case since below we focus on diffusive mixing of phases. |
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3 The separation of the wave numbers

3.1 The ansatz

Only special systems such as the cGL have an S'-symmetry and therefore a natural decomposition into amplitude
and phase. Hence, the first step is to extract from a general reaction-diffusion system an equation for the phase,
and then out of this for the wave number. We follow the formal derivation made in [DSSS09] which uses a
multi-scale expansion which however we cannot assume a priori. Thus, here we proceed as follows for the

reaction-diffusion system (1.2). As above we change coordinates via § = kx — wt, and obtain
O = k*DOju + wgu + f(u). (3.1)
A stationary wave train wug(6; k) of (3.1) with period 27 satisfies
k*DOjug + wdgug + f(up) = 0. (3.2)
Given a smooth phase function ¢(¥,t) we seek solutions of the form
u(0,t) = uo(9; k(1 + 0pp(9,1))) + w(9, t), (3.3)
where the phase ¢(¥,t) and the coordinates 6 and ¢ are related by
0 =19 — ¢(,t). (3.4)

Roughly speaking we require that dg¢ is small, uniformly in ¥, and that ¢(¥,t) is close to the asymptotic profile
we want to extract. Still, (3.3) adds an additional degree of freedom by introducing ¢; we later add additional

conditions on ¢ and w, via mode filters, to remove this additional degree of freedom again.

Remark 3.1 It might seem more natural to make the ansatz

instead of (3.3). However, we need to be able to relate the dynamics of u(6,t) back to properties of the wave-train
ug(0; k). Thus, we would need to express u(6,t) in terms of ¥ = 6 + ¢(0, t), i.e.,

uo (6 + @(0,1); k(1 + 0p(0,1))) — uo (5 k(1 + 0p(0(9, 1), 1)))

which involves the inverse 6(9,t) of the function ¥ = 6+ ¢(6,t). The occurrence of this inverse would have made

the forthcoming analysis much more complicated. |

Remark 3.2 Suppose that we found a phase function ¢(14, t) with small derivative Oy¢ (¥, t) so that (3.3) satisfies
(3.1). Using the implicit function theorem, we can then, a posteriori, solve (3.4) for ¥ as a function of 6 which
is of the form ¥ = 6 + ¢(6,t), where

P(0,1) = o(9,1) = $(0 + 6(6, 1), 1).
In particular, we see that
uo(V; k(1 + 9p(9,1))) = uo(0 + (0 + 4(0,1),t); k(1 + 0pp(0 + $(6,1),1))) (3.6)
and
500+ 5(0,0),0) = (1+ 066, 0)00(0 + (6, 1)1
= 0pp(0 + ¢(0,1),t) + O(|0p (0 + ¢(0,1),1)[?).

Thus, to leading order, the solution (3.6) is of the desired form (3.5) with ¢(6,t) replaced by ¢(8 + &(6,1),t). |
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We now substitute the ansatz (3.3) into (3.1) and derive the resulting PDE in ¢. We use the notation
ug = uo (0 k(1 +0p0)),  Oug = (yu0)® = (Du0) (V; k(1 + 0p0)),  j =,k (3.7)

Assuming that dy¢ is small, we obtain

a_ @ _ o
A6~ 1—8y9¢ At 1— 090’
d__ 1 d &1 Ay
dd  1—0y9¢ d9’ dez \1-0y9 dv) ’
and therefore
W~ T 0,600 T 15,0 Okt
a1 d ke )
de? 1—09¢p d9 " 1—09¢p dk) O
- 1= D00 81911,0 +k 1— 0y + 0y0sp ak’uo,
and
dw _ w_dw 49 o dw_ 1w dw_ (1 d
dt ot 00 1—0gp d0  1—0y¢ 09 d62  \1—0ys v
Thus
0i¢ ® o, O ® 0s¢
1= 0y0 619u0 k 819¢ 1= 0y0 090 6ku0 + 0w 1= 0y Oyw (3.8)

_ e L0 koo 0N, (1 0
= kD<<1—aﬁ¢aq9+1—aﬁ¢ak Yot \ T o0 00)
1

- Oy
—(k*DOjug — wdguo + f(uo)) + f(uf + w)

+

(aﬁug + k(026)Oul + aﬁw)

where we used (3.2) in the last equation.

Our goal is to separate the critical modes, which involve the dynamics of ¢, from the damped noncritical modes
using the eigenfunctions of the linearization £(k). This is done via Bloch waves which we introduce next.

3.2 Bloch wave analysis

Bloch wave transform J is a generalization of Fourier transform F. We briefly review the main properties and
refer to [RS78, Sch98b, Sca99, DSSS09] for proofs and further details. From now on we use a slightly rescaled
Fourier transform, namely

W(l) = (Fw)(l) ! Ooe_iw/kw(ﬁ)dﬁ, w(¥) = (F~ 1) (9) = / h ek (0) de, (3.9)

T onk ) —oo

and thus, denoting the classical Fourier transform (where k = 1) by Fi,

(Fw)(£) = —(Fiw)(¢/k) and (F)(9) = (F; ') (9/k). (3.10)

| =
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Then, for sufficiently smooth and rapidly enough decaying functions w, we have

0o k/2
(T 1) (9) = w(¥) = / R0y db =" / WERIR Ry (0 + k) de
—00 jez —k/2
k/2 k/2
:/ RN "N (0 + k) d£:/ (9, 0) de (3.11)
k/2 ez —k/2
where
(W, 0) = (Tw)(,0) =Y _ il + jk). (3.12)

JEL
Similar to the Fourier transform, the Bloch transform can be defined for tempered distributions. By construction,
(0 + 27, 0) = w(9,€) and w9, L+ k) = eV (¥, ¢), (3.13)

such that we can restrict ourselves to ¢ € [-k/2,k/2). The Bloch transform of the product of two functions wy
and wy in ¥-space is given by the convolution

/2

T w1 - wa)(9, ) = [0y * ] (D, £) = /—m w1 (9,0 — Oy (9, 0) df (3.14)

of their Bloch transforms w; and @, in Bloch space, where (3.13) is used for [(—£| > k/2. The analytic properties

of the Bloch transform are based on a generalization of Parseval’s identity

27 pk/2
/ |u (v |2d19—27rk:/ / [a(9, €))% de do.
_ k/2

As a consequence, Bloch wave transform is an isomorphism between H™2(m;), and the space B™!(mz) of
functions @(v, ¢) that are 2mw-periodic w.r.t. ¥, satisfy (3.13), and whose norm

my Mz

21 k)2
il sy = S / / 939, O] d d

7=0 =0

is finite. We now collect a few more properties; see, e.g., [Sch98b] or [DSSS09, §5.2] for more details and proofs.

Remark 3.3 a) If wy(¥) is 27-periodic in ¥ and the support of the Fourier transform w9 of a complex-valued
function wy () lies in (—1/2,1/2), then we have

Due to (3.15) Bloch transform is useful to analyze differential operators with spatially-periodic coefficients, which

in Bloch space become multiplication operators.

b) Since we are interested in functions which do not necessarily decay to zero at infinity, we employ a method

already used in [Sch94] to extend multiplication operators from the space L? of square-integrable functions to the
x+1

space L2, of uniformly locally square-integrable functions equipped with the norm |u|| L2, = Sup / lu(y)|? dy.

" z€R

x

We recall that

ul_{u RHR ||’LL‘

where [Tyul(z) = u(z 4+ y). Now let m,s € Z with m + s > 0 and m > 0, and consider a function

M: R — L(H™(0,2n),

per

Hyeo(0,27)), £ M(0)

which is C? in the Bloch wave number £. Then M defines a bounded operator M : H7 — H with

||M||L(H$+S,H;’l") < C(m73)||M||cg((—k/2,k/2),L(Hm+5 Hm ) (3.16)

per »fdper

Clearly, this can be extended to multi-linear operators. |
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3.3 Mode filters, and separation into critical and noncritical modes

Our goal is to separate the dynamics of the eigenmodes o4 (¥, ¢) associated with the critical eigenvalues A;(¥)
from the remaining modes, which are linearly exponentially damped and therefore called non-critical. We use
mode filters to obtain this splitting.

Due to Hypotheses 2.1 there exists a number ¢; with 0 < ¢; < 1 so that the eigenvalue A; (¢) of £(¢) is bounded
away from the rest of the spectrum for [¢| < £;. Therefore, there exists an £(£)-invariant projection

Q°(0) = = /F[A — £(0]7! dr

T oom

onto the space spanned by 01 (9, ¢), where I' C C is a small circle that surrounds A;(¢) counter-clockwise in the

complex plane and does not intersect the rest of the spectrum of £(¢) for this fixed ¢. For £ = 0 we have

QC(O)@(V 0) = (Uad, f}>7~)1('7 0),
and similarly QC (£) can be expressed by using the scalar product with the adjoint @.q(+,¢) in Bloch space.

We choose a nonincreasing (for £ > 0) C§°-cutoff function x : R — [0, 1] with

1 for [ <1,
0 = 3.17
x(b) {0 for |0 > 2, (3.17)
and define
C e 40 s ~c 44
Pfs(z) = Q (g)X VIR R Pfs(g) =1- Q (K)X VIR E
b b
. <o 8¢ < ~c 8¢
mf(g) = Q (E)X R R mf(f) =1- Q (Z)X R R
51 él
and
e o 20 - o 16¢
P =Q°(Ox | 5~ | Pl =1-Q(O)x | 5 |-
61 £1
These operators commute for each fixed ¢ and satisfy
(1_PC)I5fCS:0:(1_PfCS)]5§1f7 (I_PS)PfSS:O:(l_PS)PSIf7 (3.18)
P+ P =1 P +Pl=1
We define scalar-valued operators pg (¢) and pS;(¢) implicitly by
[BE (001 (-, 0) = PE(O)a,  [Fe(O)a@)on(-,0) = Pir(0)a. (3.19)

Remark 3.3b) implies that each of the operators above extends to a bounded operator on H/}**. The resulting
operators will be denoted by the same letter but with the superscript ~ being dropped.

The mode filters p ; and P5 . are now used to separate the critical and noncritical modes in (3.8), while p§, and
P, are used to limit the Fourier support of the critical modes. We write (3.8) given by

O ¢ o, O 6 O
10,600 (am A9 A R e T
18 k2 9\ 1 9\
_ 2D . 9 _ ¢ - 2
¢ <<18ﬂ¢ 3794_1*379(? 5k) u0+(1519¢ 819) v (3:20)
1
v T (00§ + k(03 6)D1uf + Ow)

—(k*DOjug — wdguo + f(uo)) + f(uf +w),
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as
[—Bo + Bi(09¢,w)]0r¢p + Orw = —L;09¢ + Lw + G(0y ¢, w), (3.21)

where

Boop = (Oyuo — kOrug0y)0:0,

LiOydp = —[,(kaﬁ(ﬁ Orug) + k:ZD(2819q5 65110 + 8129¢ Oyug) — wyd Dyug
= k [ﬁ(iag(b Opv1) + kD (209 ¢ 31_29110 + 6§¢ Oguo) — cpOp @ (919U()] , (3.22)
dgul 02 Djuf d
By (096, w)0p = (&m -1 ZZ¢> Qo — k (ffa’j;fatw (o — &gua‘))aﬁam) s 506,

and where G is contains the remaining terms. In the calculation above, we used that d,v; = i0kuo, see (2.13).
The symbol £; is used since in the critical modes dyL; corresponds to L, see (3.33) below, i.e., £; resembles an

integration of L. Clearly,
Bi(99,w) = O(|0s¢] + [w]),  G(dyg,w) = O(|990|* + [w]?).
Our goal is to replace (3.21) with the system
OPEBo¢p = PRLidyd + PreBi(09¢, w)0i¢ — PiyG(09 o, w), (3.23)
dw = Lw+ PRBodi¢ — PRLiOyp — PrBi1(09¢, )0 + PrieG(Oy g, w)
for (¢, w). Subtracting the first from the second equation and using (3.18), we see that solutions of (3.23) give
solutions of (3.21). Alternatively, we may consider the system
OhpisBod = PiLiOsg + P B1(09d, w)0p — PG (Iud, w), (3.24)
Ow = Lw+ PgBo0ip — PRLiOy¢ — PreBi(09d, w)0id + PrieG(09d, w)

for (¢, w), where the first equation is now scalar-valued. Inspecting (3.19) we see that (3.23) and (3.24) are
equivalent. We shall require that (¢, w) satisfy

supp F[¢] C T := {{; x (4¢/61) = 1} (3.25)
and
(1-PHw=0 (3.26)

for all t > 1. Since P® commutes with £, it follows from (3.18) and (3.24) that (3.26) holds for all ¢ > 1 if it is
true for t = 1.

It remains to check whether (3.25) is respected by (3.24) and to calculate the operator pg By to see whether

(3.24) is a proper evolution equation. Due to the properties of the multiplier p¢ ,, we know that
supp J [P (B1(99 9, w)0rp — G(9p9, w))] € T

for any sufficiently smooth function ¢. ;From (3.22) we find that the operators By and 7; have 2m-periodic
coefficients in ¢ and are multipliers in Bloch space which allows us to use Remark 3.3. For any function ¢ that
satisfies (3.25), we then obtain

=~ =~ (3.15) - <

PRI [Bog] = Pg(0) T [Bog)(9,€) “=" o(£)x (40/€1) Q°(£) (Dpuo(V) + O(L))

= (0x (46/02) (14 0(0) 31 (9,0) *2 [(1 4 0(02)) 3(0)] 819, ),

where the O(¢;)-term is a multiplier and {(1 + O(£1)) ¢| has support in Z. Therefore, using the definition (3.19)
of pg, and denoting the operator associated with the O(¢1)-term by Ba, we get

piBog = (1+ Ba)¢ (3.27)

15



for all ¢ that satisfy (3.25), where By has norm || Bs|| = O(¢1) and respects (3.25), i.e. supp F[Ba¢| C Z. Since
similar arguments apply to the multiplier £;, (3.25) is indeed preserved by (3.24).

For all (¢, w) for which (0y¢,w) is small and ¢ satisfies (3.25), the first equation of (3.24) can be written as
v = [1+ B + Py B1 (996, w)] ™ [p5,Li0sd — pineG (Do, w)]

Substituting this expression for d;¢ into the second equation of (3.24) for w, we arrive at the system

8y =1+ By + ply B1 (99, )]~ [p§L:00¢ — 1S G (Dgb, w)] (3.28)
O =L — PLLidyd + PoeGlDydh, w)
+ [P5 Bo—Pit B1 (99 %, w)] [1+Bo+ps B1 (99, w)] ™" [p5.Li09d— s G(Dgd, )] . (3.29)

Thus we have a splitting of the critical modes ¢ and the noncritical modes w.

3.4 The system for wave numbers and damped modes

We now replace ¢ by ¥ = 0y¢ and obtain

Byp =0y [1 + Ba + plag By (¥, w)] " [PLLi) — poneG (1, w)] (3.30)
Oyw =Lw — PLLY + PGy, w)
+ [P Bo— P3¢ Bi (¢, w)] 14+ Ba+pSe By (¥, w)] ™ [, Lot —pC, Gt w)] (3.31)

which we also write in short as

OV = AV + F(V), (3.32)

where V = (¢, w), A is a linear operator, and F(V) = O(|V|?). We now prove that the spectrum of the operator
By (1 + B2) o Ls
near A = 0 is approximately given by the linear dispersion curve \;({) with the associated eigenmodes given
approximately by the Fourier modes exp(—i¢¥/k). This follows from
LR = k[L(/*10,01) + (kD(203uo + i(£/k)Dguo) — ic,Oguo)e™/*],

and therefore (5S,;7 L;(e*?/%))(0) = X(%f )ik[A1(0) — il(2kDDyOy 1 + dyug) + 0(62)]eiw/k. Since 1+ By(¢) =
1

14+ O(¢) as a multiplier and dge*?/* =i(¢/k)e'*"/* we find

8¢

T D1+ Ba) ™ plaeLie™/F)(0) = x ()M (0) + O(£))e ", (3.33)

1

For notational convenience we diagonalize the linear part of (3.30),(3.31) by setting

()= (2)- (5 00

where §; € C®([—k/2,k/2), L(C, H™(T3,))) is a multiplier with suppS; C {¢,/8 < || < ¢,/4}. Thus, v°¢ = 1)
and P%v® = v°, and, by definition,
STIAS = diag(\°, A%), (3.35)

with A°(¢) = X(?—f)()q(f) + O(£3)), cf. (3.33). In these coordinates, (3.32) becomes

0w = Xv° + Oypy N (v, %), (3.36a)
O® = Nv° 4 Po N (v°,0°), (3.36b)

where A is a smooth nonlinear map from H”" x H"*? into H for every m > 1.
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3.5 The moving frame

To prove Theorems 1 and 2 we want to set up renormalization processes based on (3.36). For this we need to
remove the O(¢) terms in A\;(£) = i(c, — cg)l — al?® + O(£3). Therefore we define

()= () o

Dpti® =Xy (0)a° + (Do +il/ k)Pl N (@, @), (3.38a)
Ovii® =A3(0)a* + PN (@, a%), (3.38b)

<

=3}

v

¢ i(cp,—c Cht
) (0, 4,1) = ellep—ea)lt () (0,0,1). (3.37)

This yields

where Ag(£) = A1 (€)—i(cp—cy)l and AZ(£) = A(¢) —i(cp, — ¢g)C. The factors et drop out of the nonlinearities
since as multipliers they commute with the mode filters and

(a*Q)(g)eficlt — ((eith{})*Q)(é)eficlt — / eic(lfm)tﬁ(é _ m)eicmtﬁ(m) dm eficft _ (’[)*2)(6),
and similar for higher power convolutions.

In general, (3.37) does not correspond to a simple transform in ¥-space. However, if & has the special form
a(t, £,9) = a(l,t)g(?¥) then, cf. (3.9),

k/2
v(V,t) = [ s MOkt (eo=ca)) 41, £)g(0) Al = (9K + (cp — co)t, 1)g(9)
= [a(z — cgt, 1) + Oya(z — cgt, t)dy (U, ) + h.o.t] g(¥). (3.39)

Thus, (3.37) will be responsible for recovering the group speed in Theorems 1 and 2, which motivates the index
g in (3.38). On the other hand, completely transforming (3.36) to a comoving frame would make the linear part
spatially and temporally periodic, and the subsequent analysis would require Floquet theory in time and thus

be more complicated.

The key features of (3.38) are the following. By construction,
Mg () = (A1 (0)=i(cp—cy)l) = —al® + O(£3). (3.40)
We have
(Dg+il/k)pe N (@€ + @) = 7(ON°(ac, @°), (3.41)
where |7j(£)| = C¢ and N® maps H™2(n) x H™*+2(n) into H*(n) for all s € N. In particular, by the calculations
from [DSSS09],
AONC(ac,a®) = Bil(a)** + h.o.t, (3.42)

with 8 = —3w”(k), and where the higher order terms h.o.t are discussed later. The spectrum of Af] is left of
Rez < —oy, hence u° is linearly exponentially damped. Thus, heuristically, if for now we ignore 4° and h.o.t in
(3.42), then, as explained in §2.4 we have the following situations: in Theorem 1 and in Theorem 2 case (i) (with
w” = 0), corresponding to Proposition 2.4 cases (i) and (ii), respectively, the whole nonlinearity is irrelevant and
we obtain Gaussian diffusive behavior of 4°; for case (ii) of Theorem 2 (w” # 0), corresponding to Proposition

2.4 case (iii), the dynamics are governed by the Burgers equation for @°.

The (unavoidable) drawbacks of the coordinates (3.38) are their relatively complicated derivation, and that (3.38)

is quasi-linear while the original system (1.2) is semi-linear.
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4 The results in Bloch wave space

To prove Theorems 1 and 2, in §5 we set up renormalization processes for (3.38) in Bloch space. For this we
need Bloch spaces with regularity and weights in £. Thus we first collect a number of definitions and basic
properties. We recall that H™2(my)={u € L*(R) : |[u] gma (m,)<co} with [[u] gma(m,) = [[up™ || mrm2 w), Where
p(z) = (1 + |2]?)Y/2, and that F is an isomorphism between H™2(my) and H™!(my), where the notation

H™ (my) = H™ (my) is used to indicate functions that live in Fourier space.

Similarly, for L > 0 and my,mg,b > 0 define

By (ma, b) :={v € H™ ((=Lk/2, Lk/2), H{Z((0,27))) = [[0llgr my 5) < 00}

18131 gy = D2 D NOFORD)P L2, 10/2) 120

a<mi B<ma

Here p = p(¥¢), i.e., we introduce a weight in the Bloch wave number ¢, and the subscript L indicates that the
Bloch wave number varies in [-kL/2,kL/2]. For fixed L > 0 the weight p is irrelevant since, due to the bounded

wave number domain, all norms || - | BT (ma,by) AT€ equivalent, but the constants depend on

BT (ma,by) a0d | |
b1,bs and L. The purpose of the weights is to take advantage of the “derivative structure” of the nonlinearity in

the equation for 4, see (3.42), and Lemma 5.2 below.

Let B™(mg,b) := B{" (mg,b). Then J is an isomorphism between H™2(mq) and B™ (mq,b), with arbitrary
b >0, see, e.g., [Sch98b, Lemma 5.4]. We define the scaling operators

Ry s B (ma,b) — B (ma,b), [Ri/L0](9,¢) = 0(9,¢/L).

Only /¢ is rescaled, and 9 is not, and similar to (3.37) this does in general not correspond to a simple rescaling
of v. However, note that a¢ = 4°(¢,t) does not depend on 9, i.e., for @° Bloch space is identified with Fourier

space, and in this case we have

T HRyypi) = F 1 (Ri1@) = LRu, (4.1)
i.e., concentration at £ = 0 in Bloch space corresponds to spreading in . Finally,

IRy L8l o) < CLP 28] ), (4.2)

and, for @,v € B}'* (ms,0) with my,me > 1/2 and £ € (—L/2,L/2),

1/2

Ri/L(Rri+Rpo)({,x) = / (¢ — Lm,x)v(Lm,z)dm
~1/2
L2
=r! / a(l —m,2)o(m,x)dm =: L™ (@ *, 9)(¢, x). (4.3)
—L/2

This will be used to express the rescaled nonlinear terms, where henceforth we will drop the subscript 7, in *j,.

To recall the heuristics, as a model for Theorems 1 and 2(i) (in which the nonlinearities are completely irrelevant),
consider the Fourier transformed version of dyu = ad?u, us—; = ug, i.e., Ot = —al?, which is solved by
a(l,t) = e_(t_l)aézﬁ(f, 1). Then, for any ¢ € C, or more specifically ¢ € R since we consider real valued functions

u, fo(€) = ce=* is a fixed point of the renormalization map
M . e—a€2(1—1/L2)'R1/La. (4.4)

Moreover, for L > 1 being sufficiently large, this line of fixed points is attractive in H?(2). To see this, write
@(f) = f.(£)+g(¢) with §(0) = 0. Then, using |§(¢)| < (¢/L)[|0egllco (by the mean value theorem) and H? — C!

we obtain

o P2(1—1/T.2 - —1p=
le= VIR gl ) < CL™ gl 2 o) (4.5)
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Thus, 9(¢,t) = @(t~1/20,t) — f.(f) as t — oo is the expected scaling for @¢ in Theorem 2(i). Theorem 2(ii) is
also based on (4.4) but we have a nonlinear correction to the asymptotic profile as explained in §2.4.

—al?

Similarly, for any ¢ € R, g.(¢) = icle is a fixed point of the renormalization map

G g e_o‘zz(l_l/Lz)L'Rl/Lﬂ, (4.6)

and again this line of fixed points is attractive in H3(2) N X, where X consists of functions with zero mean.
For this write @(¢) = ge(¢) + h(€) with 9;h(0) = 0 and use |h(¢/L)| < (¢/L)?||03h||co and H® — C2. Thus,
o(e,t) = tY2a(t1/20,t) — §.(¢) as t — oo is the expected scaling for @° in Theorem 1. The need for @ € C?
also explains the higher weight in = in Theorem 1.

Theorem 3 [Diffusive stability]. Let ug(-;k) be a spectrally stable wave—train and b € (0,1/2). There exist
e,C > 0 such that if ||(a¢,@°)|i=1||gs2)xB3(2.2) < €1 and 0°(0,1) = 52 [uc(Y9,1)d¥ = 0, then the solution
(2)xB3(2,2) 2k

(@€, @) to (3.38) exists for allt > 1, and there exists a Yym € R such that
[E/2a (6120, 8) — ihmbe ™ || oy < CEV/2F0, (4.7)
Htl/Qas(til/Zgyt)”Bi\S[(Q,Q) < O—1/2+b, (4.8)

Theorem 4 [Diffusive mixing of phases]. Let ug(-;k) be a spectrally stable wave—train and b € (0,1/2).
There exist €,C > 0 such that for |pq| < e the following holds.

(}) Assume that 8 = —3w"(k) = 0, [|a°(0,1)||g2(2) < € with @°(0,1) = ¢q/(2nk), [|@°(-,1)||p2(22) < € and
P*u®(-,1) = a°(-,1). Then the solution (4°,0°) to (3.38) exists for allt > 1, and

IRy a8, 1) — G (Dl ar2(ay < CEY/2H, (4.9)

IRy z0° (£, t)”B?ﬁ(Q,Q) <l (4.10)

where aS () = pae=F .
(it) If B = —1w" (k) # O then the same result holds with < (¢) replaced by

o (a e
B = f( 51 +zerf(19/\/%)> ®, (4.11)

where In(1 + z) = g(bd.

Before proving Theorems 3 and 4 we show that they imply Theorems 1 and 2.

Proof of Theorem 1. Given initial data in the form (2.15) from Theorem 1, i.e.,
u(x,t)|t:0 = u0(9 — 0y + ¢0(l’); k‘) + Uo(l’) with ||¢0||H3(3)7 HU0||H3(2) <eg,

we first need to extract (4, @°)|;=1 and show that they fulfill the assumptions of Theorem 3. Then we translate
(4.7),(4.8) back into (¢,v) coordinates.

Thus, as explained in Remark 3.2, let u(z, t)|t=1 = uo(J; k(1 + Jydo)) + wo () with 6 =9 — ¢o(¢) and
wo(9) 1= up(9; k) — up(V; k(1 4+ dyo)) + vo(x).

W.lo.g. assume that (1 — P%)wy = 0, otherwise redefine ¢ = pS ;¢po. This fixes the non-uniqueness in (2.15).
Also, ¢o € H™(3) for all m € N due to the compact support of ¢o, and, with 1o = dy¢o, J from (3.12) and S
from (3.34),

(@, 0% |s=1 = JS (10, wo) = J (3o, wo — S1to) (4.12)
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is well defined and fulfills [|(@¢, @°)|| g3 (2)xB2(2,2) < Ci€ and @%(0,1) = 57 [uf(¥,1)dd = 0.

We now use (4.7),(4.8) to recover Theorem 1. Using (3.10) and ffl(ige*a@ )W) = — \/1;7042716192/(404) we have
ER 12w (9, 1) — Yl R0 = FL PR i (£ ) - i&limﬁe_aez} (),
where Wjim = — Ylim L7 and from c1||@| gn )y < [Jullgmn) < c2l|@]| gnm) We obtain
Vara 20k
[tR 1 /2uC (W, 1) — rime™" /|| o) < O /240,
Then, with

(W, t) =u (P + k(cp — cg)t, t) and w(P,t) = S1u(W/k+ (cp — cg)t, t) + u’ (¥, 1)

we obtain, in L,

2]€ Plim Ot+k(ep—cq)t 13 .2 2 B
oV, t) = _ §2/(ak*at) | 4 O1!
/ (&) — eI £+0(™)
- _ Qt—1/2k2¢limae—(19+k(crcg)t)2/(4ak2t) + O(t’l), (4.13)

i.e., Glim = —4k>V a3 Ty, Also w(v,t) = Ot~ 1) since suppS; C {£1/8 < €] < £1/4} and

k/2
lu* (@, )| Lo = [|T71E°(, -, 1) () || L= = H/ U9, 6,1) de
—k/2

Lo

kt'/?/2 1)
rl/?/ QTR (9, 17120, 8)(1 + £2)2(1 + £2) 2 d

—kt1/2 /2 00
< Ct V2R, @ (-, "t)Hssﬂw) < Ot~ b, (4.14)
Finally,
9 =0 — 0y + $(0,) = 0 — g — 2k%t "/ 2ypuae” (PHhler—e)D®/ ek | o1
=0 — 0y — 2k2t~ V2P 0e~ (et /(o) | o1
using 6 = kx — wt = k(z — ¢pt) and the implicit function theorem. O

Proof of Theorem 2. First, assume that § = 0. As above we write u(x,t)|;=0 = wo(9; k(1 + Oyo) + wo (V)
with wo () := uo(V; k) —uo(¥; k(1+09¢0)) +vo(z), and where now ||¢q(-)||2(2) < € and ¢ () — ¢+ as ) — Foo.
Again, w.l.o.g. assume that (1 — P*)wg = 0. Then, for

1/J0(19> = 819¢0(’19) = uc(ﬁ, 1)
we obtain 27ka°(0,1) = [u(9,1) d¥ = ¢q, and Theorem 4 applies to
(@€, @%) =1 = JS™ (o, wo) = J (o, wo — S1p).

Thus, with ¥ (9,t) = u®(9 + k(cp — ¢g)t, t) and w(¥,t) = S1u (¥ + k(cp — ¢g)t,t) + ©®(V,t) we obtain, in L,

00.0:=0-+ [ 1 B(E 1) dE = b+ (b4 — d)——— W / T e swan e 1 o)
=6 + (¢4 — d-)erf((x — cot)/Viat) + O(t™)
and w(,t) = O(t~1/2*b) as in (4.13) and (4.14) above. Hence
=04 ¢(0,t) =0+ ¢_ + (¢ — ¢_)erf(x — c,t)/Viat) + Ot ~/?)
and by shifting the O(t~'/?)-part to v we obtain part (i) in Theorem 2. Part (ii) with 3 # 0 works in the same
way. O
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5 Renormalization

We first prove Theorem 3; the minor modifications needed to prove Theorem 4(i) are then explained in §5.5,

while the changes for the slightly more complicated proof of Theorem 4(ii) are explained in §5.6.

5.1 The rescaled systems

Based on the asserted behavior tY/2a¢(t=1/2¢,t) — himle " we introduce, for n € N and L > 1 chosen
sufficiently large below, the variables

a (k,7) := L™ (k/L", L*"1) = L"[R-n°|(k, L*"T), (5.1)
as (0, k,7) := L™ (9, k)L™, L*"1) = L"[Rp-n@*](9, k, L*"T). (5.2)
Then (ag, ) fulfill
07115, (K, 7) = Agon (R)TG (1, 7) = LA NS (i, @05 (5, 7), (5.3a)
D05 (9, k, T) — Ny il (9, 5, 7) = L3 NE (@S, @3)0, K, 7), (5.3b)

where

:\gyn(’i) = LZnS‘g(“/Ln)v ]\g,n = LQnRL*”AgRL"y
N, @) = ii(5/ LY R-a N(LT" Rpndis,, L " Ria ),

NE(@S,03) = Rp-n PSeN(LT"Rpn@il, LT "Rpn@l).

Except for the different scaling due to @ (0,£) = 0, (5.3) has a very similar structure as, e.g., [Sch96, eq.(30)] or
[Uec04, eq.(3.2)]. Thus, similar to (2.38), we shall consider the following iteration:

)(ﬂ,n,Lz)L<

Formally, (5.3) is solved by the variation of constant formula, i.e.

<SR~
IS» 30
S

solve (5.3) for 7 € I := [L™2,1] with initial data <
-1

§1> (¥, k/L,1). (5.4)

i (1, 7) = TR g (1,1 12)

n / (T (W) I3n N7 75 ) (k, 5) ds, (5.5a)
1/L2
@ (9, k) = T VEDRRLn G (9 1)
_|_/ e(T*S)f\g,nL3”./\~/'7f(ﬂf“ﬂfb)(ﬁ,m,s)ds. (5.5b)
1/L2

However, (5.5) can not be used to construct the solution since (5.3) is a quasi-linear system, as it can be seen
from N : H™2(mq) x H™2(my) — H™2(my) in (3.36). To solve (5.3) we use maximal regularity methods
[LM68] for parabolic equations in (weighted) Sobolev spaces as in [Uec07]. A posteriori, (5.5) can then be used
to estimate the solutions. Thus, we first note some properties of the linear semigroups and the nonlinearities in
(5.5), and then explain how to obtain local existence for (5.3).

5.2 Estimates on the linear semigroups and the nonlinearities

We shall need some detailed estimates on the linear semigroups and the nonlinear terms in (5.5). The idea is
to exploit the derivative-like structure in the Bloch wave number % of N'¢ as expressed in (3.42) by relaxing the
weight, and to regain the weight using e(™=™)X9.n Thus, from this point on, the weights in k become important.
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Lemma 5.1 There exists a C > 0 such that for all L > 1 we have

(777/)5\

e Raniit | s 02 SCmax{L, (7 = 7)Y/ 2H 53, (20 1): (5.6)

— YA ~
=55

—m — 2 (7)1 ~s
3 (2.2) SCmax{l, (r — /)72 2} L TGS s o, 0. (5.7)

Proof. Equation (5.6) holds since the real part of A, ,,(r) = L>*\,(r/L")=—ax?+O(x?) is bounded from above
by the parabola —agk?, while (5.7) holds since A, is a relatively bounded perturbation of L**(8y + ir/L")?
and by construction has spectrum left of —L2"~,. O

The following lemma transfers the fact that derivatives give higher powers of L~! upon rescaling to general
convolution operators with a “derivative—like” structure.

Lemma 5.2 Letm; € N,y >0, and K € C"([~1/2,1/2)%, H*(Ts,)) with | K (k—, Ol 213,y < C(|k—L]+]£])7.

Then
L)2

(0, @) — My, K)(0,0)(k, ) := /_w [Ri/L K] (k — €,,9)0(k, )0 (k — £,9) de

defines a bilinear mapping (M, K) : B]"" (2,2) x B]"(2,2) — B} (2,2), and there exists a C > 0 such that for
all L > 1 we have

||(M1/LK)(5a @)HBZ” (2,2—7) <CL” min{7.1} | \17\ |Bf1 (2,2) | \1D||an1 (2,2)"

Proof. This holds due to sup, %

<CL™. O
Lemma 5.3 Let [|(ug,;)[l(p2,, 2,22 < Bn < 1. There exists a C > 0 such that

LN (@5, @) | 5o 2.1y < CLT"RY. (5:8)
The term L*" N3 can be split according to the number of ¥ derivatives as L>"NF = ~570 —|—J\~/',f,1 —|—./\7,f72 such that

||-/\~/'7§,i||B3(27i,2) <CR:. (5.9)

Proof. We write L3"/\~/',§ = 51 + S2, where, as explained in §3.5, the lowest order term s; in L3"/\~/T§(€Lc as) reads

s1(k) = L3"iﬁ%RL_n(L‘”RLnﬁfl)*Q(n), (5.10)

cf. (3.42). This yields ||s1]/g2(2,1) < CL™™R2 by direct calculation. The remaining terms sy can be estimated in
a similar way using Lemma 5.2 and taking into account the finite support of (9y+if/k)p¢ N (€ +@°) in Fourier
space.

This does not work for L3"N3(aC, ). However, here we do not need an additional factor L=, and (5.9) simply

follows by checking the number of derivatives in N and using (4.3). (]

5.3 Local existence

Since (3.36) and hence (5.3) is quasilinear we cannot combine Lemma 5.1 and Lemma 5.3 to directly show local
existence for (5.3) via (5.5). Instead we use maximal regularity theory from [LM68]. For I = (1,71) and r,s > 0
let

H™(I,my) = L*(I, H" (my)) N H*(I, L*(m,).

Since (3.36) is a parabolic problem these spaces only occur with s = 7/2 and we set K™ (I, m1) = H™2"2/2(m,).
Then, for any given weight b > 0, Bloch transform is an isomorphism between K2 (I, m;) and

K™ (I,my,b) = L*(I, B™ (my,b)) N H™/*(I, B™ (0,)).
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Similarly, for every n, let
K7 (I,ma,b) := Ry pn K™ (I, ma,b) := L2(I, B}% (m2,b)) N H™/2(1, B} (0,b)),

i.e., the subscript L™ again indicates that the Bloch wave number varies in [—-kL"/2,kL"/2). From (4.2) we
have

||R1/Lnﬂ|‘f(zlr} (I,ma,b) < CLn(b+1/2) ||12||[~(m1 (I,ma.b) (511)

Recall that for each n the weight b in & gives an equivalent norm in K™} (I,ma,b), but the constants depend on
n. We also need subspaces of functions that vanish sufficiently fast at 7y, and define

oK™2(I,my) :={v € K™ (I,my) : 3v(-,79) =0 for j € N,j < ma/2 —1/2},
oK (1, ma,b) := {v € K (I,ma,b) : d25(-,-,70) = 0 for j € N,j < my/2 —1/2}

We set
I=(L"2%1),

and for (¢, 42)|;—r—> € [B}.(2,2)]? construct solutions (S, @) € [K3.(I,3,2)]? to (5.3). Note again that for

n? n

@S we can identify Bloch space with Fourier space such that in fact a¢ € K3(I,2) (in the Fourier sense) with
supp @S (1) C I,, = {|x| < L™¢;/4}. We abbreviate (5.3) as £,U, = N,,(U,), where

£,0, = O T) = Aga®)in(r.7) ) (5.12)
a‘ru%(ﬂ? K, T) - Ag,nufz,(ﬂv R, T)7

and, for mg > 2, we first consider the linear inhomogeneous version of (5.3) with zero initial data, i.e.,
LoUn(7) = No(7), Ny € [0K3a(I,ma —2,2)], Uplr—p-2 =0, (5.13)
where moreover for the first component N of A,, = (N, N5) we assume

N¢ e K3(I,2) (in the Fourier sense), and supp N(7) C I, = {|s| < L™¢,/4}. (5.14)

Lemma 5.4 There exists a C > 0, independent of n € N, such that for all N, € [of(%n (I,mg — 2,2)]? which
fulfill (5.14) there exists a unique solution of (5.13) with

10all 3, (rama.2) < ClIWNall, &5, (1.ms—22) (5.15)

Proof. The first component 9,4 (k, 7) — Agn(#)iS (5, 7) = N¢ is independent of ¢ and thus can be solved by
the variation of constant formula using (5.6) (Wlth b =0). For the second component we use resolvent estimates

for the solution of

(A= Agn)as = N2
There exists a C' > 0 such that for my > 2, N2 € B (mg — 2,b) all A € C with ReA > 0 we have

1351 575 (maty + ™2/l ) s0(||N;B iy + DRy Ob) (5.16)

o
Similar to Lemma 5.1 this holds since A, is a relatively bounded perturbation of L2*(dy + ir/L™)? and by
construction has spectrum left of —L?"7q. See also [Uec07, Appendix A.2] for an explanation of how to obtain
resolvent estimates in weighted spaces. From (5.16) we obtain (5.15) by continuation of N for 7 € R, Laplace

transform, and the Paley~Wiener Theorem. In fact, in (5.16) we could choose \ to the right of —L?"yg, but
ReA > 0 is enough to show (5.15) with C independent of n. O
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We denote the solution operator of (5.13) by oL,, L. To solve the nonlinear problem we write Un = f/n + Wn
where V,, € f(%n (R, 3,2) is a continuation of l~]n|T:L727 which exists due to [LM68, Thm 4.2.3]. Then W,, fulfills

EnVNVn = Gn(Wn)7 I/T/n"r:L’2 = 0) where Gn(Wn) = ‘/\777«(‘771 + Wn) - Enf/’”’ (517)

The idea is to show that for W, € oK%.(I,3,2) we have G(W,) € ¢K3.(I,1,2) and use Lemma 5.4 and
estimates on the nonlinearity to apply the contraction mapping theorem to

(W) := oL 1G(Wy). (5.18)
We set

P = [T, @)l =153, (2.2)2 (5.19)

and obtain the following local existence result, taking into account that (a¢,as)(1/L?) and (a¢_,,us ) are

related bY( Up,s n)|7‘ L-2 _LR1/L( n— 17 n 1)|T 1 and hence, by (4 2)
(a5, @p)lr=-2lB2, (2,2) <CL?p,_1.

Lemma 5.5 There exist C1,Co > 0, independent of n, such that the following holds. If pn_1 < C1L~7/2, then
there exists a unique solution (i, 45) € [K3.(I,3,2)]% to (5.3) with

'n,? n

||(un7un)H[f(%,L (132)2 = C2L7/2Pn71~ (5.20)
Moreover, for all 1 > L™2 and any mq € N there exists a Cs, independent of n, such that

”( Up,s n)H K~5 ((71,1),m2,2)]2 = < CBL /2 Pn—1- (521)

Proof. From standard Sobolev embeddings we have that N, is a smooth mapping from K3, (1,3,2) to
K3.(I,1,2), see also Lemma 5.3. To show that G, (W,) in (5.17) is in ¢K3,(I.1,2) we have to fulfill one
compatibility condition, namely G, (W )|,—r-2 = 0, which holds by construction. For sufficiently small p,_1, ®
is a contraction since N, is quadratic and higher order. In particular, combining Lemma 5.4 with a slight adaption
of (5.9) to the time dependent case we find that Cy,Cs may be chosen independent of n. The higher regularity
follows by a standard bootstrapping argument: for almost all 7 € (L72,1) we have (a¢,us)(7) € B3.(3,2).

Starting again at such a 7 the required compatibility conditions to apply Lemma 5.4 are automatically fulfilled.
This yields (5.21). O

5.4 Proof of Theorem 3 (Diffusive stability)

Due to the loss of L7/2 in Theorem 5.5 we need to improve (5.20) to iterate (5.4). Given a local solution (i, @)
with the higher regularity (5.21) this will be achieved by using the variation of constant formula and a suitable
splitting of f,.

For @ € H3(2) we define ITa¢ = 9,a¢(0), which, by Sobolev embedding, gives a continuous map, i.e. |Ili.| <
C|lul| s (o)~ Here, and also in (5.25) below, we need the smoothness in the Bloch wave number, which for @ we

again identify with the Fourier wave number. To prove Theorem 3 we write
s (K, 1) = ing(K) + 7o (K), s (k,9,1) =7 (9, k), (5.22)

where g(k) = ke and re(0) = 0,r5(0) = 0. This makes sense since 4,(0,7) = 0 for all n € N and all
7 € [1/L2, 1] if a°(0,1) = 0. Substituting (5.22) into (5.3) yields

U — by = I1IE, (5.23a)
re = LR LRy 1y 1 + IS + Resy, (5.23b)
rs = UL N LRyt A+ g+ I5y + 15 o, (5.23¢)

24



where, using the notation L3 N5 = ~7f’0 +J\~/;f,1 +/\~/§72 from Lemma 5.3,

1 5 . 1 5 5
I¢ =" / = om Ne(ag, as))(r) dr, I = / e=hon NS (@l i) (7) dr,
1/L2 ’ 1/L2 ’

and where the residual in (5.23b) is defined by Res,, = iwn_1e(1_L72)5‘9v"LR1/Lg — i), g. We also define
Pn,c = ||7"7Cz||Bgn(2,2) and  pn s = ||7"fz||Bgn(2,2)a

which gives, cf. (5.19), pn, = ”11761”32’71,(2,2) + ”afz”B?L’n(ZQ) < Clvnl + pnje + pnys-
Now assume that p,_; < L~7/2. Then from (5.6),(5.8) we immediately obtain

¥ — 1| < CL™(C2L™?pp_y)? (5.24)

with Cy from (5.20). Moreover, ||e(1_L72)5‘ﬂv"LR1/Lg = 9lBz, 22 < CL~2" and hence [Resn|[ps, (2.2) <
CL™2"|tp,,_1|. Next, we have

_r—2y% c — c
[ e F " Pom LRy vt il B3, 2,2) < CL il B3, 2.2)- (5.25)

This follows from r_, (k/L) = (%£)?02r¢_, (&) for some & between 0 and x. Here again we need the smoothness

in k. Combining the above estimates we arrive at
pre < CL ™ pp_y o+ CLT(CoL™?p,_1)% + CL™*"thy_1]. (5.26)
To estimate p;, s first note that
He(l_rz)]\g LRy/pry—y ||Bin(2,2)§ce_’Y°L2n L p, 1 <L pp_vs (5.27)
for L sufficiently large. Next, I; ; and I;; ; can be estimated using (5.7) and (5.9) to
||IZ,0||Bin 2,2) T HIZJHBin 2,2) < CL™™(L"?p,_1)*. (5.28)

However, for the quasi-linear part I;; , we have to use the higher regularity (5.21) and split I;; , = fll/jz <o dr+
f11/2 -+~ dr to obtain

1/2 1
||IZ,2||BI3;,L(2,2) SC(02L7/2P71—1)2 / (1— T)flef'yoL2 (=7 4r + O(C3L7/2Pn—1)2/ e*'yoL2 =) 4r
1/L2 1/2
<C(C24CHL™(L?p,_1)2. (5.29)
This yields
prs <CL  pp_y +CL™ (L7 ?pp_1)? (5.30)

Now, let L > Lo with Ly so large that CL™! < L=(1=b) and let po = ||(@°, @*)| ps(2,2) < L~*. Then, combining
(5.24), (5.26), (5.27) and (5.30), iteration shows that there exists a 9y, € R such that

|¢1im - wn| + Pn,c + Pn,s S L_n(l_b) as n — oo, (531)

where the correction L™ takes care of the powers C™ arising in the iteration. This discrete convergence implies

Theorem 3 using ¢t = L?"7 and the local existence Theorem 5.5. (]
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5.5 Proof of Theorem 4(i) (Diffusive mixing, Gaussian case)

The main difference compared to the proof of Theorem 3 are different scalings for S which are now based

on (4.4) instead of (4.6). Thus, we introduce

n’ n7

al (k,7) = Rp-nt®(k, L*"1), @5 (9,k,7) = Rp-nt* (0, k, L*"7). (5.32)
We want to show that
@l (k1) — pge™ ™, @ (k1) =0 as n — oo. (5.33)
We obtain
D-0E (K, T) — Mg (R)US (K, 7) = LA NE(@S, @S) (K, T), (5.34a)
005 (9, k,7) — Ny il (9, 5, 7) = LQ"Nj(u%,un)(ﬁ,m,T), (5.34b)

where A, (k) = L¥" A\ (k/L*") and Ay, = L**Ry-nAyRpn as before, and

NI 15) = 70/ LV R o (R, Ry,
Ni(ﬂ%»f@) = RL‘" mfN(RL"unﬂRL"un)'

uy,_
=Ry | 71
T=L—2 Un—1

The local existence for (5.34) works exactly as for (5.3). In contrast to Lemma 5.5 with (aS,as)(1/L?) €

[B%.(2,2)]? it suffices here to take (a¢,us)(1/L?) € [B%.(2,2)]? in order to extract the asymptotics (5.33),
cf. (5.45). Thus, we set

The renormalization process reads

=4}

(5.35)

=3}
I® 306

solve (5.34) for 7 € I := [L™2,1] with initial data <

pr = (a5, @) =1 llis2,, 2202 (5.36)

and for p,_; < C1L~%/? we obtain a local solution (a¢, %) € [K2,(I,3,2)]? to (5.34) with

n» -'n

(@5, @)z (13272 < CoL??pa, (5.37)
and for each 7 > L~2 and my € N there exists a C3 such that we the higher regularity
~c ~ 5/2
||(UfwUi)”[f(gn((n,1),m2,z)]2 < C3L°?p, 1. (5.38)
The estimates for the linear semigroups work as before, i.e., here

e )’\g’”afLHB? (2,2) SCmax{l, (1 — T/)_b/Q}HafL||Bin(2,2fb)» (5.39)

(T*T,)]\g n

e 5|2, 22 SCmax{l, (7 = 7) 722} E T @ g o). (5.40)

The nonlinearities are now estimated as follows.

Lemma 5.6 Let ||(a€ (B2, 2.2)2 < Ry < 1. There exists a C' > 0 such that

’ﬂ7 ’I’L)

LN (s, ) | 2

n

21) < CL "R} (5.41)
The term L2”./\~f7f can be split according to the number of ¥ derivatives as LQ”/\7§ = ~§70 +./\~f7§,1 —|—j\7§72 such that

||/\77f,i||3§n(2—¢,2) < CR;. (5.42)
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Proof. Apart from the different power counting, the proof works like the one of Lemma 5.3, with the crucial

difference that now the term s; from (5.10) vanishes since § = 0 by assumption. O

Similar to (5.22) we now set
ﬂ‘%(ﬂ’ 1) - (bdg(ﬁ) + T;(K)v ﬁi(ﬁv v, 1) = sz(ﬁv 7*9)3 (543)

where g(k) = e~ and r2(0) = 0. Here no variables ¢,, are necessary since, due to the conservation of total
phase shift, i.e., 9;a°(0,t) = 0 for all t. We obtain
re = =L Dan Ry re 4 IS + Resy, (5.44a)
rs = WM Ry s IS+ IS+ I, (5.44b)

where Res,, = (bd(e(l*L_?)S‘g’”Rng —g) and
1 - 1 P
e [ e g L= [ e R (a3 d,
1/L2 ’ 1/L2 ’

with L2 N5 = ~£70 —|—J\7,f’1 —l—/\7§72 from Lemma 5.6. Clearly, ||Resy| g2, (2.0) < Cl¢a|L ™", and

Ln

—_— -2 3 p—
[0 R0 Ry e I o2y < CL7 s Iz,

(272) (5.45)

which follows by writing 75, ;(k/L) = (£)0xr5,_1(k) for some & between 0 and x. Combining this with (5.39)
and (5.41) thus yields

pn,c S CLilpnfl,c + CLin(CQL5/2pn71)2 + C|¢d|L72na (546)
and similarly
Pr,s < Lilpn—l,s + 0(022 + C??)Lin(L5/2pn—1)2- (5'47)

The proof of Theorem 4(i) now follows by iteration. At this point the assumption |¢4| < € is crucial. This can
be seen by computing p,, . in powers of L for n = 0,1,2,... starting with pg . = 0. Hence, we need |¢q| < L~¢
with d sufficiently large. O

5.6 Proof of Theorem 4(ii) (Diffusive Mixing, Burgers’ case)

Essentially, Theorem 4(ii) is again based on the scaling (5.32). However, the crucial difference to the case 5§ =0
is that now the analog of (5.41) no longer holds. Therefore, we need to scale 4° differently, i.e., we blow up a4 in
order to avoid problems with the quadratic terms involving @° in the critical part, in which the term i¢3(ac * @)

will give the Burgers dynamics for @¢. Thus, for small p > 0 we introduce

aé (k,7) = Rp-nt®(k, L*"7), @5(0,k,7) = L"(l_p)RLﬂLﬂs(ﬂ,K,LQ"T), (5.48)

to obtain
D1 (K, T) — Ao (R)TS (k5 7) = L2NE(aS,, 4S) (s, 7), (5.49a)
D-5 (9, K, T) — Ny S, (0, K, 7) = L"C PN (S, 05)0, K, 7), (5.49b)

where again A, (k) = L**\,(k/L") and A, ,, = L*"R-»A,Rpn, but now

Ne(as, @) = i(k/L")Rp-n N (Rpnttl,, LT"PIR pudi),
NE(ES, @5) = Rp—n PN (Rpnitl, LT PR L 5).
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Accordingly, the renormalization process reads

=3}
S®» 30

solve (5.49) on 7 € I := [L™2,1] with initial data <~
a

_ U1
T = T

The estimates for the linear semigroups are again (5.39) and (5.40), while the nonlinear terms are estimated as

T=L—2

follows.

Lemma 5.7 Let ||(a5,, )|l (52, (2,202 < Bn < 1. There ewists a C > 0 such that L2 NE(US,08) = s1450+53+54

with s1 = 10Bk(aS, * aS) and

5212, 2.1) < CL—"H%H%gn(z,Q)’
||33||B§n(2,1) < CL—"(l_p)HfLZHBin(m)||ﬁi||B§n(2,2)a (5.51)

[sallBz, 2,1) < CcL~U-PR2,

The term L"(?”p)ﬂ/ﬁ can be split according to the number of ¥ derivatives as L”(B’p)ﬂ/ﬁ = ~,f’0 —I—J\7,f’1 +/\7§)2
such that

||/\77f,¢||B§,L (2—i,2) < C(Ln(lfp)||ﬂfz||233n(2,2) +R). (5.52)

Proof. The term sy contains the quadratic terms in @¢ except for i3k(aS * af), i.e., so is of the form sa(k,t) =

h(k/L™)(a¢ * u) with h(k) = O(k?). s3 contains the quadratic interaction of @S and @S, and s4 contains the

remaining terms. Then (5.51) follows from the finite support of N,f in Fourier space. It is in s3, s4 that the blowup
scaling @ (9, k, 7) = L™ PR _na®(9, k, L*"7) is useful. Equation (5.52) again follows by straightforward power

counting. 0
The terms involving only @f in (5.52) blow up as n — oco. However, combining (5.52) with the exponential

damping in the stable part, cf. (5.40), we still get local existence for (5.49) with constants independent of n. We
let

pn = (U5, @) =152, 2,2)125 (5.53)

and for p,_1; < C1L~%/2 obtain a local solution (a$, ) € [K2(1,3,2)]? to (5.49) with || (i, n)||[K L3 S

CyL%/?p,,_1, as in (5.37), which moreover enjoys the higher regularity ||(g, ﬂi)”[l?in((n,lhrnz, » < C5L52p, 4,
cf. (5.38).

Similar to (5.22) and (5.43) we now separate from «f the lowest order asymptotics, now obtained from the
Burgers equation. However, due to the contribution s; = i8k(aé * 4f) of the nonlinearity to the asymptotics

here we work out an intermediate step and split u¢, in a 7 dependent way. In detail, let
Uy, (K, 7) = g, o (K, T) + (K, T) (5.54)

where

—92%/(k%at)
U (R, 7) = X (K/L")uL (s, 7) - with ai(&t):?(“a - )/z

B 1+ zerf(d/vVkat)

cf. (4.11), and x from (3.17). Consequently &, (0,7)=0 for all n, 7 due to the conservation of total phase. Then

005, (K, 7) = Agm(K)a5, (5, 7) = L*™(N5 (a5, @05, (5, 7) — N5 (45, .., 0)) + Res, (5.55a)
005 (0, Ky T) — Mg @S (0, 5, 7) = L"CPINE (@S, 45) (0, k, T), (5.55b)
where
Res,, = -0 un*+>\gn( yas , + LN (a mxs 0)-
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Lemma 5.8 There exists a C > 0 such that supp,—><, <1 [[Resn(7)| 52, (2,2) < CL™"|¢al.

Proof. By construction, i.e., since u¢ , is an exact solution of the Burgers equation,

n,*

Res,(k,7) =CL™" ((’)(/ﬁg)ﬂz,* + O(KQ(QZ,* * ﬂfl*))>

which can be estimated in B%,(2,2) by L™"|¢4| since u$(k,7) is analytic and exponentially decaying. O

Now setting

U (k1) = Uy, (k1) +17(k), g (k,9,1) = 15 (K, 7)), (5.56)

the remainder of the proof of Theorem 4(ii) works as the proof of Theorem 4(i) in §5.5. O
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