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We use bifurcation analysis and numerical methods to study dynamic patterns in a complex
Swift-Hohenberg equation in one (1D) and two (2D) dimensions, focusing on structures present on
a 1D interval and a 2D disk. Periodic boundary conditions are imposed on the spatial variable
in 1D and on the angular variable in 2D. In 1D the equation features Hopf bifurcations from the
trivial state u ≡ 0 at finite wave number k ̸= 0 (also known as wave bifurcations) leading to a
bifurcation problem with O(2)× S1 symmetry, i.e., symmetry under translations and reflections in
space, and phase rotations. The O(2) symmetry implies the simultaneous appearance of traveling
waves and standing waves, and we consider the case where both bifurcations are subcritical and
yield secondary bifurcations to spatially localized structures in the form of modulated traveling
waves and localized standing waves, respectively. We use numerical continuation to show that some
of the branches thus obtained exhibit homoclinic snaking associated with their gradual growth in
spatial extent. We exploit the gauge symmetry to compute these dynamic patterns as relative
equilibria, which allows to efficiently find tertiary bifurcations to 2-frequency localized standing
waves, and to localized drifting waves. The intricate behavior identified in 1D is shown to provide
a “road map” for the organization of wall-attached states on 2D disks in the form of rotating and
standing waves at the wall, which may further localize in angle, yielding rotating spots or stationary
breathing spots at the wall, and tertiary bifurcations from these. Some direct numerical simulations
are used to identify further structures, including dynamics present in the disk bulk.

Dynamic patterns on finite disks arise in various
contexts including combustion, nonlinear optics,
and fluid dynamics, yielding a variety of rotating
and breathing structures. Here we study bifur-
cation diagrams for such states in the complex
Swift–Hohenberg equation when the zero solution
loses stability with respect to subcritical rotating
and standing waves. Such states may be sup-
ported in the disk bulk or confined to the disk
boundary. In the latter case, secondary bifur-
cations lead to wall-attached rotating and stand-
ing waves that may also localize in angle. These
wall states are shown to exhibit behavior similar
to that of localized traveling and standing waves
on a one-dimensional (1D) interval with periodic
boundary conditions. As a result the 1D case
provides a road map for the very rich zoo of wall
states in 2D. We use bifurcation analysis together
with numerical continuation to study the branch-
ing behavior and stability properties of these dy-
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namic patterns, leveraging the invariance of the
complex Swift–Hohenberg equation under phase
rotations. The results are complemented by di-
rect numerical simulations of the wall states and
their interaction with the bulk.

I. INTRODUCTION

Pattern formation on finite disks arises naturally
in various contexts including combustion [GHEHR94,
PGGR97, BGP05], nonlinear optics [LPRT96, DKJ+00]
and fluid dynamics [ZES93, BT06, BT10a, BT10b,
FK20], resulting in a variety of rotating or breathing
structures in both experiments and associated numerical
studies of model equations. These structures may be spa-
tially extended, a property usually associated with super-
critical bifurcations, or spatially localized, as commonly
found in systems with a subcritical primary instability.
Existing studies have largely focused on the former case
and the resulting rotating and ratcheting states which
are amenable to both experimental study and direct nu-
merical simulation [GHEHR94, PGGR97, BGP05]. In
the latter case, which arises in some fluid systems, such a
binary fluid convection in a cylinder [MAB08], our under-
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standing remains rather incomplete. This case is much
richer, however, in that secondary instabilities from spa-
tially periodic structures may lead to spatial localization
and thus a much greater variety of time-dependent states.
Recent work employing the real Swift-Hohenberg equa-
tion reveals the wealth of behavior that results from spa-
tial localization on a disk even in the simplest case, that
of a variational system exhibiting subcritical steady state
primary bifurcation [VKU21].

Here we extend this work to the dynamic case resulting
from of a subcritical symmetry-breaking Hopf bifurcation
on a disk, i.e. a wave bifurcation. Owing to the symme-
try of the problem under spatial rotations and reflections,
the wave bifurcation results in two distinct spatially pe-
riodic states, rotating waves (RWs) and standing waves
(SWs) (see Table I for a summary of acronyms used here).
The former are relative equilibria, i.e., steady states in
the corotating frame; the latter are time-periodic breath-
ing states that preserve reflection symmetry at all times.
Both states may bifurcate subcritically in which case they
are susceptible to secondary bifurcations resulting in spa-
tial localization. We refer to the states generated from
spatial modulational instabilities of RWs as modulated
RWs (MRWs). In contrast, a spatial modulational insta-
bility of SWs results in localized standing waves (LSWs);
these come in two families, even and odd with respect to
the symmetry axis of the underlying SW, implying that
the oscillations on either side of the symmetry axis are
in phase (even case) or out of phase (odd case).

As shown here, the LSWs may exhibit homoclinic
snaking, well known from localized steady patterns
[BK07]: the odd and even LSW lie on a pair of in-
tertwined branches in parameter space, with each LSW
adding half a wavelength on either side in passing from
a fold to the next fold above it, until the avalaible do-
main is filled with a SW. Additionally, the LSW branches
are cross-linked by branches of localized drifting waves
(LDWs) created in drift bifurcations [KM95, GBM+04],
i.e., by branches of two-frequency states. The drift speed
s of these states can have either sign, and vanishes at ei-
ther end. In other parameter regimes, the LDW branches
do not form such interconnecting rung states but instead
develop O(1) speeds away from onset and characteristics
of MRWs.

All of these states come, in general, in two flavors: they
can be supported in the disk bulk or take the form of wall
states supported at the disk boundary. Mixed states are
also possible. We focus here mostly on the wall states and
leverage their similarity to like states on a periodic inter-
val to generate a road map for the wall states identified
in two spatial dimensions (2D). In particular, the (mod-
ulated) rotating waves (RWs) found in 2D correspond to
(modulated) traveling waves in 1D. Figure 1 and Table
II compare the 1D and 2D states and their symmetries.

The results reported here are based on a prototypi-
cal model system offering a good compromise between
simplicity and dynamical richness. Specifically, we con-
sider the complex cubic-quintic Swift-Hohenberg equa-

TABLE I. Acronyms.

Acronym Meaning

AE amplitude equation

BD bifurcation diagram

BP, HP branch point, Hopf point

DNS direct numerical simulation

NBC Neumann boundary condition

IC initial condition

pBC periodic boundary condition

PO (time-)periodic orbit

RSHE35 real cubic–quintic Swift–Hohenberg equation

CSHE35 complex cubic–quintic Swift–Hohenberg equation

tion (CSHE35),

∂tu =(λ+ iν)u− (c3 + iγ)|u|2u− |u|4u (1)

− (1 +∇2)2u+ iδ∇2u,

with u = u(x, t) ∈ C, and coefficients λ, ν, δ, c3, γ ∈ R,
cf. [Mal84, SB98, SCA02, AA05, GK11]. The model (1)
is a generalization of the well-known complex Ginzburg-
Landau equation [AK02], and simultaneously a gener-
alization of the real SH35 equation (RSHE35) studied
in [VKU21]. The CSHE35 equation has been studied
in both 1D and 2D using DNS [SB98, GK11], see also
[LMN94, SCA02], albeit not on a disk, yielding many
distinct localized structures at selected parameter values,
but without attempting to construct the corresponding
bifurcation diagrams (BDs) that would describe their ori-
gin and properties as parameters are varied. Such BDs
are constructed here using numerical continuation of so-
lutions in both 1D and 2D.
We study (1) on a 1D interval and a 2D disk, namely

Ω1 = [−ℓ/2, ℓ/2), (2a)

Ω2 = {x=r(cosϑ, sinϑ) : r∈[0, R], ϑ∈[−π, π)}. (2b)

For the 1D problem we use periodic boundary conditions
(pBCs), given in the phase space H4(Ω1) by

∂j
xu(−ℓ/2) = ∂j

xu(ℓ/2), j = 0, . . . , 3, (3a)

for a domain of length ℓ, while in 2D we use Neumann
boundary conditions (NBCs)

∇u · n̂|∂Ω2
= 0, ∇(∇2u) · n̂|∂Ω2

= 0, (3b)

where n̂ represents the outward unit normal.
We begin with the 1D case, which besides being of

interest in its own right also provides a “road map” for
the organization of the wall-attached solutions on a disk,
i.e., solutions that are a consequence of the presence of
the disk boundary. We start with the “base parameter
set” c3 = −2.5 and

(ν, γ, δ) = (−1, 0.5, 1), (4)
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1D
2D

SW LSWo LSWe Rung TW/RW MTW/MRW

(a) (b) (c) (d) (e) (f)
FIG. 1. Selection of states observed in (1), in 1D (top, Ω1 = [−5π, 5π)) and 2D (bottom, Ω2 = {(r, ϕ) : r ∈ [0, 5], ϑ ∈ [0, 2π)}),
(ν, c3, γ, δ) = (−1,−2.5, 0.5, 1), and λ near −1, i.e., in the subcritical range. This regime supports (a) standing (SW) and (e)
traveling (TW) resp. rotating (RW) waves, as well as localized versions, namely localized SWs with (b) an odd (LSWo) and
(c) even (LSWe) spatial profile; (d) shows asymmetric (and traveling) rung states, and (f) shows modulated TWs (MTW). In
the space–time plots for 2D at the bottom, space runs along the perimeter of the disk.

with λ as the primary bifurcation parameter. This choice
is explained below.

Figure 1 illustrates the states arising from a finite wave
number Hopf instability of the trivial state u ≡ 0, λ ∈ R,
in the presence of O(2) symmetry in both 1D and 2D;
similar states can be found in other O(2)-equivariant sys-
tems, including reaction-diffusion systems exhibiting a
wave bifurcation [KUY21, KMUY26]. However, the com-
putations here are greatly simplified by the additional S1

phase invariance of (1). Specifically, in 1D the O(2) sym-
metry is generated by continuous translations x 7→ x+ ξ,
ξ ∈ [0, ℓ) together with the reflection symmetry x 7→ −x,
while in 2D it is a consequence of rotations and reflections
in the angle ϑ. The phase equivariance, which in the fol-
lowing we call gauge invariance to distinguish it from the
phase conditions used below, implies that if u(x, t) is a
solution, so is u(x, t)eiθ for any θ ∈ [0, 2π). As a result
the full symmetry group is O(2)× S1 in both cases.

In both cases, Ω1 and Ω2, the trivial solution u ≡ 0
of (1) is stable for λ < λc and unstable for λ > λc, with
λc ≈ 0 depending on the (size of the) domain. We start
with the computation of branches of TWs (1D) and RWs
(2D), stemming from the trivial branch u ≡ 0 at the BPs
λj ≥ λc. The 1D TWs are given by the single mode

expression

uTW(x, t) = αei(kx−ωTWt), (5)

with explicit expressions for the amplitude α and fre-
quency ωTW, namely

α2 = −c3
2

±
√

c23
4

+ λ− (1− k2)2, (6)

ωTW = −ν + γα2 + δk2. (7)

In particular, |uTW| = α is a constant. An alternative
way of writing uTW is

uTW(x, t) = αeik(x−st), s = ωTW/k, (8)

using the (phase) speed s of the TW instead of its fre-
quency ωTW.
The 2D RWs are slightly more complicated:

uRW(x, t) =

(∑
l∈N

Jm(km,lr)

)
ei(mϑ−ωRWt), (9)

where x = reiϑ (in polar coordinates), Jm is the mth
Bessel function of the first kind, and km,l = αm,l/R, with
αm,l the lth zero of J ′

m. Note that uRW still consists of
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TABLE II. Solution classes and symmetries; in 2D (bottom half) we use (r, ϑ) for the polar coordinates on the disk.

Type order origin, form and symmetries

TW prim. traveling wave, bifurcating from u ≡ 0, uTW(x, t) = αei(kx−ωTWt), see (5); |u| constant in space and
time, relative equilibrium in comoving frame with speed s = ωTW/k.

SW prim. standing wave, bifurcating from u ≡ 0, uSW(x, t) = v(x)e−iωSWt, see (34); |u| constant in time, relative
equilibrium in gauge rotating frame.

MTW second. modulated TW, bifurcating from TWs, uMTW(x, t)=v(x−s2t)e
i(kx−ωt), see (37), but (numerically)

computed as relative PO in frame with (average) speed s; |u| constant in time in frame moving with
speed s2, with s2 = O(1) in general, in particular at onset.

LSW second. localized standing wave, bifurcating from SWs, same form as SW, with spatially localized v.

LDW tert. localized drifting wave, uLDW(x, t) = v(x− st)e−iωt, bifurcating from LSWs in a drift bifurcation, i.e.,
with speed s = 0 at onset; relative equilibrium in comoving and gauge rotating frame.

2-freq.LSW tert. two-frequency LSW, bifurcating from LSWs, u(x, t) = v(x, t)e−iωt with v periodic in time with period
T > 0, |u| not constant in space or time. Similarly for 2-freq. SWs, which bifurcate from SWs.

RW prim. rotating wave, bifurcating from u ≡ 0, uRW(x, t) = v(r)ei(mϑ−ωRWt), see (9); |u| constant in ϑ, t, relative
equilibrium in corotating frame with speed s = ωRW/m.

SW prim. standing wave, bifurcating from u≡0, like 1D (dimension-indep.), uSW(x, t)=v(x)e−iωSWt, see (34).

MRW second. modulated RW, bifurcating from RWs, uMRW(x, t) = v(r, ϑ − s2t))e
i(mϑ−ωRWt), but (numerically)

computed as relative PO in frame rotating with (average) speed s; |u| constant in time in frame
rotating with speed s2.

LSW second. localized SW, bifurcating from SWs, with v(x) localized in angle ϑ.

LDW tert. as in 1D, bifurcating from LSWs, with drift in ϑ.

2-freq.LSW tert. two-frequency LSW, as in 1D, bifurcating from LSWs.

a single mode in ϑ and that |uRW| is therefore constant
in ϑ.
As already mentioned, the O(2) symmetry of (1) im-

plies additional sets of primary solution branches, namely
standing waves (SWs) uSW. These bifurcate together
with the TWs (RWs) from the respective BPs and re-
semble equal amplitude superpositions of left and right
TWs (RWs) near onset [Kno86]. By the gauge invariance
of (1), |uSW| is again constant in time, in both 1D and
2D, i.e., the SWs take the form u(x, t) = v(x)e−iωSWt

(and hence could be called rotating gauge waves) but v
is no longer a single mode but contains all odd harmonics
of eikjx, viz. eimkjx,m = 2n+1, n ∈ Z (1D), resp. higher
Bessel modes (2D). Thus, there is no explicit formula for
SWs at finite amplitude although, as shown below, they
can be approximated very accurately by amplitude equa-
tions employing only a few modes even far from onset.

Beyond the bifurcations of the primary TW/RW and
SW branches from u ≡ 0, we are interested in secondary
bifurcations, and these are particularly rich if the pri-
mary bifurcations are subcritical, i.e., towards λ < λc.
The secondary bifurcations of main interest are those to
localized SWs (LSWs) from the SWs, and to modulated
TWs (MTWs) from the TWs, see Figs. 1(b-d) and (f) for
illustration. The branches and bifurcations depend on
the parameters heuristically as follows: ν and δ set the
initial frequency ω, while γ determines how ω changes
with |u|2 = α2 along the TW branch, see (7), and simi-
larly for SW. Qualitatively similar behavior is present in
2D as well.

Together these observations motivate our choice of pa-
rameters focusing on the subcritical case c3 = −2.5 < 0.

While ν can be scaled out by going into a rotating frame
u 7→ eiνtu, it turns out that it is more convenient to start
with ν = −1, and combine this with δ = 1 to generate
finite speeds s = ±2 (1D) at onset. This speed increases
with |u| when γ > 0 but decreases with |u| when γ < 0,
and therefore besides (4) we also use the parameter sets
(keeping c3 = −2.5 throughout)

(ν, γ, δ) = (0,−0.5, 1), (10)

(ν, γ, δ) = (0,−1, 0.5), (11)

again with λ as the primary bifurcation parameter. Here
smaller values of δ favor SWs over TWS (in the sense
of dynamical stability) and their secondary bifurcations
to LSW and while larger δ favors TWs and their sec-
ondary bifurcations to MTWs. Beyond the secondary
bifurcations to MTWs/MRWs and LSWs, we also iden-
tify tertiary bifurcations from LSWs, namely to localized
drifting waves (LDWs) and to two-frequency LSWs, see
Table II, and the discussion before (1).
The rest of the paper is organized as follows. Sections

II and III describe our 1D and 2D results. In both sec-
tions, we start with analytical approximations to the pri-
mary solution branches (TWs/RWs and SWs) followed
by numerical results confirming the analysis, and then
turn to secondary and tertiary bifurcations. We start
with the base parameter set (4), and subsequently ex-
plain the impact of changing to the parameter sets (10)
and (11). In 2D we demonstrate that the wall-attached
states exhibit behavior analogous to that in 1D with lo-
calization in angle playing the role of localization in x,
as illustrated in Fig. 1. We also comment briefly on bulk
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mode branches, and present DNS results initialized from
different unstable states. The numerical continuation re-
sults and the bifurcations from both (relative) equilibria
and genuine time periodic orbits (POs) are computed us-
ing the package pde2path [Uec21, pde25]; this package
is also used for the DNS. Some details of the numerical
method, e.g., how to take advantage of the system sym-
metries, are included in §II B. In §IV we summarize our
results and relate them to existing work on more complex
systems with O(2) symmetry and wave bifurcations.

II. 1D CASE: FINITE DOMAIN WITH
PERIODIC BOUNDARY CONDITIONS

The starting point of the bifurcation analysis is the
linearization of (1) at the trivial solution branch u ≡ 0,
λ ∈ R, i.e., ∂tv = Lv ≡ [λ+ iν − (1 + ∆)2 + iδ∆]v. Over
Ω1, the ansatz v = αeikx+µ(k)t with k = kj ≡ 2πj/ℓ
yields the dispersion relation

µ(k) = λ+ iν − (1− k2)2 − iδk2. (12)

In particular, the branch points (BPs) λ = λj ≡ (1−k2j )
2

lead to the TW branches uTW with wave numbers kj
and speeds sj ≡ ∓|ωj |/kj for left- and right-traveling
waves, respectively. Here ωj = −ν + δk2j , and due to
the gauge invariance of (1) these are in fact single mode
solutions with the explicit expression (5). The O(2) sym-
metry of (1) further implies the presence of standing
waves u(x, t) = v(x)e−iωSWt but v is no longer a sin-
gle mode but contains all odd harmonics of eikjx, i.e.,
eimkjx,m = 2n + 1, n ∈ Z. Before proceeding to the
numerical computation of these branches and their sec-
ondary bifurcations, we derive the associated amplitude
equations (AEs), which are shown to yield an excellent
agreement with the continuation results for the primary
branches.

A. 1D amplitude equations

We are particularly interested in AEs describing sub-
critical TWs and SWs far from onset, a regime inacces-
sible using a formal asymptotic expansion in a small pa-
rameter. These primary branches bifurcate together from
u ≡ 0 with wave numbers k = kj ∈ R and can be ap-
proximated by a modal expansion as done, for example,
in [DKW81], see also [BMvS09, Method II], implicitly
treating the higher modes as fully slaved to the leading
ones. More precisely, we make the ansatz (see Remark
II.1 for an extension to higher order modes)

u(x, t) = [v(t)eikx + w(t)e−ikx]e−iωt (13)

with no a priori assumption on the magnitude of the
amplitudes v and w. With the notation ej ≡ exp ijkx we
see that L ≡ λ+ iν − (1 + ∆)2 + iδ∆ acts on vek as

L(vek) = µ(k)ek, µ(k) = λ+ iν−(1−k2)2−iδk2 (14)

and moreover that

|u|2 =vwe2 + α+ wve−2, (15)

|u|2u =
(
v2we3 + β1ve1 + β2we−1 + w2ve−3

)
e−iωt,

(16)

|u|4u =

(
v3w2e5 + (β1v

2w + αv2w)e3

+ (β2|w|2 + αβ1 + |v|2|w|2)ve1
+ (β1|v|2 + αβ2 + |v|2|w|2)we−1

+ (αw2v + β2w
2v)e−3 + w3v2e−5

)
e−iωt, (17)

where α ≡ |v|2 + |w|2, β1 ≡ α+ |w|2, β2 ≡ α+ |v|2.
In the following we focus on the primary branches bi-

furcating from u ≡ 0 at the first BP (when ℓ = 10π as in
Fig. 1, this occurs at λc = 0 with kc = 1) and hence set
k = 1. Substituting (13) into (1) and collecting terms of
the form e1e

−iωt and e−1e
−iωt yields the AEs

v̇ = i(ν + ω − δ − γβ1)v + (λ− c3β1 − c51)v, (18a)

ẇ = i(ν + ω − δ − γβ2)w + (λ− c3β2 − c52)w, (18b)

where c51 ≡ 2α|w|2 +α2 +2|v|2|w|2, c52 ≡ 2α|v|2 +α2 +
2|v|2|w|2. Thus, writing v = r1e

iϕ1 and w = r2e
iϕ2 , we

obtain

ṙ1 = [λ−c3β1−c51]r1, ṙ2 = [λ−c3β2−c52]r2, (19a)

ϕ̇1 = ν + ω − δ − γβ1, ϕ̇2 = ν + ω − δ − γβ2. (19b)

We are interested in steady states of (19) in the form of
TWs (r1r2 = 0) and SWs (r1 = r2 ̸= 0). For TWs with
r1 > 0 and r2 = 0 we obtain α = r21, β1 = r21, c51 = r41,
resulting in the fixed point

r2TW = −c3
2

±
√

c23
4

+ λ,

ωTW = −ν + δ + γr2TW

(20)

as obtained already in (7), and yielding a TW fold at

λ = λf = −c23/4, c3 < 0. (21)

For SWs with r1 = r2 =: r ̸= 0 we obtain α = 2r2,
β1 = β2 = 3r2, c51 = c52 = 10r4 yielding the fixed point

r2SW = −3c3
20

±
√

9c23
400

+
λ

10
,

ωSW = −ν + δ + 3γr2SW,

(22)

with a SW fold at

λ = λf = − 9

40
c23, c3 < 0. (23)

It turns out that these approximate expressions provide
an excellent fit with the numerics for the SWs that bi-
furcate from u = 0 at λ = 0, cf. Fig. 2. Moreover, if, e.g.,
δ > 0 and γ < 0, then ωSW = 0 at

λc = 10

[(
3c3
20

+
ν − δ

3γ

)2

− 9c23
400

]
, (24)

a result that will be used in Section IID below.
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Remark II.1. The natural form for a higher order
ansatz is

u(x, t) =

[
v(t)eikx + w(t)e−ikx

+ v3(t)e
3ikx + w3(t)e

−3ikx

]
e−iωt. (25)

Then treating v3 and w3 adiabatically, i.e., assuming that
v3 = w3 = O(ε3) and v̇3 = ẇ3 = O(ε5) in a formal ε
expansion, we obtain

e3 : 0 = µ(3)v3 − (c3 + iγ)v2w − v2w(β1 + α)

⇔ v3 =
1

µ(3)

[
(c3+iγ)v2w + (2|w|2+|v|2)wv2

]
, (26)

e−3 : w3 =
1

µ(−3)

[
(c3+iγ)w2v + (2|v|2+|w|2)vw2

]
.

(27)

To leading order, v3 and w3 must then be included in
−(c3 + iγ)|u|2u = −(c3 + iγ)

[
(16) + (v3v + w3w)we1 +

(w3w + v3v)ve−1

]
, which yields corrections to c51 and

c52 in (18). For TWs we still have v3 = w3 ≡ 0 as only
products of v and w appear in (26) and (27), and of
course this agrees with the single mode exact expression
(7). For SWs, the higher modes v3e3 + w3e−3 ̸= 0 (in
fact vjej ̸= 0, wje−j ̸= 0 for all j = 2k + 1, k ∈ N), and
(26) and (27) should in principle be taken into account.
However, because

|µ(±3)| = |λ− 64 + i(ν + ω − 9δ)| (28)

is rather large (a benefit of the rather strong linear damp-
ing in the CSHE away from the critical modes, and
the cubic-quintic nonlinearity which only generates odd
modes), the higher order modes v3 and w3 are quite small
in the parameter regimes considered below, and so may
be safely neglected. See, e.g., the FFT plot of SW in
Fig. 2. ⌋

Remark II.2. For suitable choice of parameters, e.g.,
γ < 0 and δ > 0, (7) shows that TWs can have zero
speed, i.e., for ωTW ≡ −ν + γα2 + δk2 = 0 we have an

exact steady state u
(0)
TW = αeikx at an isolated value of λ.

Similarly, the temporal frequency ωSW of SWs can also go
to zero (period T → ∞, see (22) for an approximate ex-
pression for ωSW), resulting in an (approximate) spatially

periodic steady state u
(0)
SW at an isolated λ value, which

we then compute numerically, with excellent agreement.

The u
(0)
SW are different from u

(0)
TW, in particular |u(0)

SW| is
not spatially constant. ⌋

B. Numerical continuation and bifurcation

For an exposition of numerical continuation for PDEs,
including the software pde2path used here and down-
loadable at [pde25], we refer to [Uec21]. In our 1D

numerics, (1) is always solved in a frame moving with
speed s(t) = σ̇(t) (possibly s = 0), i.e., we set ũ(x, t) =
u(x− σ(t), t) and after dropping the tilde we obtain

∂tu =(λ+ iν)u− (c3 + iγ)|u|2u− |u|4u
− (1 + ∂2

x)
2u+ iδ∂2

xu+ s∂xu. (29)

In particular, TWs are equilibria of (29) with constant
s (relative equilibria), where s > 0 corresponds to right-
traveling waves, while s < 0 corresponds to left-traveling
waves. To compute TWs numerically we set the time
derivatives to zero in (29) and solve the resulting nonlin-
ear eigenvalue problem for (u, s) using the phase condi-
tion

q(u) := ⟨∂xuold, u⟩ = 0, (30)

where uold is the solution from the last continuation step,
and ⟨f, g⟩ :=

∫
Ω
f(x)g(x) dx. This removes the transla-

tional zero eigenvalue with eigenfunction ∂xu from the
linearization of (29) around a nontrivial u(x), and makes
the continuation orthogonal to the group orbit of trans-
lations Tξu = u(x− ξ).
Because of the explicit formula (7), a numerical com-

putation of TWs is not in fact necessary, but is used here
as a starting point for MTWs. For the sake of generality
(see Remark II.3), these are computed as time–periodic
orbits (POs) in a comoving frame. For this we have two
options: (i) we set the average phase condition

qH(u) :=

m−1∑
i=1

⟨∂xu∗, u(ti)⟩ = 0, (31)

where u∗=u∗(x) is a reference profile (usually u∗ =
uH , the spatial profile at the Hopf point), and
t1=0, t2 . . . , tm=T are the grid points of the time dis-
cretization (where internally we rescale t 7→ t/T to have
a fixed time–interval t ∈ [0, 1)). In this case, s in (29)
is a constant (average) speed, which we can also plot in
bifurcation diagrams (BDs). Altogether we have a non-
linear eigenvalue problem for u = u(x, t) and the scalar
quantities s and T , consisting of (29), (31), the period-
icity condition u(·, 0) = u(·, T ), and the temporal phase
condition (33) below.
Alternatively, (ii) we can use a t–dependent speed s(t),

i.e., ξ = x−σ(t) and s(t) = σ̇(t), and the pointwise phase
conditions

qH(u, ti) := ⟨∂xu∗, u(ti)⟩ = 0 (32)

at each ti, yielding a nonlinear system for u(x, t), s(t)
and T . In BDs we can again plot the mean speed

s= 1
T

∫ T

0
σ̇(τ) dτ . In most problems considered thus far,

both approaches work similarly, and we have mostly used
approach (i) [Uec21, Chapter 7]. However, here approach
(ii) is more robust and leads to faster convergence of New-
ton loops and allows larger stepsizes, which is particu-
larly important in the 2D case, where all of the above
applies in a rotating frame, i.e., with s∂ϑu instead of
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s∂xu on the rhs of (29), with phase conditions of the
form ⟨∂ϑuold, u⟩ = 0 together with the appropriate mod-
ification for PO computation. Finally, since (29) is au-
tonomous, for POs we always need and use the standard
temporal phase condition∫ T

0

⟨u(·, t), ∂tuold(·, t)⟩ dt = 0. (33)

In all cases we use arclength continuation, where the in-
dependent parameter is the arclength ζ along a branch,
and u and the primary active parameter (here λ), and
possibly further parameters such as s and T , are the
dependent unknowns; this allows the computation to
pass around folds and in particular to follow “snaking”
branches that oscillate back and forth in λ.
Importantly, the gauge invariance of (1) also allows us

to compute SWs as relative equilibria, bypassing the PO
setup. For this we let

u(x, t) = v(x)e−iωt (34)

and obtain the steady state problem

0 =(λ+ iν)v − (c3 + iγ)|v|2v − |v|4v
− (1 + ∂2

x)
2v + iδ∂2

xv + s∂xv + iωv, (35)

where ω is a now a second nonlinear eigenvalue, in addi-
tion to the speed s in (29). The associated phase condi-
tion is

⟨v, ivold⟩ = 0 (36)

and arises from the derivative v 7→ iv of the gauge rota-
tion v 7→ eiθv at θ = 0. This condition is equivalent to
the temporal phase condition (33) in a genuine PO setup.

We can also use the above approach to track the linear
stability properties of the SW solutions ζ 7→ (v, λ, ω)(ζ)
and s = 0. This allows us to find BPs to LSWs, and
HPs to two–frequency SWs, both with s ≡ 0, and Hopf
bifurcations to two–frequency LSWs that are also found
on the LSW branches. In a genuine PO setup, these
would correspond to Neimark–Sacker (or torus) bifurca-
tions, which are numerically notoriously difficult. More-
over, on the LSW branches we find drift bifurcations to
LDW branches with s ̸= 0; these inter alia yield rungs
between even and odd LSW, cf. Fig. 1(d), or more gen-
erally localized drifting waves (LDWs). Numerically, the
gauge invariance of (1) is thus of great importance, as
the computation of SWs and LSWs as genuine POs is
more expensive, particularly in 2D, where the ansatz
(34) also works, but the computation of bifurcations to
two–frequency POs and LDWs from the SWs and LSWs
would normally require a much more elaborate setup.

Remark II.3. a) In principle, the gauge invariance can
also be used to simplify the computation of MTWs. The
MTWs that bifurcate from a TW branch with wave num-
ber k take the form

uMTW(x, t) = v(x− s2t)e
i(kx−ωt), (37)

where s2 is the speed of the envelope v modulating the
TW ei(kx−ωt) that travels with speed s1 = ω/k. Substi-
tuting (37) into (1) we obtain

0 =(λ+ iν)v − (c3 + iγ)|v|2v − |v|4v
− (1 + ∂2

x)
2v + iδ∂2

xv + s2∂xv (38)

− 2δk∂xv + i(ω − δk2)v − (1− k2)2v.

Solutions of (38) can then be continued in, e.g., λ, with
free s2, ω and the phase conditions (30) and (36), thereby
again avoiding the PO setup. However, we refrain here
from using this shortcut, for two reasons: (i) in 1D the
computation of MTWs as POs is still rather fast, and
the combination (37) and (38) generalizes to 2D only in
a rather complicated way; (ii) both (34) and (37) de-
pend crucially on the gauge invariance, and in the in-
terest of generality we do not wish to overexploit this
special property of the problem. Note that in reaction-
diffusion systems with wave bifurcations we were still
able to study analogous branches (SWs, LSWs, TWs,
MTWs, the latter yielding a state referred to as “jump-
ing oscillons”) despite the absence of gauge invariance
[KUY21, KMUY26].
b) For the spatial discretization in both 1D and 2D,

we use a piecewise quadratic finite element method (P2-
FEM), which for our problems gives better accuracy with
similar numbers of degrees of freedom (DoF) than “stan-
dard” piecewise linear elements (P1-FEM). In 2D, this
is combined with a subdivide–and–project (on constant
r) strategy for mesh–generation, needed to prevent sym-
metry loss during continuation, cf. [VKU21]. In 1D we
then typically use between 600 and 1200 spatial DoF,
and in 2D between 2000 and 8000 DoF. The time dis-
cretization for POs uses finite differences with 50 to 100
points per period. For the DNS we use a linearly implicit
time stepper based on the data–structures already set up
for the continuation. See “CSH” at [pde25, Tab “Apps”]
for further details and download of sources. ⌋

For bifurcation diagrams, we use the norms

∥u∥2 :=

(
1

|Ω|

∫
Ω

|u(x)|2 dx
)1/2

for steady states,

(39a)

∥u∥2 :=

(
1

T |Ω|

∫ T

0

∫
Ω

|u(x, t)|2 dx dt

)1/2

for POs,

(39b)

and the temporal frequency ω and/or the speed s (with

s = ⟨s(t)⟩ := 1
T

∫ T

0
s(t) dt for variable speeds along one

period T ).

C. The baseline case

Figure 2 shows BDs and sample solutions for TWs
(brown), MTWs (magenta), and SWs (blue), over Ω1 =
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(a) (b)

(c)

(d)

(e)

FIG. 2. Solutions of (1) on Ω1 = [−5π, 5π) with (ν, γ, δ) =
(−1, 0.5, 1). (a) BD of TWs (brown, sample state T), SWs
(blue, sample state S), and MTWs (magenta, sample states
A and B), in terms of the L2 norms (39). (b) Corresponding
speed s (for TWs and MTWs) and frequency ω (for SWs)
as a function of λ, together with the exact expression (7) for
sTW and the approximate expression (22) for ωSW (⋆ sym-
bols). Thick (thin) lines indicate stable (unstable) solutions,
except for the MTW branches, where the stability has not
been computed. (c) Sample solutions T and S, shown using
Re(u). (d) Sample MTW solutions at locations A and B. For
A we show Re(u) and |u| in the comoving frame with average
speed s ≈ 2.07. For B we also show the instantaneous speed
s(t) = σ(t), and Re(u) in the labframe. (e) Power spectra of
SW at S and MTW at t = 0, location B.

[−5π, 5π) with λ as the bifurcation parameter and the
“base parameter set” (4). Panel (a) shows the normal-

ized L2 norms (39), while (b) shows the speed s for
TWs, and the frequency ω for SWs, together with the
exact expression (7) for the TW speed sTW (here k = 1,
hence s = ω/k = ω), and the approximate expression
(20) for the SW frequency ωSW. Both provide excellent
approximations even far from onset. Panel (c) shows
Re(u) for the TW and SW at the locations indicated in
(a,b). Note that |uTW| is independent of x, t, as also
follows from (7), while |uSW| is only constant in t; the
SWs are computed as relative equilibria from the ansatz
uSW(x, t) = v(x)e−iωt.

Both TW and SW branches are initially unstable but
acquire stability at their respective folds on the left, at
the locations predicted in (21) and (23). Both branches
exhibit BPs and HPs, indicating the presence of sec-
ondary solution branches. Figure 2 shows that the MTW
branch (magenta) bifurcates from the first HP on the
TW branch at low ∥u∥2, and then reconnects to the TW
branch near its fold. Panel (d) shows space-time plots
of the MTW at locations A and B in (a), where the
MTW are computed as relative POs in a comoving frame
with variable speed s(t) = σ̇(t) and the pointwise-in-time
translational phase condition (32). The first plot shows
Re(u) at A in the comoving frame (with average speed
s ≈ 2.07), while the second plot shows that |u| takes the
form of a TW, as already indicated in (37). The result-
ing solution uMTW is thus a two-frequency state and so
is generically nonperiodic in t: in the comoving frame it
is periodic, however, and exhibits both an oscillation in
amplitude and a translation; when this solution is viewed
in the labframe, the translation speed changes, resulting
in general in a two-frequency state. However, owing to
translation invariance of the problem, no frequency lock-
ing takes place [Ran82]. For location B we show the
solution in both the comoving frame and in the labframe
and additionally plot the instantaneous speed s(t); this
oscillates about the mean value s ≈ 2.86. Thus if T
is the “round–trip time” of the MTW in the comoving
frame, we see that in this frame the envelope travels to
the left with speed −10π/T ≈ −1.31 so that its speed in
the labframe is approximately 2.86 − 1.31 = 1.55 which
is slower than the mean speed ≈ 2.86 of the underlying
wave.

Altogether, the MTW solutions start out as a weak
modulation of the TW solution. At location A the enve-
lope is already well-localized but then widens again, with
an almost vertical segment (in ∥u∥2) around λ = −1.2,
prior to its termination near the TW fold. This abrupt
growth in the spatial extent of the structure near λ =
−1.2 indicates an absence of pinning between the fronts
on either side of the MTW as the domain fills, and re-
sembles that associated with the presence of a Maxwell
point between two homogeneous states in gradient sys-
tems. We surmise that this is a consequence of the prop-
agation of the internal structure in the comoving frame
which in effect averages out the heterogeneity within the
MTW. In contrast, single frequency localized traveling
waves (LTWs, also referred to as traveling pulses) may
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snake because in the comoving frame the LTW is time-
independent [KUY21]. In the present case we have in
fact detected slight snaking in the vicinity of λ = −1.2,
behavior we ascribe to weak inhomogeneity arising from
asymmetry between the leading and trailing parts of the
MTW state.

Finally, panel (e) compares the power spectra (actu-
ally |ûk|1/4) of the SW at location S (for which |ûk| is
independent of t because u(x, t) = v(x)e−iωt), and of the
time t = 0 slice of the MTW at location B (for which |ûk|
does depend on t but only weakly). The plot for the SW
illustrates that all odd modes (here ûk ̸= 0 at k = 1, 3, 5)
contribute, but the higher modes k = 3, k = 5 do so
much less, a consequence of the strong damping of the
linear part of the CSHE35 at larger |k|, cf. Remark II.1.
On the other hand, for the MTW a continuous band of
low wave numbers is involved.

In Figs. 3 and 4 we consider secondary (and tertiary)
bifurcations from the SW branch (blue) in Fig. 2(a).
These are of three types: a steady-state modulational in-
stability leading to homoclinic snaking, a parity-breaking
or drift bifurcation, and a symmetry-preserving Hopf bi-
furcation. We discuss each of these in turn.

The modulational instability breaks the discrete trans-
lation invariance of the SW. The Ω1 = [−5π, 5π) domain
admits 5 SW wavelengths, with adjacent cells oscillating
out of phase (Fig. 2, state S). Large scale modulation with
wavelength 10π can either coincide with the peak oscil-
lation amplitude, leading to a symmetric LSW (LSWe),
or it may coincide with a node at which oscillation is
absent, resulting in an odd LSW (LSWo) consisting of
an even number of cells in which adjacent cells oscillate
out of phase. These two cases are related by a quarter-
wavelength translation of the modulation peak, just as
in the real RSHE35 [BK07]. Figure 3 shows both states,
labeled A and C, respectively. These states are found
on a pair of intertwined branches, even (orange) and odd
(green), which bifurcate together from SW at the first
BP as the SW amplitude increases, i.e., at finite ampli-
tude. This is a finite size effect, and over R we expect
the LSWs to bifurcate from u ≡ 0 at λ = λc = 0 simulta-
neously with the SW branch, much as occurs for steady
states in the RSHE35 [BK07]. Both LSW branches start
as weak spatial modulations of the underlying SW, but
at location A and C the solutions on both branches are
already well localized, and subsequently the branches ex-
hibit a number of folds; after each pair of folds another
oscillation (i.e., a half-wavelength) is nucleated on either
side of the center. Once the domain is filled, the branches
reconnect together to the SW branch near its left fold,
cf. [BBKM08]. This process resembles closely the homo-
clinic snaking behavior observed in RSHE35 and reflects
the presence of pinning of the fronts on either side of
the oscillating structure to the heterogeneity in between.
Figure 5(b) provides a clearer picture of this behavior on
a larger domain. Moreover, the two LSW branches are
connected by rungs, of which we show one example in red.
These rungs arise in drift bifurcations from the odd/even

(a)

(b)

(c)

FIG. 3. Solutions of (1) on Ω1 = [−5π, 5π) with (ν, γ, δ) =
(−1, 0.5, 1). (a) Secondary branches of LSWe (orange, so-
lutions A, B) and LSWo (green, solution C) and to two-
frequency SWs (violet, solution F) together with tertiary
branches to rungs (red, solution R) and 2-frequency LSWs
(light violet, solution G). (b) Space-time plots showing
Re(u) = Re(e−iωtv) over one temporal period for sample solu-
tions; solution R drifts and so is shown in the comoving frame.
(c) Two-frequency SW (solution F) and two-frequency LSW
(solution G) in terms of Re(v) and Re(u).

LSW, i.e., in steady state bifurcations which break the
solution parity and so lead to spatially asymmetric states
that drift with a nonzero speed s (see the bottom right
panel in (a) for the speed s along a rung branch). The
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rungs thus interpolate between odd and even LSW but
are neither. Recall that we compute the SWs, LSWs and
rung states as steady states v for (35) with ω and s as
eigenvalues; in (b) we plot Re(u) for the reconstructed
solution u(x, t) = v(x)e−iωt for the states labeled in (a).
The rung state R is shown in the comoving frame.

Finally, the violet branches in (a) with sample solutions
F and G in panel (c) show POs (for v) arising from Hopf
bifurcation on the SW and LSW branches, leading to
two-frequency states. We continue these branches for
relatively short intervals in λ only, as away from onset,
the period T of v(x, t) increases rapidly; moreover, all
of these two-frequency states appear to be dynamically
unstable. For illustration, in Fig. 4 we show DNS from
(small perturbations of) the t = 0 time slices of F and
G. In both cases the solutions converge rather quickly to
a TW source–sink mix, a state that also appears to be
a generic attractor for (1) with random ICs, at least for
the parameter set (4) and λ ∈ (−0.8,−0.3).

FIG. 4. DNS from the t = 0 time slices of the unstable two-
frequency states F (left) and G (right) in Fig. 3.

In Fig. 5(a) we run DNS for (1) on the larger domain
Ω = [−8π, 8π) with an initial condition u0 consisting of
a pair of wave packets. In detail, we let (see the top left
panel in (a))

u0(x) = cos(x)
[
a1sech(

x+nπ

w
) + a2sech(

x−nπ

w
)
]

(40)

+ i sin(x+ξ)
[
a1sech(

x+nπ

w
)−a2sech(

x−nπ

w
)
]
,

where n ∈ N determines the spacing of the two envelope
pulses, a1,2 specify their amplitudes, w > 0 the widths,
and ξ is a detuning parameter. Under DNS at λ = −1.1
(which must be chosen somewhat carefully), these wave
packets collide in the middle of the domain and gener-
ate a numerically stable LSWe. The profile at t = 40,
together with an approximation for ω which can be read
off from the period T , can then be used as an initial
guess for LSW continuation, resulting in panel (b). The
panel shows the resulting LSWe branch and illustrates
its snaking behavior using sample solutions at locations
A and B, and identifies many tertiary BPs and HPs, indi-
cating that many further branches are present. Panel (c)
shows the results from a similar experiment at λ = −1.2
starting from an initial condition given by a single wave
packet, which under DNS evolves into a MTW. Together,
these experiments illustrate the stability (for suitable λ)
and the rather large domains of attraction of both LSWs
and MTWs.

(a)

(b)

(c)

FIG. 5. Solutions of (1) on Ω1 = [−8π, 8π) with (ν, γ, δ) =
(−1, 0.5, 1). (a) Generation of a LSW at λ = −1.1 from an
initial condition with a1,2 = 1, n = 3, w = 4 and ξ = 0 (upper
panel). (b) Continuation of the LSW in (a) to smaller and
larger λ, with sample space-time plots at locations A and B.
(c) Generation of a right-traveling MTW at λ = −1.2 from
the IC (40) with a1 = 1, a2 = 0, n = 3, w = 4 and ξ = 0
(upper panel). All space-time plots show Reu(x, t).

D. ω decreasing with |u|

The solutions in §II C obtained with the “base parame-
ter set” (4), (ν, γ, δ)=(−1, 0.5, 1) and c3=−2.5, are char-
acterized by ωTW (via (7)) and ωSW (via the approxima-
tion (22), which remains accurate even far from onset),
both increasing with the amplitude |u|. We now con-
sider the opposite situation where ω instead decreases
with |u|. For this purpose, we set ν = 0, reduce δ, and
employ a negative γ. Figures 6 and 7 explore the case
(γ, δ) = (−0.5, 1).

Figures 6(a,b) show BDs of the primary TWs (brown)
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(a) (b)

(c)

(d)

FIG. 6. Solutions of (1) on Ω1 = [−5π, 5π) with (ν, γ, δ) =
(0,−0.5, 1). (a) BD of TWs (brown), SWs (blue), and MTWs
(magenta), in terms of the L2 norms (39). (b) Corresponding
frequency ω (for SWs) and speed s (for TWs and MTWs) as a
function of λ, together with the approximate expression (22)
for SWs (⋆ symbols). (c) Re(u) for MTWs in comoving frame.
(d) DNS from t = 0 slices of the states E (stable) and F; the
latter converge to TW with almost vanishing speed (state D).

and SWs (blue), and of the first MTW branch (magenta),
with sample MTW solutions at locations E and F shown
in (c). Although the BD in panel (a) is quite similar
to that in Fig. 2(a) the speed s = ω in panel (b) now
decreases along the TW branch, and in particular s =
0 near location D at λ ≈ −1. Similarly, ω decreases
along the SW branch as predicted by (22), and we find
excellent agreement between the approximate expression
(22) (⋆ symbols) and the full numerics, even far from
onset, i.e., above the fold in (a). As before, the MTW
branch bifurcates from TWs at small ∥u∥2 (and large s)
and reconnects to the TWs near the fold, with smaller s.
However, s is positive everywhere on the MTW branch,
and in particular the period T of the MTW solutions
in the comoving frame remains bounded, which is why
we can continue the MTW branch until its reconnection
with the TW branch. In the nearly vertical segment near
λ = −1 the MTW envelope expands rapidly (compare

solutions E and F), although this segment in fact contains
four folds, and state E is numerically stable (see (d), left
panel). On the other hand, F is unstable, and starting
near F (with λ1 ≈ −0.98) yields convergence to the large
amplitude TW at this λ and hence a small negative speed
s ≈ −0.013 (state D).

FIG. 7. Solutions of (1) on Ω1 = [−5π, 5π) with (ν, γ, δ) =
(0,−0.5, 1) showing the period T of SWs and LSWs as a func-
tion of λ, together with 2π/ω from the approximate expression
(22) for SWs. A branch of odd LSW states (green, sample
solutions H and I) bifurcates from the BP closest to the SW
fold and connects to another SW branch with wave number
4/5 that bifurcates from u ≡ 0 at λ ≈ 0.1296 (not shown). A
branch of two-pulse LSWs (orange, sample solution G) is also
shown.

Figure 7 complements Fig. 6 with the corresponding
SW and LSW results, showing the period T of the SWs as
a function of λ (blue, sample solution B) together with T
from the approximate expression (22) (⋆ symbols). It also
shows the period T for odd LSWs that bifurcate (together
with even LSWs, not shown) from the last BP on the SW
branch before its fold at λ ≈ −1.4 (sample solutions H
and I). Naturally, as ω decreases along the SW branch,
T = 2π/ω increases, and in fact diverges as ω → 0, at
λ∗ ≈ −0.76. Interestingly, generic POs exhibiting such
a divergence in period cannot be continued beyond λ∗
as T → ∞, but in the present case the reformulation
(35) of the problem in terms of the frequency ω allows
continuation past ω → 0 with no problem. In particular,
at λ∗ with ω(λ∗) = 0 we simply find a steady state u = v,
and for negative ω beyond λ∗ the branch continues with
gauge rotation in the opposite direction.

Remark II.4. In many problems, the divergence of the
period T → ∞ for POs is associated with approach to
a heteroclinic orbit [Wig88] or a SNIPER bifurcation
[Str18]. The situation here completely different: all POs
are always single harmonics in t, i.e., u(x, t)=v(x)e−iωt,
and the divergence of T=2π/ω occurs simply because
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ω → 0. ⌋

In contrast to Fig. 3 the odd LSW branch (green) con-
tinues from the vicinity of the SW fold to larger λ, but
does not reconnect to the (k = 1) primary SW branch
at low ∥u∥2. Instead it connects to the SW branch with
four wavelengths in the domain (not shown), i.e., with
wave number k = 4/5, which bifurcates from u ≡ 0 at
λ = (1− 16/25)2 ≈ 0.1296. The even LSW behaves sim-
ilarly (not shown). Other BPs also lead to odd and even
LSW but these do not connect to other SW branches.
We show an example (orange, sample solution G, even
under reflection in x ≈ 7) which connects the third and
fourth BP on the SW branch. The corresponding odd
LSW branch is omitted.

All these LSW branches in turn support additional
BPs, yielding drift bifurcations and rung–like structures,
as well as HPs, yielding two-frequency LSWs. However,
all these LSW solutions, rung states and two-frequency
states appear to be dynamically unstable. Moreover, the
rung states behave somewhat differently from those in
Fig. 3. They do not yield short (drifting) connections be-
tween odd and even LSW branches, but rather connect
BPs on the same (odd) branch, or wander away from
the LSW branch and become LDW branches with MTW
characteristics. We illustrate this behavior in detail in
Figs. 8 and 9 for the next parameter set.

FIG. 8. Solutions of (1) on Ω1 = [−5π, 5π) with (ν, γ, δ) =
(0,−1, 0.5) showing TW (brown) and SW (blue) as a function
of λ. The TW speed s now drops to zero before the fold
(location C) with similar behavior on the SW branch. The
MTW branch (magenta) could not be followed beyond state
F because of the long periods T involved.

In Fig. 8 we force a stronger decrease of the speed s
with the TW amplitude |u| by taking (γ, δ) = (−1, 0.5).
With ν = 0 (7) now shows that s = 0 at λ = −13/16 =

−0.8125, i.e., before the TW fold. For these parameters
the same happens along the SW branch, i.e., ω = 0 be-
fore the SW fold, and this is so in both the numerics and
the approximation (22). This fact impacts our numerical
continuation of the MTWs (magenta): as s decreases, the
period T of the MTWs in the comoving frame increases,
and beyond F their continuation became too expensive,
and was stopped. In fact the gauge–invariance setup (38)
could in principle be leveraged to continue the MTW so-
lutions further, but this has not been implemented here.

Figure 9 shows the BD of some LSW branches, and
of tertiary bifurcations from these to localized drifting
waves (LDWs). The first BP on the primary SW branch
gives rise to the green branch of odd LSWs, together with
a similar even LSW branch (not shown). The odd LSW
branch becomes stable after a fold near λ ≈ −1, and
remains stable until λ ≈ −0.6 (roughly where the large
amplitude SWs also lose stability), and then continues
to λ > 0. The second BP on the SW branch generates
the light green branch of two-pulse LSWs, i.e., a branch
of two equispaced copies of the dark green odd LSW os-
cillating out of phase. The violet LDW branch, with
sample solutions E (and E′), F and G, no longer con-
nects to an even LSW branch, but instead continues to
large |s|, where the solutions resemble MTWs. Here we
also illustrate that the drift direction can be changed by
going in the opposite direction at the drift bifurcation (E
vs E′), see in particular the labframe plots of E and E′,
obtained from DNS starting with the respective profiles,
both of which are stable as indicated by the thick lines
in (a,b). These LDWs have larger speed |s|, amplitude,
and spatial extent than the MTWs reached in Fig. 8 and
are moreover substantially asymmetric, with a larger am-
plitude at the leading edge. We currently do not know
how the MTW states like those in Fig. 8 and the LDW
states like those in Fig. 9 relate to one another, and in
particular whether in some parameter regimes they may
be connected.

Figure 9 also shows that the LDW branch exhibits be-
havior akin to collapsed snaking, i.e., it exhibits effects of
weak pinning that decreases with increasing width of the
state, and that more strongly localized LDWs can be sta-
ble (thick lines). State G shows the behavior that arises
when the domain is almost filled but the basic wavelength
does not quite fit in the domain, leading to frustration.
The branch of LDWs bifurcating from even LSW shows
similar behavior, but does not contain stable states, and
continues to larger λ without frustration, with four wave-
lengths even at large λ.

Figure 10 illustrates the dynamics for ICs of type (40)
on a larger domain, where (a) for δ = 0.5 a head-on
collision of two symmetric wave packets generates an
even LSW, or equivalently a localized source. On the
other hand, (b) for δ = 2.0 ICs in the form of a wave
packet generically lead to narrow (strongly localized)
MTWs/LDWs, or equivalently to a traveling breather. A
similar influence of the parameter δ can also be found for
other γ values (and indeed for other parameters): smaller
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(a)

(b)

(c)

FIG. 9. LSWs and tertiary branches for (1) on Ω1 = [−5π, 5π)
with (ν, γ, δ) = (0,−1, 0.5). (a) BD and the corresponding
frequency ω for SWs and LSWs. (b) Sample LSW solutions
at locations C (single pulse odd LSW) and D (two-pulse odd
LSW) together with the speed s of DSW and sample solu-
tions at locations E, E′ and F. (c) DNS from states E and E′

showing that both are numerically stable.

δ generally favors stable LSWs, while larger δ leads to
stable MTWs/LDWs. A more systematic study of this
behavior via continuation of LSWs and MTWs/LDWs in
δ is possible but is beyond the scope of this work.

(a)

(b)

FIG. 10. DNS of (1) on the larger domain Ω1 = [−10π, 10π)
with ICs of the form (40) and parameters (ν, γ) = (0,−1),
λ = −0.55. (a) δ = 0.5, a1 = a2 = 2, w = 4, n = 4, yielding
a stable localized source. (b) δ = 2, a1 = 2, a2 = 0, w = 1,
n = 4, yielding a stable MTW.

III. 2D CASE: FINITE DISK

In the study [VKU21] of the variational cubic-quintic
Swift-Hohenberg equation RSHE35 on a disk, we were
able to relate many of the 1D steady patterns to the cor-
responding wall modes on a disk. These “daisy” states
were found to localize not only to the wall but along
the wall as well, resulting in states of both odd and
even parity organized in snaking structures closely re-
sembling those familiar from 1D. Moreover, we were able
to study their interaction with bulk states that also form
in this system. Motivated by this, we now turn to the
CSHE35 on a disk. We aim to understand the bifurcation
structure of rotating and oscillating daisies attached to
the perimeter of a disk, and the accompanying localized
structures along portions of the perimeter. Inevitably,
the overall bifurcation picture of solutions on a disk is
much more complicated, including states that form os-
cillating and rotating patterns in the bulk of the disk,
and their interaction with wall states; however, the bulk
states will be discussed only briefly, see Figs.16 and 18.
In 2D traveling waves become rotating waves (RWs),

and the MTWs become modulated RWs (MRWs); we
keep the name (and acronym) LDW for solutions aris-
ing in drift bifurcations from LSWs, where rotation and
drift refer to rotations Rϑu(·) = u(Rϑ·), with Rϑ =(
cosϑ − sinϑ
sinϑ cosϑ

)
. The speed s is now the rotation speed

or angular velocity, and we consider

∂tu =(λ+ iν)u− (c3 + iγ)|u|2u− |u|4u (41)

− (1 + ∆)2u+ iδ∆u+ s∂ϑu,
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where ∂ϑu = (−y∂x + x∂y)u. The RWs are computed
as equilibria of (41) together with the phase condition
⟨∂ϑuold, u⟩ = 0, and for MRWs and LDWs the phase
conditions (31) and (32) for the (average) rotation speed
translate straightforwardly to the disk case. The gauge
invariance u 7→ eiαu is independent of the domain, and
so (35), (36) apply to 2D directly.

A. Linear stability, and amplitude equations for
RWs and SWs

The eigenfunctions of the Laplacian on a disk of radius
R with Neumann BCs at r = R are, in polar coordinates
(r, ϑ),

um,ℓ(r, ϑ) = Jm(km,lr) exp(imϑ),

m ∈ Z, where Jm is the mth Bessel function of the first
kind, km,ℓ = αm,l/R and αm,l is the lth zero of J ′

m. Thus
∆um,ℓ = −k2m,ℓu and hence the linearization of (1) has

solutions u(r, ϑ, t) = eµ(m,l)tum,l(r, ϑ) with

µ(m, l) = λ− (1− k2m,l)
2 + i(ν − δk2m,l), (42)

similar to (12). The modes um,l provide an orthogonal
basis of L2(Ω) under the scalar product

⟨u, v⟩ =
∫ 2π

0

∫ r

0

u(r, ϑ)v(r, ϑ)r dr dϑ. (43)

At this level, the main difference between 1D and 2D is
that even for moderate R there are in general many near
critical modes um,l (small |µ(m, l)|), and the order of ap-
pearance of the individual modes um,l with increasing λ
depends sensitively on R. See, e.g., [VKU21, §II.A] for
details of the spectral analysis (in the real case), and for
illustrations of the eigenfunctions at criticality for differ-
ent R. The bifurcations from u = 0 at λc are generically
double (except in the axisymmetric case m = 0), and as
a result each bifurcation with m ̸= 0 leads to both (clock-
wise or counterclockwise) rotating waves (RWs) and to
standing waves (SWs) as equal amplitude superpositions
of the RWs, just as in 1D.

Amplitude equations for the RW and SW may be de-
rived analogously to §IIA: we pick integers (m, l), m ̸= 0,
and make the single mode ansatz

u = (vum,l + wu−m,l)e
−iωm,lt. (44)

Substituting (44) into (1) and projecting back onto um,l

and u−m,l via (43) leads to

I1v̇ =µ(m, l)I1v − (c3 + iγ)I3(|v|2 + 2|w|2)v
− I5(|v|4 + 3|w|4 + 6|v|2|w|2)v, (45a)

I1ẇ =µ(m, l)I1w − (c3 + iγ)I3(|w|2 + 2|v|2)w
− I5(|w|4 + 3|v|4 + 6|w|2|v|2)w, (45b)

with λ in µ(m, l) replaced by λ + iωm,l and Ij ≡∫ R

0
|Jm,l(km,lr)|j+1r dr. For simplicity, we evaluate the

integrals Ij numerically. For instance for R = 5 the pri-
mary bifurcation has m=4, l = 1, and kc=1.065, which
yields

I1 = 0.211, I3 = 0.024, I5 = 0.003. (46)

In any case, we can now analyze (45) exactly like (18).
Setting v = r1e

iϕ1 and w = r2e
iϕ2 we obtain RWs in the

form (r1, r2) = (rRW, 0) or (r1, r2) = (0, rRW), with

r2RW =
c3I3 ±

√
c23I

2
3 + 4I5I1(λ− (1− k2)2)

−2I5
,

ωRW =− ν + δk2 + γr2RWI3/I1,

(47)

and SWs in the form r1 = r2 =: rSW with

r2SW =
3c3I3 ±

√
(3c3I3)2+40I5(λ− (1−k2)2)I1

−20I5
,

ωSW =− ν + δk2 + 3γr2SWI3/I1.

(48)

In general, the above expressions for (rRW, ωRW) and
(rSW, ωSW) can only be expected to be good approxi-
mations close to onset. Nevertheless, we find that even
in 2D the single mode ansatz (44) yields very good ap-
proximations all the way to O(1) amplitude, despite the
presence of many more only weakly damped modes.

Remark III.1. Going to higher order as in Remark II.1,
one finds that uRW with the basic mode m0, l0 only con-
tains modes um0,l, l ∈ N, and in particular |uRW| is again
independent of ϑ and t. Thus, in the following we again
mostly plot Re(u). ⌋

B. The baseline case

Figures 11 and 12 show the resulting wall states on a
disk with radius R = 5 (perimeter 10π), to be compared
with the 1D states from Figs. 2 and 3 on an interval
of length 10π. Specifically, Fig. 11 shows the primary
RW (brown) and SW (blue) branches when (ν, γ, δ) =
(−1, 0.5, 1); these bifurcate together from u ≡ 0 at λ ≈
0.017. Panel (c) shows that this is am = 4 wall mode and
shows the resulting SW (top view at location S together
with a space-time plot over one SW period along the
perimeter).
The RW states also have m = 4 (sample solution T,

since we want to keep the letter R for rungs) but rotating
rigidly with angular velocity s (panel (b) plots sRW =
2π/4ωRW from (48), showing minor discrepancies above
the RW fold only). Comparing to the 1D case, here s
(around 0.7, say) is smaller, but this is the angular speed,
and for R = 5 we obtain sw = 5s ≈ 3.5 at the wall, which
is comparable to 1D.
The first HP on the RW branch leads to the magenta

MRW branch whose behavior parallels that of the MTW
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(a) (b)

(c)

(d)

FIG. 11. Solutions of (1) on a disk of radius R = 5 when
(ν, γ, δ) = (−1, 0.5, 1) for comparison with Fig. 2. (a) ∥u∥2 for
RW (brown), SW (blue) and MTW (magenta) as a function
of λ. (b) The angular speed s of TW and MTW compared
with the approximate expression (47) (⋆). (c) Period T of
SW compared with the approximation (48) (⋆) together with
a sample SW solution at location S (instantaneous profile and
dynamics along the perimeter) and a sample RW solution at
location T; T has a similar m = 4 profile to S and rotates
rigidly with angular speed s. (d) Profiles and perimeter dy-
namics (in the comoving frame) of MTWs at locations A and
B. All sample plots show Re(u).

branch in Fig. 2. Moreover, solution B is dynamically
stable, and we refer to Fig. 13 for the ξ–t dynamics in
the labframe.

Figure 12 shows the secondary bifurcations (open sym-
bols) from the SW branch (with oscillations already lo-
calized at the wall) analogous to Fig. 3. In particular, we
find branches of even (orange) and odd (green) LSWs,
where the “L” stands for localization along the perimeter.

FIG. 12. Even LSW (orange), odd LSW (green) and rung
states R (red) together with sample solutions at locations B,
C and D in top panels, similar to Fig. 3.

In addition, and analogously to Fig. 3, we also find drift
bifurcations leading to drifting rung states (red) connect-
ing even and odd LSW branches.
Moreover, there are further HPs on the LSW branches

(though here not on the SW branch itself), leading to
two–frequency localized states (not shown). Finally,
Fig. 13 presents some DNS with ICs in the form of small
perturbations of the time t = 0 slices of an MRW and
an odd LSW, illustrating stability of (these) MRWs and
LSWs, and for the MRW illustrating the dynamics in the
labframe.
In summary, the primary wall modes and their sec-

ondary (and tertiary, e.g., the rungs and two-frequency
LSWs) behave fully analogously to the 1D case in Figs. 2
and 3, with one quantitative difference: in 1D, the pri-
mary bifurcation on an interval of length 10π was to
TWs and SWs with wave number k = 1 leading to 5
wavelengths in the domain. Here, the primary “daisies”
have 4 petals, with the 5-petal daisy bifurcating only at
λ ≈ 0.421 (see Fig. 14). This is an effect arising from the
dispersion relation (42), i.e., of the extension of the “wall
state eigenfunctions” radially into the bulk.
Figure 14 gives a brief overview of some of the sub-

sidiary primary branches bifurcating from the trivial
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FIG. 13. DNS from the t = 0 time slice of solution B in Fig. 11
(left), and from the odd LSW branch (green) in Fig. 12 (right),
both at λ = −1.024.

FIG. 14. RW branches bifurcating from the 2nd (m = 2, state
A), 3rd (m = 3, B) and 5th (m = 5, C) HP on u ≡ 0 together
the SW branch bifurcating from the 4th HP (m = 0, labeled
MH for Mexican hat).

state u ≡ 0. In red and brown we display the RW
branches bifurcating at the 2nd, 3rd and 5th HP; of these,
state A (ying–yang) is a “bulk mode” with (m, l) = (1, 2),
while B and C are wall modes with (m, l) = (3, 1) and
(m, l) = (5, 1), respectively; each is accompanied by the
corresponding SW branch (not shown), with rather more
complicated behavior under continuation than the sim-
pler RWs, for example, with “loops” in λ prior to reaching
λ > 0. We show one such SW branch, an axisymmetric
“Mexican hat” oscillation with (m, l) = (0, 1). Compu-
tations indicate that there are many additional BPs and
HPs on both the RW and SW branches but we have not
computed the resulting secondary states.

C. ω decreasing with |u|

We now switch to the parameters (γ, δ) = (−0.5, 1)
and (γ, δ) = (−1, 0.5) for which s and ω decrease with
amplitude. Figure 15(a) shows the resulting bifurcation
diagram for RWs (brown), SWs (blue, sample solution S),
odd LSW (green, sample solution C) and MRWs (ma-
genta, sample solution M). A branch of drifting LSW
states (violet, sample solution R) is also shown. Panel
(b) shows the associated angular velocity s, while panel
(c) shows the SW period T = 2π/ω, and compares both
with the analytical predictions (⋆ symbols) from (47) and

(a) (b)

(c)

(d)

FIG. 15. (a) Solutions of (1) on a disk of radius R = 5
when (ν, γ, δ) = (0,−0.5, 1) for comparison with Fig. 2. (a)
∥u∥2 for RW (brown), SW (blue) and MTW (magenta) as a
function of λ. (b) The angular speed s of TW and MTW
compared with the approximate expression (47) (⋆). (c) SW
period T with approximation (48) (⋆) and sample SW and
MRW solutions at locations S and M, respectively showing
profiles (top) and perimeter dynamics for S (bottom); T has
a similar profile and rotates rigidly with speed s from (b). (d)
Profiles and perimeter dynamics for M, odd localized SW C,
and “rung” state R. All plots show Re(u), in the comoving
frame for M, R, except the second plot for M.

(48). While the accuracy of these predictions is not quite
as good as in the 1D case both the continuation and
the predictions show that s decreases along the RW and
MTW branches while T increases. In particular, the fig-
ure demonstrates that the analytical expressions provide
reliable predictions of the solution behavior. Panels (c)
and (d) present space-time plots of the solutions at loca-
tions labeled in (a).
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(a) (b)

(c)

FIG. 16. DNS starting near selected states from Fig. 15. Evo-
lution from (a) M yields convergence to RW; (b) C yields
TWs running along the perimeter and colliding repeatedly at
ϑ=0 and ϑ=π; (c) R yields waves mostly running along the
perimeter but with the bulk also involved, as seen in the plot
of u(x, 0, t) (y = 0 spatial cut) and |u| along the perimeter,
showing significant modulation of profile and speed s, in con-
trast to the perimeter RWs with constant |u|. The last panel
shows a snapshot of u at the final time.

All the secondary and tertiary branches in Fig. 15(a)
appear to be unstable, however, and in Fig. 16 we show
typical results obtained from DNS initialized from se-
lected unstable states. Panels (a,b) show convergence to
wall dynamics, but (c) also illustrates some bulk influence
on the dynamics. In this panel the solution attempts to
converge to a wall-attached m = 4 RW but one of the
daisy petals periodically invades the bulk before retreat-
ing again, resulting in a two-frequency state with weak
modulation of the wall behavior. In particular, for this
state |u| is not constant (in contrast to a pure RW such
as state A) since the periodic expansion of the state is
reflected in its angular velocity.

We now discuss the case (γ, δ)=(−1, 0.5) in more de-
tail, starting in Fig. 17 with a brief overview of the results
for R = 5, followed by larger domain results (R = 8) in
Figs. 18–20. For R = 5, the first RW (brown) and SW
(blue) branches behave as before, see Fig. 17(a), but s
in (b) (and similarly ω on the SW branch) decays more
quickly and reaches zero before either left fold, much as in
1D (Fig. 8). In addition we also computed the first MRW
branch (magenta), on which s also decreases rapidly (and
the period T in the comoving frame increases). Moreover,
as in Figs. 8 and 15, the associated solutions are all unsta-
ble: starting with ICs near A or B in panel (a) we obtain
convergence to a (stable) RW state, as in Fig. 16(a), but
with m = 5 (not shown).

For R = 8 (with 8400 spatial degrees of freedom), the

(a) (b)

(c)

FIG. 17. Solutions of (1) on a disk of radius R = 5 when
(ν, γ, δ) = (0,−1, 0.5). (a) ∥u∥2 for RW (brown), SW (blue)
and MTW (magenta) as a function of λ. (b) The angular
speed s of TW and MTW compared with the approximate
expression (47) (*). (c) Sample solutions S, RWs A and B in
terms of Re(u), in the corotating frame for A, B.

computation of MRWs as POs in the corotating frame
becomes very expensive. Since we expect the MRWs to
be in any case unstable, we focus in the following on RWs,
and SWs and their secondary bifurcations. In Fig. 18 we
show the first RW and SW branches, with (m, l) = (6, 1),
bifurcating at λ ≈ 0.0146, together with the second RW
branch corresponding to (m, l) = (3, 2) (lighter brown,
with sample solutions B, C). This (bulk) branch bi-
furcates almost simultaneously with the (m, l) = (6, 1)
branch, at λ ≈ 0.0148, but does not contain stable so-
lutions up to λ = 0. Moreover, as we continue to larger
amplitudes and/or λ, the rotational asymmetry of u be-
comes more pronounced, although |u| (not shown) re-
mains constant in ϑ. The second SW branch that bifur-
cates simultaneously with the second RW is omitted, and
also shows no stability gain.

In Fig. 19 we show two secondary bifurcations from the
first SW branch to LSWs, and one tertiary bifurcation to
a branch of LDWs; the latter play the role of MTWs as
in Fig. 9. The green branch corresponds to odd LSWs,
with stable solution A, and its subsequent loss of stability
yields the violet LDW branch, with the angular velocity
s shown in the top right panel. This branch exhibits
some snaking behavior, albeit with only one stable seg-
ment (solution B), and progressively wider LDW states
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FIG. 18. Solutions of (1) on a disk of radius R = 8 when
(ν, γ, δ) = (0,−1, 0.5) showing two primary RW branches
(shades of brown) bifurcating at λ = 0.0146 (wall mode,
m = 6) and λ = 0.015 (bulk mode, m = 3), together with
sample solutions at the locations indicated in the bifurcation
diagram. Blue curve shows the SW wall mode.

as we continue the LDW branch to larger |s| (solution
C). DNS starting near C yields convergence to an RW
with 8 waves along the perimeter (for R = 8 this state
bifurcates from u ≡ 0 at λ ≈ 0.207), albeit with irregu-
lar invasion of the bulk (Fig. 20(a)), yielding a distinct
type of modulated RW, while solutions starting near B
converge to a “wall only” LDW. Additionally, the orange
branch arises from another secondary bifurcation from
the SW branch, with a pair of “phase slips” at ϑ = 0 and
ϑ = π where |v| becomes small (solution D). At larger λ,
λ ∈ (−0.7,−0.5), the branch behaves rather wildly with
several loops and profiles resembling solution E. The so-
lutions on the orange branch are all unstable, however,
but E can be used as an IC to obtain a combination of
two sources and two sinks on the perimeter (Fig. 20(b)),
while starting from D yields a stable two-pulse LSW with
gaps at ϑ = ±π/2 (Fig. 20(c)).

Finally, in Fig. 21 we use DNS to generate LSWs and
LDWs on a larger disk at different λ through initial con-
ditions analogous to (40), namely

u0(r, ϑ) =c1A((R− r)/w1, (ϑ− ϑ0)/w2)e
iϑ

+ c2A((R− r)/w1, (ϑ+ ϑ0)/w2)e
−iϑ, (49)

with A(r, ϑ)=sech2(r) cosh(Rϑ), w1=w2=4, c1 = 2, and
varying c2 and ϑ0 as indicated. The idea is that for c2 = 0
we have a single wave packet, which may or may not
converge to a LDW, and which for c2 = c1 and ϑ0 ̸= 0 will

FIG. 19. Solutions of (1) on a disk of radius R = 8
when (ν, γ, δ) = (0,−1, 0.5) showing SWs (blue), odd LSWs
(green), tertiary branch (violet) of LDWs, and a branch of
more exotic even LSWs (orange). All states are well localized
to the wall, as exemplified by states S and A.

collide with a symmetric wave packet at ϑ = 0, possibly
generating a LSW. Figure 21, like the 1D Fig. 5, shows
four examples of the various dynamical states that result
from this procedure, namely: (a) (rapid) convergence to
an LDW at λ = −0.6; (b) (slower) convergence to an
odd LSW from the same ICs as in (a) but for λ = −0.81;
(c) transient generation of an even LSW at ϑ = 0 from
two colliding wave packets at λ = −0.8, but eventual
convergence to a source–sink pair; (d) convergence to a
stable even LSW at λ = −0.84 from the same ICs as in
(c).

Although additional states can be obtained through
further variation of the ICs and the parameter λ (in the
range λ ≤ −0.6), these four panels illustrate the four
basic solutions types found, all with dynamics confined
to the wall. On the other hand, for larger λ, or if λ ∈
(−1,−0.6) for ICs not confined to the wall, one finds a
multitude of additional dynamical states involving bulk
modes that resist classification.
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(a) from Fig.19C

(b) from Fig.19E

(c) from Fig.19D

FIG. 20. DNS from near selected states from Fig. 19. (a)
Emergence of a modulated RW on the wall, but with signifi-
cant interaction with the bulk. (b) Emergence of two sources
and two sinks on the wall, with waves running through the
bulk. (c) Convergence to a two-pulse LSW on the wall, quiet
bulk.

IV. DISCUSSION

We have examined in some detail the dynamics of
CSHE35 on an interval with pBCs, and on a disk with
NBCs. The latter case admits two types of eigenfunc-
tions, wall modes confined to the vicinity of the disk
boundary, and bulk modes supported in the bulk, and
largely independent of the imposed boundary conditions.
We focused here on the subcritical case and showed that
the dynamics of the wall states on a disk strongly resem-
ble the behavior identified on a finite interval. Moreover,
we showed that this correspondence does not apply only
to the primary TW and SW branches, but carries over
to secondary localized states, and even to tertiary states.
Inevitably, the dynamics on a disk are complicated by
the excitation of bulk modes, and we also showed a few
examples where bulk modes were intermittently excited.
This is particularly so at larger λ (λ > −0.6, say, i.e., in
the less subcritical range). See, e.g., [KMUY26] for an
initial discussion of bulk dynamics in a related system,
namely an O(2)–equivariant RD system on a disk, with
wave bifurcation from a spatially homogeneous steady
state.

The traveling wave packet states (MTWs and MRWs)
are of particular interest. States of this type arise in
linear dispersive systems with different phase and group
speeds so that crests propagating with the phase speed
move through the wave envelope which travels at the
group speed, but are also present in nonlinear systems
such as binary fluid convection [WIN12]. However, lit-
tle is known about such nonlinear states and in partic-
ular about the bifurcations that lead to them or that

(a)

(b)

(c)

(d)

FIG. 21. DNS for (γ, δ) = (−1, 0.5) and ICs of type (49) with:
(a) λ = −0.6, c2 = 0, ϑ2 = 0, leading to the emergence of
LDW like state B from Fig. 19. (b) ICs as in (a), but for
λ = −0.81, leading a narrow transient LDW with eventual
convergence to an odd LSW resembling state A in Fig. 19.
(c) λ = −0.8, c2 = 2, ϑ0 = π/4, leading to a collision of two
initial MRWs at ϑ = 0 resulting in a transient LSW, which
evolves into a source (at ϑ = ±π) sink (at ϑ = 0) pair. (d)
Same ICs as in (c) but for λ = −0.84, leading to convergence
to an even LSW. All dynamics are confined to the wall.

allow them to terminate. In the present paper we suc-
cessfully computed complete branches of MTWs/MRWs
(in particular for the base parameter set (4)) and showed
that they bifurcate from TW/RW branches at low am-
plitude and may reconnect with the TW/RW branches
at large amplitude (near the respective folds); moreover
some of these branches contain stable solutions and ex-
hibit weak snaking characteristics whose origin is not en-
tirely clear. This is in contrast to LSWs, which appear
to undergo standard homoclinic snaking whereby each
state repeatedly nucleates a new cell on either side of the
structure as one proceeds up the branch, much as occurs
for steady states in the RSHE35 [BK07]. This behav-
ior can be traced to the reflection symmetry of the SWs
from which these states bifurcate and so is ultimately a
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consequency of the O(2) symmetry of the probllem. The
CSHE35 studied here provides an unambigous example
of this type of behavior for time-dependent states, here
a spatially localized oscillation, thereby shedding addi-
tional light on the snaking of breathers arising in sec-
ondary bifurcations of spatially localized steady states
[AKNU24, AKMU25].

Another way to obtain traveling wave packets is via
drift bifurcation from LSWs. We have identified two dis-
tinct types of behavior of the resulting two–frequency
states. They may form rung states connecting odd and
even LSW branches, characterized by a slow drift speed s,
but more generally they take the form of localized drift-
ing waves (LDWs) with an O(1) speed. The former are
present for the parameter set (4) but are typically un-
stable; the latter are present for parameter sets (10) and
(11), and behave much like the MTWs/MRWs. These
LDWs may also show homoclinic snaking, with alternat-
ing stable and unstable segments of increasing spatial ex-
tent, but it is currently unclear whether they terminate
in drift bifurcations on other branches of localized oscil-
lations or in Hopf bifurcations on branches of traveling
pulses.

The CSHE35 has been studied before, notably in
[SB98, GK11], and in the likely related dissipatively
perturbed fifth order nonlinear Schroedinger equation
([AA05, SCAA00, DB10] and references therein), but in
none of this work have the authors used numerical con-
tinuation techniques to identify the origin of the states
they found via DNS. In particular, in [SB98] the authors
collided oppositely traveling oscillating wave packets and
showed that the collision can generate stable localized
standing oscillations. A number of states found in [GK11]
via DNS resemble those computed here, including bound
states of traveling pulses, source-sink pairs and various
stationary but pulsating structures. While we are unable
to explicitly relate the states identified in [GK11] via DNS
to the states computed here via numerical continuation,
the work reported in [GK11] exemplifies the dynamical

richness of the CSHE35 even when posed on a 1D inter-
val. Of course DNS is only able to identify (numerically)
stable structures, and one of the great advantages of the
numerical continuation approach adopted here is the abil-
ity to compute unstable states as well. These permit one
to connect segments of stable states and so establish the
origin of many stable structures supported by CSHE35.
Our study was greatly aided by the presence of an

S1 symmetry we referred to as gauge symmetry. This
symmetry is present in the CSHE35 (1) but absent in
other systems exhbiting a (subcritical) wave instability
as the first instability of a spatially uniform state.
We were able to exploit this symmetry both in the
theory developed here and in the numerics required
for numerical continuation of nominally one-frequency
and two-frequency states, i.e., TW and SW states as
well as drifting oscillating states (MTW/MRW, LDW).
In particular the SWs, LSWs and LDWs states could
be computed as relative equilibria, an approach that
is specific to the CSHE35 and does not generalize to
other systems exhibiting a wave instability. However, we
expect all these structures to be present in generic O(2)-
symmetric systems exhibiting a wave instability and
have computed such branches in [KUY21, KMUY26].
We also expect tertiary branches (in particular of
LDWs) to be present in non–gauge-equivariant systems
but these are very expensive to compute without the
gauge symmetry.
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