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Abstract

Reaction diffusion systems on cylindrical domains with terms that vary rapidly
and periodically in the unbounded direction can be analyzed by averaging techniques.
Here, using iterated normal form transformations and Gevrey regularity of bounded
solutions, we prove a result on exponential averaging for such systems, i.e., we show
that traveling wave solutions can be described by a spatially homogenous equation and

exponentially small remainders.

1 Introduction

We consider semilinear reaction diffusion systems on cylindrical domains,
Ou = 2u+ DAyu + f(u,0yu, Vyu,y,x/c), (1.1)

where u = u(z,y,t) € RP, (z,y) € R x Q, Q = [0, L]¢ with periodic boundary conditions on
092, and where D € RP*? is a diagonal diffusion matrix with positive entries. The nonlinearity

is an entire function, periodic in its last argument, i.e.,
f('7 ERE) '72) = f(v ERE '7Z+ 27T)a

and 0<e<1 is a small parameter. Thus f is rapidly varying in the unbounded direction z.

Systems of the form (1.1) arise for instance in light sensitive chemical reactions with an
external space periodic forcing [RGMM™03], in models from physiology [KS98, Kee00], and

in a variety of further applications, see [Xin00] and the references therein. These systems



are often analyzed by homogenization techniques. Using averaging procedures, the rapid

oscillations in z are moved to (formally) higher order terms.

An important question is the existence of traveling or standing waves for (1.1). Here we prove
rigorously that traveling wave solutions of (1.1) can be described by an averaged equation
with z independent coefficients and an exponentially small remainder. Therefore we consider
the spatial dynamics formulation for the traveling wave equation for (1.1) and use iterated
normal form transforms on suitable finite dimensional approximations together with Gevrey—
type regularity estimates for the remainder. The idea is due to [Nei84] for ODEs and has
been transferred to parabolic PDEs with a rapid time periodic forcing in [Mat01]. Elliptic
systems in infinite cylinders are considered in [Mat00], while [MWO04] treats standing waves
for equations of the form (1.1). In these papers the ansatz for the solutions is simpler than
in the present paper. From a dynamical systems point of view, the periodic heterogeneity in
[Mat00, MWO04] can be understood as an interaction of the homogeneous equation with an
external one-dimensional oscillator. The homogenization or averaging provides a separation
of the traveling wave equation from this fast phase. When considering traveling waves
in heterogeneous media, we have to introduce an additional independent variable. From
the dynamical systems point of view this introduces a coupling of the main traveling wave
equation with an infinite number of rapidly changing phases (m = 0 versus m # 0 in (1.6)
below). In the present paper we hence give the first example of the exponential averaging of

an infinite dimensional forcing.

We now state our precise result, further remarks and consequences are given below. For
notational simplicity henceforth we focus on scalar equations p = 1 and let D = 1, but see
Remark 1.1(i). We are looking for traveling waves, which are periodically modulated with
x/e, ie.,

u(z,y,t) =v(x —ct,y,x/e), (1.2)

with v(-,+,2) = v(-, -, 2+ 2m) for z € R. Then v(&,y, 2) fulfills the traveling wave equation

in a periodically varying medium

—c0gv = (O +€710.)%0 + Ay + f(v, (0 +£710:)v,9yv,y, 2). (1.3)

V(Ey,2) = <2 ) = ( 8Zv )

9V () = AV(E) + F(V(€)), (1.4)

As a first order system for

this yields



where

A 0 1 ’
—e 22— A, =270, —c¢

0
F(V = '
Vw2 < —f(vr,e7 1001 + va, Vi, y, 2) )

For the spatial dynamics formulation (1.4) we choose the phase space
X = H*(Q%) x HHQ),

d/2+1 < s €N, on the extended cross—section Q, = Q x S, with the weighted norm

Viz= 3 / (0 ViuPdedy+ Y / (€100 VounPdzdy,  (L5)

a+|B|<s a+|B|<s—1

where 3 € N? is a multi index. To separate the rapid changes in the periodic variable z we

use the Fourier expansion

VEy2) =W(Eu)+ D Vnl&y)e™

meZ\{0}

Denoting by II,, the projection to the Fourier coefficient of €™, we have equations for the

Fourier coefficients V,,
OcVin(§) = AnVin (&) + 1L, F(V(£)), m € Z, (1.6)

with
0 1
Am - . 5
e2m? — A, —2¢lim —¢

0
L, F(V)(y) = _ | .
( )(y) <_L ’ f(vlagilazvl +U27vyvlayvz)eilmz dZ)

2w JO

The aim of our analysis is the decoupling of the slow Vj component from the rapidly changing
Vie™ m € Z\ {0}. In other words, we want to find a description of V only depending on

Vo, up to an exponentially small remainder.

Notation: H*(Q2) is the standard Sobolev space of functions with derivatives up to order s
in L?(Q). For V € BC(R, X), the space of bounded continuous functions with values in X,
we write ||V pomw.x) = supecg ||V (§)|lx. We set

Zr = 7\{0} and X = H*(Q) x H* ().

Numerical constants that may vary from place to place are denoted by C' if they are inde-

pendent of ¢ and m € Z.



Theorem A Let f: R xR xR? x Q2 x R — R be an entire function, periodic with period
21 in the last argument. For all R > 0 there exist eg > 0 and C' > 0, and smooth functions

T: X x (0,6) — X, meZ*, F:X x(0,5) — X,
RTIXXSQX(O,FEO)HX, REIXX(O,FE())HX,
such that the following holds. For all bounded solutions u(z,y,t) of equation (1.1) of the

form u =v(x — ct,y,x/e) with v(-,-,2) = v(-,-,2 +2m) and ||V po@.x) < R we have

V(& y,2) = Vol&9) +2 Y Tu(Vol€),)(®)e™ + Re(V (€),€)(y, 2), (1.7)

meZ*

where the transformation is bounded, 1i.e.

sup|| Y T (Vo(6),€)()e™ ||, < C(IVolle.x))

£eR mez*

and the remainder term Rp is exponentially small

sup 1 (1 (€),2)( o < GV ) exp(—ene™)

Moreover, Vy is separated from V,,,m € Z*, up to exponentially small terms, i.e. it fulfills

0eVo(€, ) = AgVo(&,y) + F(Vo(§), €)(y) + Re(V(€),€)(y), (1.8)

where

[T F(V(E)) — F(Vo(§),e)llx < OV ser.x))

and where the remainder depending on V,,,m € Z* is exponentially small
IR2(V(E),8)llx < CUIVIIBo®.x)) exp(—cae ™).

Remark 1.1 (i) Theorem A also holds for systems of reaction diffusion equations. The
main difference to the analysis presented here is that the eigenfunction expansions for

the A,, and subsequent definitions (see sec.2) become notationally more elaborate.

(i) The transformed nonlinearity F as well as the functions T}, and the remainder terms

Ry and Rp are nonlocal in y, 2z but local in €.

(iii) The smoothness assumptions on f can be relaxed. It is enough that the nonlinearity
F(V,-)in (1.4) is analytic in V' as map from X to & and as map from ) to ), where

the function space ) consists of functions analytic in y, see (2.7).

(iv) A first approximation of F is given in Remark 3.1.



Remark 1.2 In summary, the result of Theorem A is that up to an exponentially small
remainder the fast dynamics for m # 0 in (1.4) are slaved to the slow dynamics of Vj

described by the truncated averaged equation

O Vo(&,y) = AVo(&,y) + F(Vo(8)) (y). (1.9)

Some consequences and applications of Theorem A are as follows. Assume that, for e = 0 and
some ¢ = cp, (1.9) has a heteroclinic orbit Vg to hyperbolic equilibria V;~ € X and V" € X
of (1.9), ie., Vi(€) — V& for € — Foo (if V5~ = V;" then V" is homoclinic). Moreover,
assume that the orbit is transverse in the extended phase space (¢, V) € (R, X). For ¢ > 0
sufficiently small and some c. with |c. — ¢o| < Ce, this orbit persists as a heteroclinic orbit
Vi(e) with Vi (€, ) — Vit (e) as € — oo, where ||V5(g) — ViF||x < Ce. Then, for some ¢,
with |&. — ¢.| < Cexp(—e~1/2), (1.4) has a heteroclinic orbit V*(&) to equilibria V*(¢), and

sup < Cexp(—e~1?).

£eR

V&)~ (e +e 3 Tul (€).2)00e™)

mezZ*

X

See also [HMS88, FS96, Gel99, Mat03] for further discussion of related results and associated

phenomena like exponentially small splitting of invariant manifolds and Melnikov analysis.

Remark 1.3 The idea of using spatial dynamics to construct special solutions to PDE on
unbounded domains has a long history. In [Kir82] and further work (see, e.g.[IM91, AM95,
SU03, FS03] and the references therein), small solutions are constructed by some center
manifold reduction, while here we analyze general bounded solutions. Again we also refer
to [Xin00, MWO04] for further approaches to wave propagation (and propagation failure) in

periodic media.

To prove Theorem A we use iterated normal form transforms to obtain the exponentially
small remainders Rr and Rg. The basic idea is to use Gevrey regularity in y of bounded solu-
tions (1.4), to perform the iterated normal form transforms for each m on finite dimensional
subspaces PV X, and to balance the number of normal form transforms with an exponential
estimate for the remainders in the part (Id — PY)X obtained from the high regularity in y.
In section 2 we introduce the functional analytic setup. The proof of Theorem A is given in

section 3.

2 Function spaces and approximation

Here we introduce the functional analytic set-up and collect several estimates. For (1.4) we

use the Hilbert space X as a phase space. For notational convenience henceforth we assume



L = 27 and periodic boundary conditions in y. Thus, the eigenvalues of the operators
A, i D(A,) C X — X in (1.6) with D(A,,) = H*"(Q) x H*(Q) can be calculated from the
ansatz

Vm(£7 y) = eik-er)\m’kg(bm,k-
Then

0 1
Mk — Ami)Omir =0 with A, = ,
o #) P * <6_2m2 + k> —2e7tim — c)
hence
im ¢ icm  c?
AT = — Z ) + \/ 4 k|2 2.1
== () ey T, (2.)

see fig.1 for a sketch. Since ¢ # 0 we find that
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Figure 1: Sketches of the spectrum of A, ¢ = 1, ¢ = 0.05 (left) and ¢ = 0.01 (right); )‘ik for
m = —10,...,10, |k| = 0,...,10 (left), |k| = 0,...,20 (right). In particular, the right picture
illustrates the increasing spectral gap [ReA™ | > Clm/e|'/2, m # 0, for ¢ — 0, used in Lemma 2.5

below.

Re A\t

m,k

1
~ri o with 1t =£(lem/e|? + |k]) cos (5 arctan TZTQ) : (2.2)
) k) 6

Here ~ denotes the asymptotics for |m|, |k| — oo with € and ¢ fixed, i.e., Re )‘i,k/rri,k — 1
as |m| + |k| — co. Note that 1/v/2 < cos(4 arctan ETZTQ) < 11in (2.2). More generally we also
write fp,x ~ gmi if there exist C, ¢, co > 0 such that

C19m.k S fm,k S Codm k if |m| + |k| > C.

For complex functions we use the notation ~ in modulus, and similar for the components of

vector valued functions. With this notation

o= )~ " ) (2.3)
’ (Am> <|m/e|+|k|>



hence, for

Vm(gv y) = (li k; ¢i ke Z Vm ke

kezd kezd

we have

at 11 B 1 (Im/e| + k)"
Vink = Bk T’k , B = i _ ) Bmlk ~ (/<) +1 |)—1 . (24)
am,k )\m,k )\m,k 7 1 (|m/8’ + ‘k|)

Therefore
VIZ= Y @+ m/el+ kD> (a, . + la,,.I*)

meZ,keZd

defines an equivalent norm on X.
For m € Z let T}, be the X—orthogonal projection onto span{¢;, , : k € Z*}, II,, = Id —II},
MV => (I} V,)e™, and II" =1d —1I*.
meZ
Let V™ € X. Then
etAmY, = Z B, diag(e*m. kf e*mid) Bm}ka.

kezd

Hence, for £ <0 and V € PTX,

VG <O Y exp(2(lem/e]"? + [k])E) x

mezZ, keZd

< (Vhel + o V2l ) (/) )
(V2 (/2 HRDIVA ) (L /2] k)
<C 3 exp(~2lem/e + [K])I])x

meZ, keZd

(Vi (Lt /e )P + [V P m e+ R)2D) o (2.5)

(CQ

and similar for V€ P~ X and £ > 0. This formula shows that: (i) || - ||x+ is the natural norm
for the solutions of (1.4); (ii) we have exponential dichotomies in the sense of a forward
smoothing in y on II" X by ef4-, ¢ > 0, and a backward smoothing in y on IITX by ef4+,
¢ < 0, together with an exponential decay of V;, for m # 0 with rate exp(—|cm/e|'/?|¢|).

Motivated by the smoothing in y we define Gevrey spaces, similar to those used in the



regularity analysis of parabolic equations, see e.g. [FT89, Pro91, TBD*96, FT98]. We let

G ={V =Y af 0% ™ V], < oo},
2 o 2s_olkl (], 4+ |2 - 2 (2.6)
IVIE, =Y (+[kD>e M (at, > + lag,. ),
kezd
Go={V=">Y_ ahon ™ Vg, < oo},
2 o 2s_olkl (] 4+ |2 - 2 <2'7>
VIIg, = > @+ m/el+ [k)*e ™ (a1 + |ag,,|*)-

meZ, keZd

For fixed o > 0 we also use the abbreviation
y=g..

Lemma 2.1 Let f fulfill the assumptions of Theorem A. Then

0
FV =
( )(y7z> ( f(’l]l,g_lazvl —|—’U2,Vyvluy7z> )

15 analytic as a mapping X — X and as a mapping Y — ).

Proof. The first statement follows from standard Sobolev embeddings, noting that F' lives
in the second component. The second statement follows as, e.g., [Mat00, Lemma 4.2]. The
key observation is that the Gevrey classes form an algebra under point—wise multiplication
as in [FT98]. n

The iterated normal form transforms will be done on Galerkin type subspaces PN X: for
N € N let

HN = (VN = Z ap O €YY C X (2.8)

mezZ, |k|I<N

and let PV be the A invariant projection of X onto HY. To estimate the error in the

complement of PNX we shall use exponential decay of the Fourier coefficients in |&|.

Lemma 2.2 (i) |PY AV |z < CN||V |z for allV € Z with Z = X and Z =Y .
(ii) | A Villz < Cale/m]||Vz for allm € Z* and allV € Z with Z =X and Z =Y .

(iii) || PNV = Vl]x < [|[V]lye ™ for alV € Y.



Proof. (i) follows directly from (2.2). (ii) follows from the explicit representation

_ v
(%

V2

B;z,lk diag(l//\;,k’ 1//\;,19) Bm,k <U1>

Cc? Cc?

1 o) Al T H(on] - Jva])]
U ramm ) \ sl 7 /el + (B (foi| + [va])

< COL/ Al ™+ 1L/A0 (D (il + s

<C

(CQ

using |1/)\$7k|*1 < Cle/m]. (iii) follows from definitions (2.7) and (2.8). n

Lemma 2.3 Let f fulfill the assumptions of Theorem A. Then all bounded solutions of (1.4)
are highly reqular. In detail, for all R > 0 there exist oo, C' > 0 such that for all 0 < o < 0y
and all solutions V (§) of (1.4) with supgcg ||V (§)[|x < R we have

sup [[V(E)]ly < Cilelﬂlg IV (&)]]x- (2.9)

£eR

Proof. A detailed proof of a similar result is given in [Mat00, Proposition 4.1], so here we
only sketch the main steps. Consider (1.6), i.e., ¢V, (§) = A Vin (&) + Fin (), m € Z, with

Fl6.y) = L F(V(E.y)) = < e 0 )

Let Vim = PNTIZV. Then V]\i;’m fulfill

OVt = AUy, + PN FL(V), (2.10)
OV = AUy + PV F (V). (2.11)

For given &, € R we want to estimate ||V]\j,cm(§0)|
Using (2.2) we can use backward “smoothing” by e $4=ILt (start at ¢ > 0 in (2.10)) and

forward “smoothing” by et II (start at —£ < 0 in (2.11)) and continuous dependence on

as- Without loss of generality let § = 0.

initial data in the finite dimensional system (2.10,2.11) to obtain

IV Ollg; < CUIVanllsew.x) + [FnllBe.x):

where C ¢ depend on R but not on N, m. Letting N — oo and summing over m yields the

result. ]

We denote complex extensions of the Hilbert spaces X,Y by X¢ and Y. For a general

Hilbert space Z the complexification is

Le=4XZ



with norm ||(U, Us)|| z. = v/||U1]|% + |Uz||%. Linear operations are extended to Z¢ as

(Ul, UQ) = (Ul, —Ug), (CL+ b’l)(Ul, U2) = (CLUl — bUQ,bU1 —|—CLU2),
L(Ul,UQ) = (LUl,LUQ) for L € L(Z, Z), L(Ul,UQ) = LU, + LU, for L € L(Z, R)

As complex extensions we define for some open set D contained in Z = X respectively
Z=Y,
Ns.z(D) ={U € Z¢ : infyep||U — V2. <},

see fig.2 for a sketch. For such extensions we have a Cauchy estimate for A'-norms and

iz

Ns2,2(D)
é

Figure 2: Sketch of the complex extensions N9 z(D) and N5 z(D).

Y-norms.
Lemma 2.4 Let F : N5 z(D) — Z be analytic, Z = X or Z =), then

1
sup  |[[DF(V)|nzez <~ sup |[F(V)l|
VEN(;_%Z('D) 77 V€N57z('D)

Proof. The lemma follows directly from the usual one-dimensional Cauchy formula. For
V € Ns_,,.z(D) we take a circle in the complex plane defined by W =V +(U, ¢ € C,|¢| = n,

letting without restriction ||U||z = 1. Then we have with the one-dimensional Cauchy
formula
1 F(V+¢U
F(V) = — Mdg
2m Jw-vcucec,icl=n ¢
1 F(V+¢U
F(V+hnU) = — Mdg.
2mi W=V+CU,CeC,|¢|=n ¢C—h
Therefore . . F(V 4 CU)
LP(W 4+ hU) = F(V)) = —— f WU CORYS
h 2mi Jwovicucec =y C(C—h)

10



For h — 0 and V' € Nj_,, z(D) this yields the Gateaux derivative

1 SUPW eN; (D) [ FEW) SUPW eN; (D) [FEW)
1Dy E(V)llzze,ze) < 5-2mn ”nz = ”77

and the lemma is proved. |

1/2

Using the variation of constants formula and the spectral gap |Re A, 0| > Clm/e|'/* we

obtain for solutions of systems like (1.6) an additional factor |e/m|'/2.

Lemma 2.5 There exists a C > 0 such that for all m € 7Z* the following holds. If
|Gl Be®,x) < R and Vi, (§) is a bounded solution of

OcVin(§) = AmVin(€) + G (E) (2.12)

then
Vi ()l e@.x) < Cle/m|"?|| Gl Bo.x)-

The corresponding estimates hold for solutions of the Galerkin approximated equations.

Proof. Let £ € R. Using the projections IL} and II, write the solution of (2.12) as
Vin(€) = Vi () + Vi (€)
— €(§_§+)AmH;V(€+) + e(f—ﬁf)AmH;qbv(g_)

3 3
+/ & AT G (7) d7'+/ &AL G (1) dr. (2.13)
£+ -

Letting £, — oo and . — —oo the first two terms vanish, cf.(2.5), while the first integral

can be estimated as

13
/ el&=7)Am G, (r)dr
&+

3
< C’/ exp(—|m/e|"*(& — 7)) dr sup |I,Gon(7)|
X o TER

< Cle/m["*sup | Gon(7)1,
TE

and similar for ff_ &AL G,y (7) dT. n

3 Iterated normal forms

The proof of Theorem A consists of three steps. In Step 1 we describe a number of iterated
normal form transformations on the Galerkin approximation of (1.4). To make this rigorous,
we need careful estimates coupling €, N and the number of normal form transformations in
Step 2. Finally in Step 3 we will estimate the remainder term using the high regularity in y

of solutions of (1.4) obtained in Lemma 2.3.

11



Step 1: Normal form transformations in Galerkin space

With V¥ = PNV we write the Galerkin approximation of the infinite system of equations
(1.6) as

0V (&y) = AwV () + PV, F(VY(€))(y)
= AV () + Fu(V5V(€)(y) + Gu(V5Y(€), (VY ())eez-) () (3.1)
with G, (V¥ (€),0) = 0. For notational convenience we suppress the dependence of the

nonlinearities on N. We will iteratively transform the oscillatory modes V.V for m # 0. The

transformations will have the form

VN =, (VN WD) for m € Z*.
In the first transformation we let V. = U, (VJ¥, W), m € Z*, which defines the new
variables (W2Y),,cz-. After renaming W)Y again as V.V, welet VY = W, (VN W), m € Z*,
or both transformations together VN = W, (VN U, o(V{Y, W), m € Z*. Tteratively this

gives

Vriv = \I]m(VONv WN) = \Ilm,l(voNv \I[mﬂ(%Nv \I]m,3(VON7 SRR \I]m,j<%N7 WN) = )))

m m

after j transformations. Finally we want to achieve, that W, (VyN, W) —W,,(ViY,0) is small
to show (1.7). In the first transformation we let

1
K
where K > 2 is a fixed constant. The transformed equations are

OeVe (€)= AV (&) + Fou (V5" (€)) + Goa (V5 (&), (W )eez),

OWn (&) = AWy () + Fua(Vg (§)) + Gma (V5" (€), W )eeze), m € Z*,
with Gg1(V{¥,0) =0 for all £ € Z. We rename W2 as V¥ and repeat for m € Z*, i.e.,
1
K

Vi = Una (", W) = =(PYAy) T F(V)Y) +

m

WN  mez,

Vi =W (VoY W) = —(PYAp) ™ F (V) +

m

wh. (3.2)
For m € Z* this yields

OV (&) = AdVy (&) + Fo (V5 (€)) + Goy (Vi¥ (€), (W )eez- (€)),

O (&) = AnWi (&) + Fnj (15" () + Gy (V5 (), (W )eezs (€)), (33)
with Gy ;(Vg¥,0) = 0 for all £ € Z and all j. Here the nonlinearities are given explicitly for
m = 0 by

Fo (Vg = Foja(VgY) + Goja (VM (€), (Wi (V5Y,0))eezs),
Go(Ve" (&), WiMeezs) = Goja(Ve" (&), (Wi (V5¥. W) eez)
—Goi 1 (Vi (€), (T (VY 0))eeze)-

12



Our aim is to make Gy ; small to achieve the form (1.8). Using Gy ; and Fp; the terms for

m # 0 can be given explicitly as
Frg(V5") = KGuj (V5 (We;(V5Y,0))eezr)
+K(An) ' DFy ;1 (V) [PNAOVON + Fo,j(VoN)] ,
Gg(Vo (W )eezs) = KGumjoa(Vy', (Peg (Ve W) )eeze)
—K G (Vg (Pe(Vy",0))eez)
FE(PY A) D Fy 1 (Ve | Gog (", (W) seze) -

Step 2: Iterative estimates

To show (1.7,1.8) in the Galerkin approximation we now prove estimates for the smallness
of U, (VN W) — ¥, (VN,0) and of Gy ; . The main part are inductive estimates of Fy, ;

and G, ; for increasing j simultaneously for all m € Z.

For a given Z and D C Z¢ we use the notation
|Fllp := sup [[F(V)]lz,  [[DFlp := sup [DF (V)| L(zz)-
VeD VeD

We also write
[(Fu)mezllp = [Fllp with F=Y"¢™F,,

mEZ
and similar for m € Z*. We show estimates on the transformed nonlinearities as long
as normal form transformations are defined on a domain D; C Z¢ which is the complex

extension of a large ball in Z = H", i.e.,
Dj = Ns—jn.z(Bz(R)).
Under the assumptions of estimates on D,_;:

||Vn];7||”Dj—1 < CW? ||(G€,j—1)€eZ||Dj_1 < CG7

~ 1/2\j (3.4)
”(FZJ*I)ZGZ”'D]',1 < CF = CF(1+8 )'77
we show on D; C D;_q:
[Wallo; < Cw, 1(Ges)ecze I, < Ca,
1/2 1 (3.5)
||(F£,j)€el||’Dj < CF(l +e ), ||G07j||pj < §||G0’j_1||'Dj_l.

Then (W)uez, Fyj for € € Z and Gy for ¢ € Z* stay bounded under j* = O(¢~'/2) many

transformations (see (3.6) below), while G ; will go to zero exponentially in j.

13



Using the Cauchy estimate in Lemma 2.4 and Lemma 2.2(ii) we first obtain
1Fogllo, < Foj-1llp, + 1D:Go -l 1(PY Am) | 22,2/ Cr

< CF + %CA&'CF = CF<1 +5%CA)7
and, for m # 0,

|(Fngmezello, < Kl (DaGmg1) (PN An) ™ Fg) e I,
K| (1(PY An) (D P j1) (NVal + Fy,))

mezZ* ”Dj

C C
< KTGCAECF + KCA57F(NCW + 1 Eollp,)-

The terms depending on W}, ¢ € Z*, are estimated as

CG

1Gollp; < [1D2Gojllp;ll 7= WNH =Wl

and, for m # 0,

1
[(Gmj)mez-llp;, < K|\D2(Gm,j71)meZ*!\Dj|!§(wév)meZ*HDj

+K||(PNAy) ' DFyj1)mez+|Ip, | Go o,

CG C(F
< W) mezellp, + KCae—||Gojlp;-
n U]
To bound G,, ;, we first estimate W\ applying Lemma 2.5, i.e.,

HW o meze o, < Cac'([|(Fnj)mezllo, +H( m.j)mez|D;)

C C
< Cae? (| (Fusmezllo, + € NV ez o, + Cae=

1OV ez o, ).

Therefore, if

C CrC 1
CA51/2<—G + Cpe=L G) <,
n n? 2
then
|(W ez o, < 2Ca"?||(Finj)mezllp,-

Thus we altogether need the following relations to ensure (3.5)

C
ZC0.eCr < Cpe'?
7

C
nA(CG+NCW+CF(1+51/2)) < 1,
1
CA51/2<%+CA CFCG) < -,
n Uk 2
20,462Cr(14€Y?) < Cy.

14



These inequalities are fulfilled for 0 < ¢ < g if
n(e) = Me'/?, N(e) =eV? with
Cr = Cpe/@M),
M > max (CGCAa KC4(Cw +y*(Ca + Cr(1 +24/%))), 2Ca(C + 5(1)/2CGCACF)> :

Cw \?
< _ .
0= <20ACF)

Thus we can perform

= [ 50

normal form transformations with Ny z(Bz(R)) C D;« and all resulting nonlinearities are

uniformly bounded on bounded sets in X respectively ), i.e.,

HGO,J‘*HDJ-* < 277Cq = Ce*m_w,
(G j)mez-lp;. < Ca,
(W )mez-llp,. < Cw,
|(Fonj)mezllp, < Cr(1+ el/2)0/CMe2) < o

Furthermore all transformations are well-defined in By (R) and By(R). Indeed, we have for

the first and second transformation
V= U (VY W (VY W)
= W (VY 2V, 0)) 4 (Wt (Vi Wna (VY W) = o (VY (1Y, 0))

1
= W (VY 2V, 0)) + o (W a (VY W) = W a(V,0)

K
1
== \Pm,l(‘/ON7 \I/m,Q(‘/ON, O)) + FWZX

After j transformations we then have

1
VA = a (V3 WV s (Vi W s (VY,0).))) + = W

For all iterations we have, due to(3.2), (3.4), and Lemma 2.2, for K > 2 and uniformly in
m € 727,
”\Pm,ja/ONuO)HDj < CueCp,
1
1951V g (V¥ O)llp, < CacC + 5CacCr.

[teratively we obtain

W1 (VY W (VG W s (VY 05 (VY 0) ) D, < 2C4eCH.
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Then we define the transformations 7T,,, as
N(e N(e N(e N(e
eTn(Vo,€) 1= Wt (Vg' & Wi (Vg W (V)Y W (V9,0 .0)).

For each T,, the norm is bounded by 2C4CF on the extended domain, hence it is analytic

in V. For the remainder

1 imz
Ry (Vi Jmez) = Z WWZ,\[e

mezZ*

we obtain, by (3.5),

IRY |Ip,. < CwK M = Crema=™”, (3.7)

which defines C', ¢; > 0.

Step 3: Regularity estimates

So far all estimates have been on the Galerkin approximation V. In the final step we
estimate the error of this approximation using the high regularity in y of bounded solutions

from Lemma 2.3. First we consider the additional error term in (1.7), when setting

V(& y,2) = Vol&y) +2 D Tu(PNOV, ) ()e™ + Re(V (€),€)(y, 2).

meZ*

The remainder term is bounded by

IR (V) < II=PYW Ol +[|PY VO~ (Vo©)+e D TPV Vo 2)( )™ ) |

X
mezZ*
< Vllye™™ + R lIp,
< [Vilye™™ + Cree=
using (3.7) and Lemma 2.2(iii). Our choice N(¢) = [¢71/?] gives the desired exponential

estimate in (1.7). This choice is the optimal coupling of N and e for our estimates as both

exponential estimates balance.

To derive (1.7), we extend the equation (3.3) for the Galerkin approximation V{" after j*
normal form transformations to the full space X respectively G¢. As V{"¥ remains unchanged

under the transformations we have with N = N(¢)

V(&) = AgVo(&) + T F(PYV(E)) + o [F(V(E))—F(PYV(€))
= AVo(&) + Fo = (PVo(€)) + Goy= (V5" , (W hmezs) + Lo [F(V(€))—F(PYV(€))].

Then with
F(Vo(6),€) := Fo - (PYOV(€))

16



we obtain
Rp(V(€),e) = Goj-(Vy", W )mez+) + o [F(V(§)) — F(PYV(€))]
with the estimate

IRE(V (), e)llx < [|Gojllp,. + IMoDF||pym)|V — PV 2
< Ce = 7 4L C||V]lye V.

This is the final required exponential estimate in (1.8). n

Remark 3.1 In lowest order, F in (1.8) is given by the first transformation

_ 1 [ .
F(Vo,e) = o /0 PNF(PNVO — § :(PNAm)*lFm(PNVO)elmz)derh.o.t.
mezZ*

where N = N(g) = [¢7'/?] was chosen in the proof. Due to the structure of A,, and F,,, we

have for e — 0

- 1 2m
F(Vp,0) = — / PNF(PNVy)dz.
2 Jo
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