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Abstract

We consider cubic Klein-Gordon equations on infinite two-dimensional periodic metric
graphs having for instance the form of graphene. At non-Dirac points of the spectrum,
with a multiple scaling expansion Nonlinear Schrédinger (NLS) equations can be derived
in order to describe slow modulations in time and space of traveling wave packets. Here
we justify this reduction by proving error estimates between solutions of the cubic Klein-
Gordon equations and the associated NLS approximations. Moreover, we discuss the
validity of the modulation equations appearing by the same procedure at the Dirac points

of the spectrum.

1 Introduction

In [GPS16], with a multiple scaling expansion the NLS equation and the Dirac equations have
been derived as effective equations for the description of slow modulations in time and space
of traveling oscillating wave packets on infinite one-dimensional periodic metric graphs such as
the necklace graph. The associated NLS approximation and Dirac approximation have been
justified by error estimates.

It is the goal of this paper to transfer the results from [GPS16] from one-dimensional (1D)
to two-dimensional (2D) periodic metric graphs, where we concentrate on the most prominent
2D periodic metric graph, namely the honeycomb graph, which reminds of the hexagonal form
of graphene. The approximation result for the NLS approximation is given in Theorem 7.1 and
the approximation result for the counterpart to the Dirac approximation is given in Theorem
8.1. At a first view the transfer seems rather straightforward, but on a second view various
new challenges occur.

First, in 1D the spectral curves at the Dirac points are smooth and a Taylor expansion of

those is possible, whereas in 2D the spectral surfaces at the Dirac points form a cone and so



no Taylor expansion of the spectral surfaces is possible. In Section 8 we get rid of this problem
by extracting other smooth two-dimensional structures.

Secondly, for the derivation and justification of modulation equations, such as the NLS
equation and the Dirac equations, in periodic media Bloch transform turned out to be a
fundamental tool. For the 1D necklace graph it is straightforward how to Bloch transform
the original nonlinear PDE posed on the 1D necklace graph. However, in order to apply the
existing theory for the derivation and justification of modulation equations in periodic media
to the 2D honeycomb graph we have to Bloch transform the original nonlinear PDE over a
Brillouin zone which is a torus. For the hexagonal graph the standard cell is trapezoidal. Since
we work with metric graphs, we can use the fact that with this respect the honeycomb graph
is equivalent to the brick graph which easily can be Bloch transformed over a 2D torus as
Brillouin zone. See Section 2 and Section 6.

Thirdly, since our theory is L?-based, due to the scaling property of the L?-norm, in 1D
we lose O(e7/2) in the residual estimates, but in 2D we lose O(¢7!), where 0 < ¢ < 1 is the
small perturbation parameter occurring in the derivation of the modulation equations. As a
consequence of this loss, higher order terms have to be added to the approximation. One has
to be careful in doing so for metric graphs due to the Kirchhoff boundary conditions at the
vertices, cf. Section 2, in order to avoid an unwanted loss of regularity. See Section 7.3.

Finally, we consider a cubic Klein-Gordon (cKG) equation instead of a NLS equation as
in [GPS16] as original system on the metric graph and to our knowledge prove a first local
existence and uniqueness result for the cKG equation posed on a periodic metric graph, see
Section 5.

The plan of the paper is as follows. In Section 2 we define what is meant by posing the cKG
equation on a honeycomb graph and explain that it is advantageous to consider the associated
nonlinear initial value problem on the equivalent brick graph. In Section 3 we recall spectral
properties of the Laplacian on the honeycomb/brick graph. We explain in Section 4 for two
other 2D periodic metric graphs how they can be handled with our approach. In Section 5
we use semigroup theory and suitable function spaces for a local existence and uniqueness
result. In Section 6 we derive a Bloch wave representation of the cKG equation on the periodic
brick graph. This representation is the basis of the derivation of effective amplitude equations
in Section 7 for non-Dirac points of the spectrum and in Section 8 for Dirac points of the

spectrum.

Notation. We denote with H*(R?) the Sobolev space of s-times weakly differentiable func-
tions whose derivatives up to order s are in L*(R?%). The norm |Ju|zs for u in the Sobolev space
H*(R?) is equivalent to the norm [|(1 — A)*2ul|;> in the Lebesgue space L?(R?). Throughout
this paper, many different constants are denoted by C', if they can be chosen independently of
the small perturbation parameter 0 < ¢ < 1.
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2 The cKG equation on a honeycomb /brick graph

We are interested in the nonlinear dynamics of modulated waves on graphene like quantum
graphs. We consider the cubic Klein-Gordon (cKG) equation

Ru=Au—-u—u®, teR, €cTl, u:RxI =R, (1)

on the periodic metric graph I' in Figure 1(a). Equation (1) can be seen a phenomenological
model describing electromagnetic waves on graphene like wave guides.

A metric graph is a network of one-dimensional bonds (or edges) of certain lengths, con-
nected at the vertices. As a metric graph, I' is equivalent to the brick graph I' plotted in Figure
1(b), because angles between bonds are irrelevant in this context. The hexagonal geometry of
' motivates coordinates that allow a simple analytical solution of spectral problems for typical
Schrodinger operators on T, see [KP07] and below. Our representation I' makes such spectral
problems somewhat more complicated, because we essentially have to choose a fundamental
cell which is four times bigger than the one for I', but we believe that the nonlinear problems
we consider are more transparent in the rectangular coordinates used in I'. See Remark 3.3
for further comments.

The graph I' can be described as

r=1r"erlv, with "= @nGZ,mEZ,m—&-nEQZ—HFﬁL’n and IV = @nEZ,mGZFng

where I'7, | is the horizontal link of length m between the points { = (x,y) = (mm,n7) and
§ = ((m+1)m,nr), and '}, , is the vertical link of length m between the points (mm, nm) and
(mm, (n + 1)7). For a function u : I' — C, we denote the part on I'y, | with u;, . and the part

y ith w?
on I'Y . with u, .

(a) (b)

Figure 1: (a) A graphene like metric graph, and (b) the associated equivalent metric “brick”
graph with the indices of two vertex points. For both graphs we take the edge lengths m

The second-order differential operator L = —A + 1 is given by —9% + 1 on I'*

m,n’

and by
—85 +1on I, ,. We use Kirchhoff conditions at the vertex points V = {(z,y) = (mm,nr) :
m,n € Z}, which are given by the continuity of the functions and of the fluxes at the vertices.
For m + n odd we have

uim(mﬂ,mr) = ufmn(mw, nm) = u%l’nfl(mﬂ,nﬂ), and (2)
D, (M7, MT0) 4 Oyl (M, nw) — Oyuy, ,, (mm, nm) = 0. (3)



For m 4+ n even we have

Uy, (mm,nm) = ul),  (mm,nm) = uszl(mw, nr), and (4)
Oply, 1 p(mm,nm) — Oyut,  (mm,nm) + Oyuy, , 4 (mm,nm) = 0. (5)

We introduce the functions

33( ) uﬁ@n(xfy)u (1’73/) Erﬁqn; m—i—nodd,
u \x = ? )
Y 0, elsewhere,

Ui (@,y), (z,y) €Y,
0, elsewhere,

collect u® and uY in the vector U = (u*,uY), and rewrite the evolutionary problem (1) as
RU=AU-U-U> tcR, £cT\V, (6)

with the conditions (2)-(5) at the vertex points. The cubic nonlinear term U? stands for the
vector ((u®)?, (u¥)?).

3 The spectral problem

We are interested in the dynamics of modulated waves of small amplitude. Thus in the deriva-

tion of effective equations the linearized problem plays a fundamental role. The linearization

of (6) at U = 0 reads
OU = —LU := AU - U, (7)

ie., LU = —AU +U together with the vertex conditions (2)—(5). Linear Schrodinger operators
on metric graphs, such as L and more general versions, have been studied extensively, see, e.g.,
[BK13]. Here we consider L in the space

L2 ={U = (u",uw¥) € (L*(T))*},
with the domain of definition

H> ={UecL?:uS, , € HX TS, ), (2) — (5) are satisfied}.

ni,n2 ni,n2

We also need the intermediate space

H = {UecL*: 8, € H(TS, ), (2) and (4) hold}.

ni,n2 ny,n2

The H?® norms on these spaces are

1/2
e = (X Wbl )
(¢n1,n2)
Problem (7) is solved by so called Bloch modes
Ult,z,y) = e“te™ e f(k,1,z,y), kI1eER, (x,y) €T, (8)
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where f = (f*, fY) satisfies
fh b xy) = f(k Lz +2my) = fk 1 z,y+2m), (9)
flk,La,y) = fk+ 1,1, 2,y)e” = f(k, 1+ 1,2,y)e". (10)
Due to (9) and (10) we can restrict ourselves to the Brillouin zone (k,l) € T?, and for f® to
x € Ty and y € {0, 7}, and for f¥ to y € Ty, and & € {0,7}. The torus Ty is isometrically
parameterized with &k or [ € [—1/2,1/2] and the torus Ty, with z or y € [0, 27|, where the

endpoints of the intervals are identified to be the same. Hence, f can be found as a solution
of the eigenvalue problem

—(0p + 1) f(k Ly y) + [k L, y) = 0P (R, D) f (R Lwyy),  for o€ Tor, (11)
—(8y—|—il)2fy(k,l,$,y)—i—fy(k,l,x,y) :wz(k,l)fy(k,l,x,y), fOI‘ Yy €T27T7 (12)

subject to the following vertex conditions. For odd m + n we have

(K L,mm,nm) = (kL mm,nr) = f) . (k,l,mm,nr), and (13)
(On +1k) f (ks L, n) + (0, +il) £, (K, I, mm, n)
- (ay + ll) gL,nfl(kv l7 mr, nﬂ-) =0, (14)
and for even m + n we have
o1k Lmr,nm) = fY (k[ mr,nm) = f  _(k{,mr,nr), and (15)
(aﬂ? + 1k> Tifl,n(kJ l? mm, nﬂ—) - (ay + ll> #L,n(ka l? mrm, nﬂ-)
(0 + )y, L m, mm) = 0. (16)

Due to (9) and (10) we can restrict the function f to the (fundamental) cell

[y = EB(C,TLLM)GIngLI:”?’

cf. Figure 1 and Figure 2(a), with the index set

Iy = {(2,1,0), (2,0,1), (y,1,0), (3, 1, 1), (3,2, 0), (5,2, 1) }. (17)
Together, for fixed k,l € Ty, (11)—(16) define the eigenvalue problem
L(k,)f = A(k, 1) f, (18)
where \(k,l) = w?(k,l). For fixed k,l € T, we define
Li = AU = (@5, ) cnimo)en, € (L7(T2r))® : supp(i, ,) TS, 1y} (19)

and

H2(k,1) :={U € L% : u; € HA(TS, ), (C,m1,m9) € I, (13) — (16) are satisfied},

ni,n2

equipped with the norm

1/2

U 200y = > 5 s Mo,

(¢n1,n2)el

Similar to [GPS16, Lemma 2.2] we obtain the following result.
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Lemma 3.1. For fized k,1 € Ty, the operator L(k,1) : H2(k,1) — L% is self-adjoint, positive
definite, and has compact resolvents.

By Lemma 3.1 and the spectral theorem for self-adjoint operators with compact resolvents,
for each k,l € T, there exists a Schauder basis {f™(k,1,-,-)}men of L% consisting of eigen-
functions of L(k,1) with positive eigenvalues { A, (k, 1) }men, ordered as A (k, 1) < A1 (k, ).
By construction, the A, are periodic w.r.t. k£ and [, and the Bloch wave functions satisfy (9)

and (10), and the orthogonality and normalization relations
<f(m)(kal7'a')7f(m/)(k7l7'a')>L% :6m,m’7 k7l € Tl‘ (20)
Via the \,, we find w = w™&™ with w™ = /\,, and W™ = —w(™.

(a) (b) (c)
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Figure 2: (a) The basic cell. (b) A selection of spectral surfaces \,,, and the flat band A = 5,
showing in particular five Dirac points, two at A ~ 3.25, one at A = 5, and two at A ~ 7.25.
The colors of the bands are chosen to be consistent with those in (c), and the Brillouin zone T?
is slightly cut off in [ for graphical reasons. (c¢) The spectral surfaces A, m =0 (black), m =1
(blue), and m = —1, associated to a minimal trapezoidal fundamental cell and associated
Brillouin zone T3, cf. (21), again with the flat band A\ = 5, cf. Remark 3.3 for a more detailed

explanation.

Additionally, let ¥ = {\ = k> + 1 : k € N} denote the set of Dirichlet eigenvalues of
—92+ 1 on (0,7). Then each A € X yields an eigenvalue X of L of infinite multiplicity, with
eigenspaces generated by so called simple loops which are localized in a single hexagon, see
[KP07, Lemma 3.5]. By linear combinations of these localized eigenfunctions an associated
Bloch mode representation can be constructed. Therefore, horizontal planes occur in the
spectral picture plotted in Fig. 2(b), which shows a selection of spectral surfaces \,,(k,1). For
some ), there appear conical singularities at certain so called Dirac points (k,1) € T?. See
Remark 3.3 for further comments. In summary, we have, cf. [KP07, Theorem 3.6].

Theorem 3.2. The spectrum o(L) consists of the spectral surfaces T? > (k,1) — A\n(k, 1),
m € N (absolutely continous spectrum), and the eigenvalues P of infinite multiplicity.



Remark 3.3. a) As already said above, the spectral problem can be analyzed more efficiently
on the original hexagonal graph I by choosing a minimal trapezoidal fundamental cell [KP07].
Transfering the analysis from [KP07] to our case (bond lengths 7, potential gy = 1, cf. d)), we
obtain that the spectral surfaces A &€ X7 are given by

Am(k, 1) =1+ (% arccos(F(k,1)/3) + m) , méelZ, (21)

see Fig. 2(c), where F(k,1) = |1 + ™ + ¢/™|, and k,[ are quasimomenta associated to non—
orthogonal directions, e.g., e; = (v/3/2,1/2) and e; = (0,1). The function F has range [0, 3]
with minima at (k, )i, = £(2/3,—-2/3) and a maximum at (k,!)max = (0,0), yielding Dirac
points. Similar fairly explicit results on dispersion relations for other periodic quantum graphs
associated to tilings of the plane such as triangular graphs and trihexagonal (or Kagome)
graphs are given in [LJL19], again based on non-rectangular fundamental cells.

However, such non-orthogonal coordinates make the treatment of nonlinear terms (see
below) in momentum space somewhat inconvenient, and we believe that our results on the
nonlinear problems are easier interpreted in the orthogonal coordinates x,y. For these reasons
we prefer to work on I'. We remark that ’distorted” hexagonal graphs (of unequal side-length)
also fit into this framework via rescaling of side-lengths, and that subsequently we comment
on two other periodic quantum graphs which can be treated similarly, namely the rectangular
graph (trivially), and the triangular graph, cf. Examples 4.1 and 4.2.

b) To (numerically) compute the dispersion relation in Fig. 2(b) we proceed as follows.
On I'g, and I'f ; we have the ODE (11), while on the remaining bonds (12) applies. For (11)
we choose a fundamental system ¢y, ¢1, and for (12) we choose vy, 1, which depend on k
and [, respectively. The solutions f§, f{',..., f3, are then written as f§, = a1y + f161,
fi1 = b + Potfn, ..., f31 = agio + Betr, such that the vertex conditions (13)—(16) lead to
a 12-dimensional system M (k,l,w)® = 0 for the unknown coefficients ® = (a1, f1, ..., as, B5)
with nontrivial solutions if and only if

det M (k,l,w) = 0. (22)

This can be simplified considerably, starting with a smart choice of the fundamental system(s).
For the different and simpler choice of the fundamental cell, this is done in [KP07], leading
to the analytic solution in (21), and similarly in [LJL19]. However, to obtain Fig. 2(b) we
simply solve (22) numerically, starting with different initial guesses for A(k,1) to obtain the
given selection of surfaces.

c¢) Alternatively to (8) one can consider Bloch modes of the form f(k,l, z,y) with cyclic
boundary conditions

flk+1,Lzy) = f(k1+1z,y) = f(klz,y),

in which case the associated linear problem is (11)-(16) with 0, + ik and 0, + il reset to 0,
and 0y, respectively. This for instance yields a slightly simpler calculus for the fundamental

(23)

systems on the edges. One advantage of our ansatz (8) is a simpler isomorphism property of

the associated Bloch transform stated in Lemma 6.1.



d) Instead of —9? + 1 on the edges we could also consider —d? + gy with a potential gy > 0,
or even more generally g € L*((0,27)) non-negative and even, i.e., qo(21 — ) = qo(z), see
[KP07]. The numerics as in b) work as long as we can find a fundamental system for the ODEs
on the bonds. However, in order to not proliferate symbols we set gy = 1.

e) The flux vertex conditions (3) and (5) are often generalized to so called § vertex conditions
[BK13] of the form Zjvzl u; = du, assuming that N edges meet in a vertex with suitable
orientations of z for incoming and outgoing edges. This can also be modified to so called ¢’
vertex conditions, and the only restriction is that L stays self-adjoint. In many of these cases,
a similar spectral analysis as above holds. However, here we are interested in the nonlinear
problem (6), and for § # 0 the corresponding space H2 is no longer closed under multiplication,

and therefore we stick to (3), (5), i.e., § = 0.

4 Two other examples

We give two more examples of 2D periodic metric graphs for which the analysis of the present
paper applies. For the first one this is trivial, but the second one shows that a treatment with
rectangular fundamental cells is possible for, e.g., all the metric graphs treated in [LJL19], i.e.,
for instance also for the trihexagonal (Kagome) graph. We emphazise that the procedure is
useless for the linear problems, which can be treated more efficiently using non-rectangular
fundamental cells, and that our transform to axis-parallel bonds is exclusively motivated by
the nonlinear problems.

Example 4.1. (The square graph) The periodic metric graph I'" from Fig. 3(a) can be
expressed as

r=re Fya with " = @nEZ,mGZF%m and IV = @nEZ,mGZF%@,m

where Ty . represents the horizontal link of length 27 between the points (27m,27n) and
(2m(m + 1),27n) and where I'}, | represents the vertical link of length 27 between the points
(2mm, 2mn) and (27m, 2m(n + 1)). For a function u : I' = C, we denote the part on I'},  with
Uy, , and the parts on 'Y, with u}, .

The second-order differential operator —A+ qo, with gg > 0 a constant, is given by —d2 + qq
on I'? and by —92 4+ qo on I'Y, . The Kirchhoff boundary conditions at the vertex points

{(z,y)=(2mm, 2mn) : m,n€Z} are now

Uy, o (2mm, 2mn) =y, (2mm, 2mn) = Y, (2mm, 2mn) = uy, . (27m, 27n), (24)
Opy, ,(2m, 270) —Opttyy, 4, (270m, 2700 ) +0yu, | (270m, 2mn) —0yuy, 4 (2m, 27n)=0.  (25)
Again we introduce the functions
. U (T,Y), (2,y) €T, U2, Y), (,y) €T,
w(ag) = el ) € By gy 3 ) (220) € T
0, elsewhere, 0, elsewhere,

collect u® and uY in the vector U = (u”,uY), and rewrite the evolutionary problem (1) as

U =AU —qU -U?*=0, teR, (n,y)el\(21Z)?% (26)



Figure 3: A square periodic metric graph I" (a), and exampe spectral surfaces (b), see (27).

subject to the conditions (24)-(25) at the vertex points (z,y) € (27Z)?, and where the cubic

nonlinear term stands for the vector U3 = ((u®)3, (u¥)?). Now we can proceed exactly as above.

2

- are obtained from

For instance, for gy = 0 (cf. Remark 3.3(d)), the spectral surfaces \,, = w

1 1
wm (k1) = o arccos(é(cos(Qﬂk’) + cos(2ml))) + %, m €N, (27)

together with flat bands A = (m/2)%,m € N, see [Exn95], and Fig. 3(b) for a sketch. Obviously,

rectangular graphs can be treated in the same way.

Example 4.2. (The triangle graph) Figure 4 shows a triangle graph and a possible rep-
resentation in rectangular coordinates, for which we choose as fundamental cell I'y U ... U T
consisting of I'y connecting (0,0) with (27,0), Iy connecting (0,0) with (0,27), I's connect-
ing (0,0) with (m,0), I'y connecting (7,0) with (m,7), I's connecting (7, 7) with (27, 7), and
['g connecting (27, 7) with (27, 27). The parts I'y and T’y will be identified with the interval
0, 27], the parts '3 and I'y with the interval [0, 7], and the parts I's and I'¢ with the interval
(7, 27]. The part of the solution living on I'; is denoted by u;. We obtain the following Bloch

transformed eigenvalue problem

(0 +ik)uy —up = —w?uy, on I'y,

(0y + iD2uy —uy = —wluy, on I'y,
(V20, +ik)uss — uzs = —w?uss, on I's 5,
(\/§8y +il)uss — g = —w’usg, on I'yg,

where the scaling in the last two equations comes from the scaling of the diagonal to come
from the original graph to the equivalent graph, i.e., & = v/2x implies 9; = v/20,. The vertex
conditions then are

u1(0,0) = u9(0,0) = u3(0,0) = uy(2m,0) = uz(0, 27) = ug(2m, 27),

ug(m,0) = uy(m,0), ug(m, m) = us(m, ), us(2m, ™) = ug(2m, M),

Opusz(m,0) = yuy(m,0), Oyuy(m, m) = Oyus(m, ), Oyus(2m, ) = Oyug(2m, m), and
9,1 (0,0) + 8yu5(0, 0) + V20,u5(0,0) — dpuy (27, 0) — Dyus(0, 27) — V20, u6(2m, 21) = 0.



(a) (b) (c) (d)

J "
Ui Us

Uyg
* Uz, U3

.
1
| [

Figure 4: (a),(b) The triangle graph and its fundamental cell. (c),(d) An equivalent metric
triangle graph and its basic cell. Since we have metric graphs it does not matter which path
we choose on the diagonal. However, since we changed the length from (b) to (d) we have to
rescale the differential operator on the diagonal elements in (d). See the explanations above.

5 Local existence and uniqueness

In this section we prove that the cKG equation (6) defines a well-posed initial value problem.
The functional analytic frame which we use for the local existence and uniqueness of solutions
of the cKG equation (6) will also be used as the basics for establishing the error estimates for
the two approximations introduced in the subsequent sections.

From Theorem 3.2 we obtain the existence of a self-adjoint and positive definite root (2 of
L. Thus, setting V = —Q719,U we can rewrite (6) as

W = AW + N(W), (28)

U 0 —Q 0
(D) a- (3 0) ()

As a consequence of classical semigroup theory [Paz83|, we have

with

Corollary 5.1. The skew symmetric operator A with domain D(A) = D(Q2) x D(Q2) defines a
unitary group (e)icr in L2 such that ||eMW ||z = ||W||z2 for every t € R.

Another direct consequence of classical semigroup theory is

Corollary 5.2. There ezists a positive constant C', such that
e W [ 3292 < CLl[W || (3422 (29)
for every W € (H?*)? and every t € R.
Proof. We find
[eXW |22 < CIIA2NW |22 < ClleM AW |22 = ClINW || (222 < Cl[W ]| 322,

where we used the equivalence of the norms || - ||(2)2 and [[A? - [|(z2)2 = ||diag(L, L) - || (£2)2,
that A? and e commute, and that e* is a unitary group, cf. Corollary 5.1. [
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Using additionally that the space H? is closed under multiplication, cf. [GPS16, Lemma
3.1], allows us to proceed with the general theory for semilinear dynamical systems [Paz83| in
proving the local existence and uniqueness of solutions of the initial value problem associated
with the cKG equation (28) in the phase space (H?)2.

Theorem 5.3. For every Wy € (H?)?, there exists a to = to(||Woll32)2) > 0 and a unique
solution W € C([—to, to], (H?)?) of the cKG equation (28) with the initial data W= = Wp.

Proof. From U € H? it follows that U3 € H?, cf. [GPS16, Lemma 3.1]. Moreover, we have
107 0% I3z = [|QU°|| 22 < Ol Q0P| 22 < |UP ||z < ClIW |22,

such that the nonlinearity is locally Lipschitz continuous from (#?)? to (H?)2. Then we use

the variation of constant formula to rewrite the initial value problem associated with (28) as
t

Wi(t,-) =MW +/ AN (W) (r)dr, (30)
0

and seek the solution in the space

M= {W € C([~to, to], (H*)?) 1 sup [[W(t, ) — eMWoll2)2 < Cs},
tE[*to,to]
for a constant C3 > 0 arbitrary, but fixed. For every W, € (H?)?, there is a sufficiently
small to = to(||Wol|(n2)2) > 0 such that the right-hand side of (30) is a contraction in the

space M. Therefore, Banach’s fixed-point theorem implies the existence of a unique solution
W e C([—to, to], (H?)?). O

Remark 5.4. Theorem 5.3 implies that there exists a unique solution U € C ([—to, to], H?*) N
Cl ([—to, to], H') of the original system (6) with the initial conditions Wy = (U, ;U) €
H? x H' = D(L) x D(L'?).

6 The system in Bloch space

In order to apply the existing theory for the derivation and justification of modulation equa-
tions in periodic media to the 2D honeycomb graph, we have to Bloch transform the original
nonlinear PDE over a Brillouin zone which is a torus. Since we work with metric graphs, we use
the fact that the honeycomb graph is equivalent to the brick graph which easily can be Bloch
transformed over a 2D torus as Brillouin zone. We briefly recall the main properties of Bloch
transform 7 but refer to [GPS16] and [SU17, §11.6.3] for further details. See also [Kuc16] for a
very useful extensive summary and guide to the literature, based on a somewhat more general
approach but also including many pointers to applications in the context of quantum graphs
and otherwise.

Bloch transform 7 is the counterpart to Fourier transform F for spatially periodic problems.
Bloch transform in R¢ for media which is 27-periodic in every direction is defined by

A(e,6) = (Tu)(,€) = Y T5u(l + ), (31)

jezd
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where (k) = (Fu) (k), k € R%, is the Fourier transform of u. The inverse Bloch transform is
given by

u(€) = (T)(€) = / (0, €)de (32)

Td
By construction, u(,€) is extended from (¢,&) € T¢ x T4 to (£,€) € R? x R? according to the

continuation conditions
u(l, &) =u(l, € +2me;) and  u(l,€) =u(l + e, &), (33)

where e; is the j-th unit vector in R%. The following lemma [BSTU06, GPS16] allows to

transfer estimates from Bloch space into physical space and vice versa.

Lemma 6.1. The Bloch transform T is an isomorphism between H*(R?) and L*(T$, H*(T%.)),
1/2

where L*(T{, H*(T3,)) is equipped with the norm || 2(p4 s (ra (de Na(e, ). (rd_ d€>

Multiplication of two functions u and v in physical space corresponds to convolution in

Bloch space, i.e.,
T(u) () = @+ 5)(.9) = [ (e = m,i(m.¢)am (34)

where the continuation conditions (33) have to be used for [¢; — m;| > 1. If y : R = R? is

2m-periodic in every ej-direction, then

T (xu)(€,§) = x(E)(Tu)(L,£). (35)

The relations (34) and (35) are well-known and can be proved directly from the definition (31).
We apply the Bloch transform 7 to (6) and obtain

U (t, k,l,z,y) = —L(k, DU (t, k, 1, z,y) — (U U = U)(t, k,1,2,y), (36)

where the operator L(k,1) := —(8, + ik)? — (8, +il)2 4+ 1 is as in Lemma 3.1. The function
Ut k,l,z,y) = (u”,u¥)(t, k,1,x,y) satisfies

Ut k,l,,y) = Utk 1o +2r,y) = Ut k, 1,2,y + 27) and (37)
(7(25, k.l x,y) = fj(t,k + 1,1, z,y)e" = (7(75, E1+1,2,y)eY, (38)

and the convolution integrals UxUxU = (u” x u” xu”, u?¥ ¥ *u¥) are applied component-
wise.

The Bloch transform u® consists of uf, and ug, which for fixed ¢, k, [ have supports in I'{
and I'f ;, and similarly u¥ consists of uf ,, uf ;, U3, and uh ; which for fixed ¢, k, I have supports
in I'f o, I'f |, 95 and I'y ;. This is a direct consequence of applying (35) to the function

m,n

¢ Y _m-—mec2Z.n—n¢c27
uan<xy>—{“ T e, (39

0, elsewhere,

for ((,m,n) € I, (cf. 17) and with suitably chosen periodic cut-off functions .
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We proved the local existence and uniqueness of solutions of the cKG equation in H?, which
is the domain of definition of the operator L in £2. Its counterpart in Bloch space is given by

H?2 = {U e L*(T? L2): s, € L*(T1, H*(T5,. ), (¢, m,n) € I, (13) — (16) are satisfied},

which is the domain of definition of the operator L(k,l) from (18) in the space L*(Ty, L2),
where L is defined by (19). H? is equipped with the norm

1/2

r7 ~C 2
101l = / . / YRS )

(¢, m,n)ely

and the Bloch transform 7 is an isomorphism between the spaces H? and 7—N[2, cf. [GPS16,
Lemma 4.2].

7 Effective dynamics at non-Dirac points

At non-Dirac points of the spectrum with a multiple scaling expansion Nonlinear Schrodinger
(NLS) equations can be derived in order to describe slow modulations in time and space of
traveling wave packets. It is the purpose of this section to prove the validity of the NLS
approximation for the cKG equation posed on the honeycomb graph.

7.1 The result

We start by choosing a Bloch mode as underlying carrier wave with a Bloch wave vector (ko, lo)
which is not a Dirac point. Slow modulations in time and space of a small-amplitude modulated
wave packet with this Bloch mode are described by the perturbation ansatz

U(t,z,y) = eWys(t, x,y) + higher order terms, (40)

with
eWs(t, 2, y) = cA(T, X, Y) ) (ko, I, , y)eForelov el ™ (ko do)t 4 ¢ ¢ (41)

where 0 < ¢ < 1 is a small perturbation parameter, T = &£t is the slow time variable,
X =e(x—cgyt) and Y = e(y —¢qt) are long space variables, A(T, X,Y’) € C is the amplitude
function, and c.c. stands for the complex conjugate of the preceding terms. The vector

(Cgzs Cay) = (akw“"o) (ko, lo), 8lw(m°)(k0, lo)) (42)

is the group velocity associated with the Bloch wave vector (ko,ly). In particular, while (z,y)
are always coordinates on the graph I', and thus ’partially discrete’, i.e., either x = mmn for
some m, or y = n7 for some n, the large scale vector (X,Y’) runs continuously through all of
R2. It turns out, cf. §3, that in the lowest order w.r.t. € the amplitude function A satisfies the

NLS equation
I@TA == —(1/2083(_/4 + 7/118)(8)/14 + 1/02832/—14) - V|A|2A, (43)
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with, due to our rectilinear coordinates x, ¥,

1 1
Voo = §aﬁw(m°)(k»’0>lo), Vi = 3kalw(m°)(k‘o,lo), Vo2 = 5312w(m0)(k0, lO)a (44>

and cubic coeflicient

3y

_ _ (mo) 4
v 2iw(mo) (kg, ly)’ where 7 = T f (Fo,lo, @, y) " dady. (43)

Our goal is the mathematical justification of the effective equation (43) by error estimates.

Theorem 7.1. Choose mgy € Z and kg, lo € Ty such that the non-resonance conditions
W™ (ko, 1) # W™ (ko, lo)  for all m # my (46)
and
w ™ (3ko, 3lo) # 3w (ko,lo)  for all m (47)

are satisfied, where in (47) the periodicity of the w™) has to be used. Then for every ¥ €
(1,2], Co,Cy > 0 and Ty > 0 there exist eg > 0 and Cy > 0 such that for all solutions
A € C([0,Ty], HY(R?)) of the NLS equation (43) with

sup [|A(T,-)|[ms < Co

TG[O,T()}

and all € € (0,&q) the following holds. If

d
||U0(-, ) - 5an15(0’ E )H”H2 + ||U1(7 ) - 5&

where eW 15 has been defined in (41), then there exists a unique solution U € C([—to, to], H?) of
the cKG equation, ty = Ty/?, with initial conditions (U, 0,U )= = (Uy, Uy), and this solution

satisfies

anls<0a ) )H'Hl S 016197 (48)

d

sup  ([101010) = Wt e + 1001 =5

tE[O,To/EQ]

\I]mS(t, ) )“'Hl) S 02519. (49)

Remark 7.2. a) (49) in particular implies

sup  sup |U(t,x,y) —eV(t, z,y)| < Ce”. (50)
tel0,To/e?] (z,y)el

b) It will be obvious that Theorem 7.1 remains valid if the rate £ is replaced by a rate

o(e) for e — 0.
c¢) The coefficients in (44) and (45) and the non-resonance conditions (46) and (47) are
defined in terms of the eigenvalues and modes w™ and f™. Hence, the NLS equation (43)
can be derived and justified whenever the spectral surfaces \,, can be computed and (46)
and (47) hold. In this limit, the specifics of the problem condense in the coefficients v;;, v.
Adding higher order nonlinear terms such as u° to (1) does not change the effective equation
(43) or the justification result Theorem 7.1 as they only produce higher order terms in the
residual, which contains the terms that do not cancel on insertion of the approximation into

14



the cKG equation. On the other hand, the case of quadratic nonlinearities is considerably
more complicated already in the spatially homogeneous or smooth spatially periodic case,
cf. [BSTUO06], and is open for the case of graphs.

d) The non-resonance conditions (46) and (47) are used for defining an improved approx-
imation which makes the residual sufficiently small. Although formally these are infinitely
many conditions, for elliptic operators as above we only have finitely many 'dangerous’ ones,
which in practice can be checked. Additionally, (46) is already used in the derivation of v in
(45) to have a well defined +y, which requires some regularity of (k, 1) — f(0)(k,l,-,-), cf. (59).
In particular, (46) excludes intersection points of the spectral surfaces, and thus here especially
the Dirac points, cf. Figure 2.

e) This approximation has successfully been used as a universal envelope or modulation
equation in many fields, such as in nonlinear optics [AgrO1], for the description of water waves
[Zak68], for waves in DNA [SH94], for Bose-Einstein condensates [Pelll], or in plasma physics
[Deb05].

f) The justification of the NLS approximation for the spatially homogeneous cKG equa-
tion is rather trivial and follows by a simple application of Gronwall’s inequality [KSM92].
See [SU17, Chapter 11] for an introduction into the mathematical validity theory of NLS ap-
proximations. In the context of smooth spatially periodic coefficients the justification of the
NLS approximation has been carried out in [BSTU06]. In [GPS16] the validity of the NLS
approximation for the NLS equation posed on a 1D necklace graph has been proven.

g) We finally remark that in contrast to the 1D NLS equation there is the possibility of
finite time blow up in the 2D NLS equation, cf. [?].

7.2 Derivation of the NLS equation

In Bloch space we split the solution to the evolution problem (36) into two parts. We introduce
the Bloch wave vector ¢ = (k,1), and the coordinate vector £ = (x,y),

and write

U(t,0,€) = V(t,0) fm)(0,€) + U(t,£,€), (51)

where the orthogonality condition (f(™0)(¢,), U Lt 0,)) 2 = 0 is used for uniqueness of the
decomposition. We find

RV (t,0) = —(W™(0)2V(t,€) — Ny(V,UH)(t,0), (52)
RPUS(t,0,6) = —L(k, OUt,0,€) — NSV, UM (¢, 0,6), (53)

where

NV(f/,ﬁL)(t,é) = <f(m0)(€7')a(ﬁ*ﬁ*ﬁ)(t>€7')>L%>
NJ_(‘7> ﬁj_)(&g) = ([7* [7* [7)(67 6) - NV(‘77 [7J->(t’€)f(mo)<€’ 6)

Since we have an original system (1) without quadratic terms, for the derivation of the NLS
equation it is sufficient to consider (52) and to set there U+ = 0. The nonlinear terms in (52)
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are of the form
Ny (V,UY (0 = /T 5 B — Ly, by — Ly, L) (54)
1 ><1X~/(t,€ — L)V (t, b — Lo)V (t, £a)dbadly + Nyper(V, UL (t, 0),
where the kernel S is given by
BUL = by, 0y — Lo, ) = (fU (L), fUO(0 = by,-) fUm (g = Ly, ) f" (£, Wzr (55

and where Nvmest(v, 0) =0.
For the formal derivation of the NLS equation in Bloch space we make the ansatz

0 — 1

Vapp(t, £) = ee 24, (5215, .

~ C+ 7
) E'(t,0) +ee A, (82t, %) E~(t,0), (56)
with
Ej(t,ﬁ) _ e—jiw(mo)(ZO)te—iagw(mf))(Eo)(l—jfo)t7 where aew(mo) = (akw(mo),alw(mo))‘

Remark 7.3. If A(:) is defined on R? and if it is scaled with the small parameter ¢, then the
Fourier transform of A(e-) is e7¢A(e7!). Therefore, a small term of the formal order O(g") in
physical space corresponds to a small term of the formal order O(¢"~?) in Fourier space. The

same holds in Bloch space, which explains the scaling and somewhat unusual notation ee~2 in

(56) and henceforth.

However, there is a problem with (56), namely that the support of the scaled A/:tl gets
bigger with € > 0 getting smaller, and becomes the whole infinite plane for ¢ — 0. Moreover,
since the Avi]_ should satisfy in physical space a NLS equation on the infinite plane, the gﬂ
will be taken in Fourier space and not in Bloch space. So let 121\1 be the solution of the Fourier
transformed NLS equation (43).

In order to bring together the Fourier space representation of the NLS equation with the
Bloch wave representation (36) of the cKG equation we introduce a number of operators. We
start with a cut-off operator x € C§°(R* R) with x(¢) € [0,1], x(¢) = 1 for |[¢| < 1/5, and
x(¢) =0 for || > 2/5, and an extension operator P which extends a function with length of
support less than 1 in the k- and the [-direction to a function on R? with period 1 in the k-
and the [-direction. With these operators we modify the previous ansatz (56) to

V() = 2P (x(- — o) Ay (g%, _Tgo) E'(t,))(0)

+£0

+ 58_273()((' + 60)121\_1 (E2t, -

) E(t,)(0). (57)

Plugging (57) into (52) we find that all terms at ee 2E and £%c2E cancel, and at e3¢ 2E we
obtain the NLS equation

- 1 -
—2iw(m°) (£0)8TA1 = 5(8€2>\m0 <€0) - 2(84w(m°) (éo))(@gw(mo)(go))rr)|Ii|2A1
—3’7;{1 * 1/4\1 * 121\_1, (58)
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where T = €%t, k = e 1({ — £y) and v = B(lo, Lo, o, —y) € R, while A_; = F1A_, satisfies
the complex conjugate NLS equation. In order to obtain (58) we used

G(e= " P(x(- — o)Ay ( 2y, 6“) E'(t, ))(0))

= ORI Ay (2, ) e 0

= E'(t,))(0)(=iw™ (ly) — €i0w ™ (Lo))* Ay (T, )
TE(t,))(0))2%(—iw ™) (05) — i ™) (60)k)Or Ay (T, k) + O(£°)

and

PP~ ) (20 ) B ) 0)
= —(Wm (b + er))*(ee 2P (x( k)AL (T, k) BY(t,)(L))
= —(wm)(£) 4 0™ (Ly)k + éa%T&?w(mO)(&))m + 0(53))2111 (T, k) ENt, ) (0)) + O(?),

and that formally

4/ B(lo + ek, by + e(k — K1), bo + (k1 — Ka), —lo + Eka)
T2, JT2

1/e 1/e

X Al(I{ - I€1)A1 K1 — Ka) A 1(Ko)dKadry

— ’}// / Al /‘i — /'il (/‘il — Rg)gfl(ﬁg)dHleﬁl (59)
R2 JR2

for ¢ — 0, and the symmetry of the kernel. Division by 2iw(™)(¢,) yields (43).

Remark 7.4. This derivation of (43) from (58) is consistent with the derivation from the
associated first order system, cf. [DLP*11, Chapter 5], since for instance

(OFA™ (£o) — 2w (€)) (Dpw ™ (£0)) ") / (4™ (L))
—(OF (@) (0o)?) = 20w ™ (£0)) (D™ (£0)) ) / (4™ (o)) = 107w () /2.

7.3 The improved approximation and estimates for the residual

terms

The approximation (56) produces a number of terms in (53) which are of the formal order
O(e?®) in physical space. These terms are collected together in the so called residual. However,
in order to subsequently bound the error with a simple application of Gronwall’s inequality,

4+9) in physical space for a § > 0. This can

we need the residual to be of the formal order O(e
be achieved by adding higher order terms to the approximation (56) such that all terms up to
formal order O(g*) in physical space cancel.

In order to obtain a not too restrictive set of non-resonance conditions we modify our

previous separation of the modes. Again we set

U(L,€,t) = V(1) fm(0,€) + U4, €, 1),
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with ((fmo) (e, ), U*(¢, -, t))r2 = 0, but now the two functions V(0,t) and U*(, £, t) are defined
to satisfy

OV (U,1) = =Xy (OV(L,) + Ee(O)(f) (L), U0, 1)) 12,
OFUH(0,6,) = —L(L, 00U (6,€,8) + U(0,€) = E(O)(f" (L, ), UB(l,-,0) 2 T (£,€),

where the so called mode-filter E, is in C°°(T?%, R) and fulfills E,(¢) € [0,1] with E.(¢) =1 for
¢ e Uy,(—ly) UU, (L) for a small p > 0, E.(¢) = 0 elsewhere. Thus, the support of V'(¢,t) can
and will be chosen to be contained in the support of E..

We add higher order terms to the ansatz to make the residual smaller, i.e., we consider

Pt = 3 (ep - wdy (e o

9
7=0,1

-+ Lo

e 2P (x (- 4 o)Ay ( ,82t) E~)(0)

- — 3l

_‘_53-&-]‘5—273()((‘ — 350)121\373‘ ( ,EQt) Eg)(g)

37 2P(x (- + 350)2173,]' ( ki 360,8%) E_3)(€)) ’

£
~ ~ =1 ~, L+7
40,6 = T2 6 2B + 204 (<2 ¢ B
~, =30 ~, L+ 3L
+e%e 72U ( 0 ¢, 2B 4+ 2204 ( T 0 ¢, e2)E,

As before we find A\l,g as a solution of the NLS equation (58) and E—l,o as a solution of the
complex conjugate equation. The A\il,j, j # 0, satisfy linearized Schrédinger equations with
an inhomogeneity which contains third derivatives of w(™0) in ¢, and first derivatives of the
kernel 3. For instance 21\171 satisfies

—2iw ™) (0)0p A1y = §(a,?A 0 (Ly) — 2(Dpw ™) (£0)) (g™ (L)) |2 Ay
—6’7121\171 * ;{1 * A\_l — 3’}/;{1 * A\l * ;{_171 + gi.1,

where the inhomogeneity g;; here only depend on the A\il and contains terms such as the
linear term &(95A™ (€o)r(yAr or the nonlinear term

/ / (81B(€0, fo, fo, —g()) . I{)A\l(l{ — Kll)zzl\l(l‘il - Kg)zzl\_1<li2)dligd/{1.

RrR2 JR2

Using appropriate non—resonance conditions (see below), we choose A\3’0 as the solution of
0= 9(w™)*(€o) Ao, T) = Amg (3t0) Az, T) + (F7) (360, ), (£ (Lo, ))*) 1z Ao, T),

and 2371 as the solution of the linearized equation with an inhomogeneity which contains first
derivatives of w(™0) in 3¢y and first order derivatives of the kernel 3. We choose the A_3; as
the solutions of the associated complex conjugate equations. All this is well documented in the
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literature, cf. [DLP*11, Chapter 5]. Here we concentrate on new aspects having to do with
non-smoothness w.r.t. £. We choose Ui and Us as the solutions of

0 = (@) ()T (L& 1) = L(lo + ek, D) Ui (5, &, T) + Ni-(Aun ),

0 = 9WmN2(l)US (€,€,t) — L(3ly + ek, 0e)Us- (k, &, T) + N3 (Axs ),
respectively, where Ni- and Nj contain all nonlinear terms concentrated at £, and 3/ and
which solely depend on A4y ;. By this choice formally all terms of O(g?) and O(e?*) cancel.
This choice has the advantage that we do not have to expand the operator L({y+ ek, O¢) w.r.t.
x which would lead to a loss of regularity w.r.t. £. We choose U, and U=, as the solutions of
the associated complex conjugate equations.

In order to solve the equations for 121\3, (7}, and (7;, a number of non-resonance conditions
are needed. By making the support of E,. smaller these condense in

(@) (k) & spec(L(Lo, Oe))|(fomo (o, (90)

which corresponds to (46), and

9(w™)?(Lo) # A(3Ly), and 9(w™)) (ko) & spec(L(3Lo, 0e)l(pmo sty (61)
which corresponds to (47). Then we have that
Res(eW) = —02U(t, 0,&) — L(OU(t,0,€) — (U« U % U)(t, £, €)
is of order O(e*) in H? in physical space:

Lemma 7.5. Let A € C([0,Ty], HY) be a solution of the effective equation (43) for some
Ty > 0. Then there exists a Cres > 0 that only depends on the norm of the solution A such
that

sup  |[Res(eW) |2 < Crest?, (62)
t€[0,To /2]
or equivalently,
sup  ||Res(eW)||z2 < Crese™. (63)
tE[O,TU/&‘Z]

Proof. The proof is straightforward and follows [GPS16, Section 5.3] almost line for line. [

Remark 7.6. Compared to Remark 7.3 on the formal order in physical (O(e®)) and Bloch
space (O(g%)), we note that bounds (62) and (63) are identical in physical and Bloch space.

1

This is because we gain € in the H%norm due to the concentration, and lose et in the H?-norm

due to the long wave scaling.

7.4 Estimates for the error

The remainder of the proof of Theorem 7.1 is based on energy estimates and an application
of Gronwall’s inequality. To do so we introduce another space. By construction, the leading-

order approximation f/app f(mo) is of the order O(1) in H2 due to the scaling properties of the
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1

L?-norm, and thus we lose ! in naive convolution estimates in H#2. In order to avoid this, we

introduce as in [GPS16] an L'-based space, namely
C?={U € LXT2 L2) : &,,, € LY (T2 H*(I%,,.)), (C,m,n) € I, (13) — (16) are satisfied},
equipped with the norm
1T = 3 / / (AR )
(Commyer, ) —1/2 =172
By Young’s inequality we have ||\~/*W||ﬁ2§||‘7||c~2 ||W||ﬁ2, and, similar to [GPS16, Lemma 5.7]:

Lemma 7.7. Let A € C([0,Ty], H*) be a solution of the NLS equation (43) for some Ty > 0.
Then there exist C,Cy > 0 that only depend on the norm of the solution A such that

sup  [e¥]|z < Cye (64)
tG[O,To/aQ]
and
sup  [|eW — eWy| e < Ce®/2. (65)
te[0,To /2]

In order to establish the error estimates we write the solution U of (6) as a sum of the

approximation €U and an error €’R, i.e.,

U=¢eV+e'R, (66)
and obtain
O’R=—LR+ G(V,R), (67)
with the linear operator L = —A + 1 and the remainder

G(¥, R) = e "Res(e¥) + 3c?V2R + 3! TP UR? 4 ¥ R3,

The product terms in the definition of G(W, R) have to be understood componentwise with
R = (r*,r¥) and ¥ = (¢*,¢¥). Using

[UR||3e < CIV * R|| 2 < C| ¥ 5| Rllz < CCl| Rl < C2Col|R| |3,
we estimate the terms of G as

le ™" Res(eW)||ly2 < Crese?, |38 V2 R||32 < 3C5° || R| 22,
136 PR |32 < 3C3e" || R, 1€ RPl32 < C3e™||R|3,

where Cj is a constant independent of || R||2 and the small parameter £ > 0. Therefore,
IG(®, R)lly2 < Crese® + 3C3¢?|| Rllne + 3Cs5e || Rl + Ca™ || R[50 (68)

The local existence and uniqueness of solutions R of (67) works exactly as for the original

cKG equation in §5, cf. Remark 5.4. Our goal is to use energy estimates to show that R stays
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O(1) bounded on the long time interval 0 <t <t = Ty/e®. Let Egr = (LR, LR) 2+ ||0,QR|| %,
be the energy, which is equivalent to the H? x H' norm, i.e., there exists Cr; and Cg o such
that

Coa (I0RE s+ 1R, ) < Br < Cos (10RIZ s, )+ IR Eape ). (69
We take the £? scalar product of (67) with 9;LR and obtain
OOQR, OQR) 2 + (LR, LR) z2 = 2(0,QR, QG(V, R)) 2.
Since (LR, LR)¢» = | LR = | | and since
(2R, QG(V, R)) 22| < [|OR]| 22 |G(T, R) |32,

we obtain

|
&
=
IA

2E]1%/2 (CRQS<€2 + 30362E;2/2 + 30351+’9ER + 0352”9E§’%/2>

S QCReSEQ + 2(303 + CRes)52ER + 603€1+19E;/2 + 2036279E}2%.

From (48) and (69) we obtain Er(0) < Cg2Ch, and as long as

6Cse? BN 4+ 2052 2B, < 1 (70)
we obtain
d
&ER < 2CResc® + B’ ER (71)

with 8 = (6C5 + Cgres + 1). Gronwall’s inequality, see, e.g., [SU17, Lemma 2.2.8] yields, for

0 S t S to :Tg/€2,

QCRes 2C’Res
B g

Now choosing g9 > 0 so small that 605~ M2 +2C3e2"2M < 1 yields (72) for all 0 < ¢ < «.
Sobolev’s embedding theorem, bound (65), and the decomposition (66) complete the proof of
Theorem 7.1. ]

Eg(t) < Eg(0)e”" + (&7t —1) < (ER(0) + )efTo —: M. (72)

8 Effective equations at the Dirac points

The Dirac points are of high relevance from a physical point of view and attracted recently a lot
of interest, cf. [FLTW18, LTWZ19]. In [GPS16], effective equations describing the dynamics
of solutions which are concentrated in Bloch space near the Dirac points have been derived
via multiple scaling analysis in the 1D case. The validity question of this so called Dirac
approximation for 2D quantum graphs is more involved and has not been discussed before.
Similar results in the above sense also exist for linear and nonlinear Schrodinger equations
over R? with honeycomb symmetric potentials. For the linear case it has been shown in [FW14]

that a linear Dirac equation makes correct predictions about the dynamics over a long time
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scale. For the nonlinear case, a nonlinear Dirac system has been derived in [FW12], and an
approach to prove its validity has been discussed. A rigorous approximation result with the
NLS equation as original system has been established in [AS18], and similar to that result, we
derive effective equations for the dynamics near the Dirac points and prove their validity for
the cKG equation on 2D quantum graphs.

Suppose now that ¢p = (kp,Ip) is a Dirac point, cf. Figure 2 and Figure 5. For a Dirac
approximation we assume that the Bloch transform of the solution is concentrated in an O(e?)-
neighborhood of ¢p = (kp,Ip). In this point the two surfaces of eigenvalues \,,,, and A, 41 of
Z(E) meet and form approximately a cone. In contrast to the NLS equation as original system
where due to the —U|U|? nonlinearity no other modes are amplified by nonlinear coupling,
for the cKG equation, with its real-valued solutions and its U3 nonlinearity, other modes, in
particular the second Dirac point at {; = —{p, cf. Figure 2, have to be taken into account
when deriving the Dirac approximation.

In contrast to all other points ¢ = (k, (), in a Dirac point no smooth expansion of the surfaces
of eigenvalues is possible. This is fundamentally different from the 1D case where by relabeling
the curves of eigenvalues the non-smooth curves of eigenvalues and the non-smooth kernels in
the nonlinear convolution integrals, can be made smooth at the Dirac points, cf. Figure 5 and
Remark 8.6. Hence, we have to proceed differently than in the derivation of the Dirac system

in the 1D case or than in the derivation of the NLS equations above.
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Figure 5: At the Dirac points the non smooth curves in (a) obtained for the 1D dispersion
relation can be made smooth by relabeling the curves leading to (b). This is not possible in

the 2D case (c). Only directional smoothness can be obtained.

The starting point for the derivation of the approximation equations is again system (36)
in Bloch space, namely

Q2U(t,0) = —L(O)U(t,0) — (UxU*U)(t,0). (73)
In this representation we obviously have smoothness of all linear and nonlinear operators w.r.t.
the Bloch wave numbers. We recall that resolvents and spectral projections on isolated subsets
of the spectrum are smooth w.r.t. ¢, cf. [Kat95].

For extracting the Dirac modes at the cone around ¢ we define an Z(E)—invariant projection
Pp(¢) on the two-dimensional subspace associated to the two eigenvalues Amp (€) and Ay, 11(0)
which are separated from the rest of the spectrum of Z(@) for |¢ — ¢p| sufficiently small. For
fixed ¢ in a neighborhood of ¢ we set

1

Poll) = 5 / (A~ L(0))"ax,
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where for this fixed ¢ the smooth curve I' surrounds the two eigenvalues \,,, (¢) and A, ,+1(¢).
By Neumann’s series we have a smooth expansion of Pp(f) near (p, i.e.,

]SD(K) = ﬁD(gD) + O(|¢ — lp)),

cf. [Kat95]. Similarly, we define projections 155 in a neighborhood of /5. We extend these
projections by zero outside their domain of definitions in the set of wave vectors. We use these
pl"O_]eCtIOIlS to spht (73) into three parts We set U = (7,3 + ﬁﬁ + ﬁl, where (7[) = ﬁpﬁ,
U5:PU andUL—PLU (1—PD—P)U and obtain

2Up(t,0) = —L(OUp(t,0) — Pp(O)(Up + Uy + UL )3 (¢, 0), (74)
2Up(t,0) = —L(OUp(t,0) — P5(O)(Up + Uy + UL)(t, 0), (75)
RU, (t,0) = —LWOUL(t,0)— P (6)(Up + Ug + UL )*(t,0). (76)

Since Up and U will be of order O(¢), and U, of order O(£?), for the derivation of the effective
equations we set U; = 0 and make the ansatz

ﬁD(t7 g) = 6_46‘75_ (tﬂ g) (€2t7 5_2(€ — ED)) eime (p)t (77)
e eV (,0) (€% 5*2(5—%)) e~tmp(to)t

Up(t,0) = e *eVE(t,0) (%, e (0 + Lp)) e“mptp)! (78)
+e Evﬁ( ,0) (52t>5 (f—l—fp)) e~ wmp (0)t,

where w,, = /—A\,, as above and with ‘N/Di = ﬁDVDi and \N/%E = ]35‘7%[. The pre-factor e™*
comes from the Bloch transform, cf. Remark 7.3. We find with T' = &%, k = e %(k — kp),
l=¢"%(—1Ip), and £ = (k,l) the effective equations

Qi (Lp)OrViE (T, 0) = (ikPp(lp)okL(p) + il Pp(£p),L(Lp))Vi (T, ) (79)
+PD(€D)(3V+ * V+ * V + 6V * V * V+)(T 0),

2wy ((p)OrVy, (T, ) = (zk:PD( p)OkL(p) + ilPp(p)d,L(Lp))Vy, (T 0) (80)
P;(0p)(3V), + Vj; * V+ + 6V, « Vi« V )T, 1),

and complex conjugate equations for ‘75 and VB_ . Like for the NLS approximation the limit
equations no longer live in Bloch space, but in Fourier space.

Our approximation theorem is as follows.

Theorem 8.1. For every Cy > 0 and Ty > 0, there exist eg > 0 and C' > 0 such that for all
solutions (V5 , V) € C([0,Tp], H*(R)?)) of the effective equations (79)-(80) with

sup [[VA(T, )= < Co
T€[0,Tp]

the following holds. For all € € (0,g0) there are solutions U € C([0,Ty/e?], L°(R)) of the
original system (73) satisfying the bound

sup  sup |U(t,x,y) — eVqirac(t, z,y)| < Ce®/?
t€[0,To /2] (z,y)€T

where eV girac s defined through (77)-(78).
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Proof. Since the original system contains no quadratic terms the proof is straightforward and
goes along the lines of Theorem 7.1 given in Section 7.3 and in Section 7.4. Since we expand
E(e) only up to linear order, we only need H? in the Dirac case instead of H? in the NLS case.
Moreover, due do the different scaling, every power of |¢ — {p| gains €2 instead of only . The
computation of the higher order approximation as in Section 7.3 is possible due to the validity

of the non-resonance conditions

W™ (Lp) # w™P)(¢p)  for all |m| & {mp,mp + 1} (81)

and
W™ (30p) # 3w™P)(¢p)  for all m. (82)
The equations for the error have exactly the same form as (67) in Section 7.4. [

Remark 8.2. For fixed ¢ the function ‘75 (¢,-) is two-dimensional. Hence, up to an error of
order O(|¢ — ¢p]) it can be represented as a linear combination of two eigenvectors which span
the two-dimensional subspace at the apex of the cone. We choose two such eigenfunctions
which are called ®; and @, in the following, i.e., Z(fp)q)j = —w?, ({p)®;. Then we set

VJ(T,E) = Zl(T>£)(I’1+E2(T,E)(I’27

Vp(T.0) = Bi(T.0)®1 + Bo(T,()%s,
with Ay(T, ), ..., By(T,¢) € C. For such ®; and ®, we have

Po(o)u = 2=((a, B2} (®1,u) — (81, B2} (B3,u)),

where det = (O, 1) (Dy, Do) — (P, Po)(Py, P1). In these coordinates the effective equation
(79) is given by
21w, (gD)aTgl (T, 4) = (ikany + ila21)g1 (T, 0) + (ikons + ilom)gz(T, 0)
+( 35111/& * gl * Ay + 35112;{1 * gl * Ay + 35121111 * ;f2 * Ay
+3ﬁ122g1 * 112 * Ay + 35221112 * 112 * Aj + 36222112 * 112 * Ay
+671111/4/1 * B/l k El -+ 6’}/112//4/1 * El * EQ + 6’}/1212{1 * EQ * El
+67122/Tl * Ez * By + 67221112 * §2 x By + 67222112 * §2 * Ez) (T,0),

where
a1 = 2o (s, B2 (@1, L)) — (1,020, OL(10) ;)
Oz = 2oz ((2,B2) (@1, OL(D)D,) — (1,2) (@2, AL(10) )
Bivinis = $(<¢27®2><¢17@j1¢j2q)—j3> — (D1, Bo)(Da, @, D, D)),
Tirjads = £(<¢27®2><¢1a®j1¢j2¢_j3> — (01, Do) (P2, 0, D, P, ))-
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A similar equation is obtained for (80). In physical space these equations are given by

2ime (ED)(’)TAl = (anaX + O(glay)Al + (01128)( + (1228}/)142
+ ( 3811141 A1 AL + 311241 A1 Ay + 3B191 A1 Ay Ay

+3B19241 Ay Ag + 3291 Ag Ag Ay + 3P0 Aa Az Ay
+67111A131§1 + 67112A131§2 + 67121A132§1

+6719241 By By + 67991 Ag Bo By + 67222A232§2) ;

For suitable chosen ®; and ®, the representation [AS18, eq. (1.6)] of (79) in [AS18] is sim-
pler. There, various coefficients «., ., and 7. can be shown to vanish by using the hexagonal
symmetry of the NLS equation on R? with the honeycomb symmetric potential. Since we have
chosen our coordinate system for (1) parallel to the z- and y-axis the existence of eigenfunc-
tions @1 and ®, with similar properties as used in [AS18] is not obvious. Even for a hexagonal
coordinate system this is not obvious, since the results from [FLTW18, LTWZ19] have to be
transferred to quantum graphs, first.

Remark 8.3. By making the ansatz

Up(t,f) = e 4Vi(t,0) (%, e72(( — Lp)) empn)t (83)
+e eV (8, 0) (%, (0 — Lp)) e omp ()t

and similar for 175, with a > 1, the nonlinear terms are of higher order. We then obtain the
linear effective equations

ZiW:t(gD)anz{l(T7 0 = (tkay + 710421)111(T7 0) + (ikona + ilage) As(T £),

2w+ (€p)OrAs(T' ) = (ikady + ilag, ) Ay (T, £) + (ikaqy + il ) Ao(T £),

with
ay; = é((%,c1>2><<1>1,ﬁD(£D)akE(£D)cI>j>—(cbl,c1>2><<1>2,?D(ED)akE(ED)CDj)),
0y = %((CI)Q,@1)<<I>1,§D(€D)81Z(€D)<I>j)+(@1,<I>1><<I>2,IBD(ED)@E(KD)@]-)).

The system can be diagonalized into

iOr AL (T, 0) +Q (OAL(T,0) = 0,

i0rA_(T.0)+ Q_(DA_(T.0) = 0, (84)

where the (24 are the roots of a quadratic equation in 24, k, and [. Since in the apex of the
cone the directional derivatives exist, we have Q_({) = —Q, (—{).
We have the following approximation result which is formulated in physical space.

Theorem 8.4. For every a > 1, Cy > 0 and Ty > 0, there exist g > 0 and C > 0 such that
for all solutions A+ € C(R, H*(R)) of (84) with

sup || AL(T, )2 < Co
T€[0,Tp]
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and for all € € (0,¢g), there are solutions U € C([0,Ty/e%], L*(R)) of the original system (73)
satisfying the bound

sup  sup |U(t, 2, y) — € Ugiac(t, z,y)| < Cemintatd/23a-2))
t€[0,Tp /2] (z,y)€l

where eV giac is defined through (83).

The proof works like for the NLS approximation except for the fact that the surfaces w,,,,
and wy,,+1 are not smooth in the center. However, we have the estimate

(€)= (€)= (£ — )] < CJE = Ep?
which is sufficient for the residual estimates.

Remark 8.5. The linear equations (84) can be transferred into the massless Dirac equations.
By construction, the functions 2. in (84) are of the form

k l [12 | 12
Qi(kal) = S+ <\/k2+l2, \/k2 +l2> E +£ )

with s; : S — RT. We introduce new coordinates

k. = ks k 4 1. =1s k L
HTE\VETEVELE) T T VBT E VR

and set

- o~ o~ k l k 1 2 =2
Ouky,ly) = Qu(k, 1) = s = ()2 + ()= VEe + L

S+ St

Since the two equations for fA1+ and A_ decouple w.r.t. these coordinates we can write

ZaTA+Tk7l \/ +lA+kal = 0, (85)
A (T k1) ~\E +TA(T,ED) = 0. (86)

The new system (85)-(86) can be replaced by equations which are local in physical space,
having the same spectral surfaces, such as 9%¢ = A¢ or the massless Dirac equation

3T¢ = _<0—:c8Xw + O—yaY"vb)>

with o, = 01 and o, = O, ' )
10 —-i 0

Remark 8.6. The motivation for the approach chosen in this section was that in a Dirac
point no smooth expansion of the surfaces of eigenvalues is possible. We finally remark that

the situation for the nonlinear kernels

B i (€= L1, 0y = Ly Ly) = (f7(0,2), [7H(E = €1, ) [ (01 = L, ) [ (La, ) 12

with 7, j1, j2, j3 € {mp, mp + 1} at the apex of the cone is even worse. They even do not have
a limit at the Dirac points; instead a continuum of accumulation points occurs.
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